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CHAIRMEN’S WELCOME 


Dear colleagues: 

We are very glad to see so many new and familiar faces at MMET*2000, especially of 
those speakers who have come to MMET for the third and forth time since 1990. This proves 
that mathematics, computational electromagnetics and physics of microwaves still attract time 
and efforts of researchers. This also proves that the conference is held at the right place and in 
the right time. One of the main features of the MMET series of conferences is English as 
working language. This may be liked or not but it is clear that this single factor has opened 
many new and exciting opportunities for the scientists of Ukraine and the Former Soviet 
Union to meet their Western colleagues and communicate in the recognized professional 
language. Results are seen in the visits, joint projects and publications of Ukrainian scientists 
and their colleagues from Europe, Japan and USA. Joint papers accepted to the program of 
MMET are getting common, with some speakers coming from their posts in foreign 
laboratories. Another feature is accessibility that is guaranteed by convenient location of 
Kharkov and good transportation network. This city has been for centuries on the crossroads 
between Ukraine, Russia, Black Sea and the Caucasus and acquired a unique cosmopolitan 
spirit and broad-mindedness. Still another feature is affordability for low-income participants: 
registration fee is split into several convenient parts to meet variety of incomes, cheaper 
accommodations are available. MMET started as a school-seminar for young scientists, and 
by tradition it keeps a number of absolutely one-of-a-kind opportunities for younger 
participants. These are reduced registration fee and a moderate travel support, plus a chance 
of winning an award of the conference that includes a fee waiver for the next meeting. All this 
would never be possible without very kind and efficient support of a number of international 
organizations and professional societies. 

This year the Technical Program Committee adopted more strict selection criteria. The 
rate of acceptance of contributed papers was 78% (186 out of 240 submitted). It means that 
one of every five papers had no chance to be accepted. We hope that their authors will be 
luckier next time. Local Organizing Committee has shown its best in preparing the 
proceedings, running the facilities, managing the conference events, and arranging the social 
program. A new feature was frequently updated Web site of the conference. We are grateful 
to all the members of LOC and TPC for their contribution to the success of MMET*2000. 

Thank you for coming to participate, enjoy the conference, make friends, discuss new 
joint projects, and plan to attend future MMETs. 

Eldar I. Veliev and Alexander I. Nosich 


Kharkov, Ukraine, VUI-th International Confere 
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ABSTRACT 

The diffraction characteristics of a diffractive device with binary subwavelength gratings are 
evaluated by the use of FDTD method. The field patterns are computed for sevral grating 
parameters. The transmitted fields are analyzed in terms of the effective refractive indices, 
which are determined by the duty ratio and grating period and depend on the polarization of 
the incident light. Numerical results show that the device works as an optical lens. 


INTRODUCTION 

The optical behavior of a subwavelength grating with a period p smaller than the wavelength 
is dependent on the polarization of the incident light. Subwavelength gratings exhibit form- 
birefringence and may be used as artificial anisotropic materials [1]. A binary relief grating 
which can devert the power of the incident light into a single diffracted order has been 
proposed [2]. The so-called blazed grating can be replaced with the subwavelength binary 
grating which is composed of unequal-width ridge. By varying the duty ratio of the grating, it 
may be treated as an artificial distributed-index medium. Making use of this properties of the 
grating, a binary diffractive lens has been considered [3,4]. 

As a binary diffractive profile treated in this paper modulates transmitted phase retardation of 
light wave in grating region by varying duty ratio, the device is so large in dimension and so 
complicated in its profile. We therefore employ the FDTD method [5] which is a useful 
computational technique for a wide variety of problems to investigate diffraction 
characteristics of the binary diffractive profiles with subwavelength elements. We design a 
binary optical lens and its performance. 


SYSTEM CONFIGURATION 



As shown in Fig. 1, the diffractive lenses analyzed in 
this paper are the surface relief structures of contin¬ 
uous, multilevel and binary profile. The incident region 
and the focal region are filled with isotropic and hom¬ 
ogeneous media with refractive indices, n g and % 
respectively. The structures are assumed to be uniform 
in the z-directions. The etch depth of the Fresnel zone 
plate is given by 

h (*) - mod[^ (x),2n]/[(n Q -n g )k 0 ), (1) 


Fig.l. Diffraction geometry and parameters. where <f> (x) = k 0 n 0 (/ - yjx 2 + / 2 ), 

k 0 =2n! A 0 , A 0 is the free-space wavelength and /is the focal length. The plate has the 
discontinuities at positions, 
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r m = [2mi 0 / + (mA) 2 ] 1 ' 2 , where m=l, 2, 3. (3) 

For multilevel profile, the profile is divided into q pixels 
with a common width p. The depth is sampled at the pixel 
midpoints, x ,• = (-q/2+i-0.5)p, where i= 1, 2,..., q, q-D/p 
and D is the width of the lens. The quantized depths are 
given by 

h t (x, ) = \nt[h(x. )/h d + 0.5 )h d , (4) 

where hd=h max /(N-\) is the step height, N is number of 
levels and /i max = A 0 !{n - n 0 ). 


Fig. 2. Transition from multilevel profile to subwavelength grating. 


DETERMINATION OF SUBWAVELENGTH STRUCTURES 

Here we describe the details of how to replace the multilevel profile with the subwavelength 
grating. The profile of multilevel lens is also divided into q ridge-groove pairs, with period p. 
Because the physical height of the grating (h max ) is fixed, the phase difference between the 
adjacent partitions is adjusted by varying duty ratio tj. To determine the grating duty ratio tj, it 
is assumed that the duty ratio corresponds to the difference of the depth of the partitioned 
pixel. According to Fig. 2, the duty ratio is given by, ts=\-h(xi)lh mM , where i =1, 2,..., q. 
Therefore the ridge width is given by w,- = t ,■ p. With the assumption, all parameters required 
for constructing ridge-width-modulated grating with subwavelength period can be calculated. 
The lens parameters are set to be as follows: , lg = 1.5, „ 0 = 1, D = 12A 0 , q = 40, p = 0.32„, h nm = 2.(U 0 

NUMERICAL RESULTS 

The total electric field for the TE (electric field parallel to z axis) polarized, normally incident 
plane wave is shown in Figs. 3 and 4, for the 16-level and the binary diffractive lens profile, 
respectively. In parts (a) of Figs. 3 and 4 the distribution of the absolute value of the complex 
amplitude E z is shown, while in parts (b) of Figs. 3 and 4 the Poynting vector is shown. In 
both cases the focasing effect of the diffractive lens is demonstrated. The diffracted field is 
concentrated near the same focal point in both cases. 

Similar diffracted pattern is analyzed in the case of the continuous diffractive lens. 
Figure 5 shows the diffracted field of the binary, continuous and 16-level diffractive profile in 
the y-direction (x=0). Though immidiately bihind the lens the diffracted patern of the binary 
lens is different from that of other lenses, the peak of the diffracted power is located at the 
focal point. Figure 6 shows the diffracted field in the x-direction (y=-4 A 0 ). 

CONCLUSION 

The diffraction characteristics of the three different diffractive lenses have been eveluated by 
the FDTD method. We have shown that the binary subwavelength element with appropriate 
shapes and arrangements of the subwavelength structures works as an optical lens. 
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Fig. 3. (a) Field distribution for 16-level lens. Fig. 4. (a) Same as Fig. 3, but binary lens. 
Absolute value ofE z is plotted. (b) The Poynting vector. 

(b) The Poynting vector. 



EJE™ t x /x 


Fig. 5. Field patterns in y-direction ( x=0 ). Fig. 6. Field patterns in x-direction ( y=-4xj. 
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MATHEMATICAL ANALYSIS AND NUMERICAL 
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A mathematical formulation for the guided modes of the weakly guiding optical fibers is 
derived from the two-dimensional Helmholtz equation. The original problem is reduced to a 
spectral problem for the Helmholtz equation in a bounded domain with nonlocal boundary 
condition. This formulation leads to a nonlinear eigenvalue problem for a family of self- 
adjoint compact operators. The main spectral properties of these operators are established. 
Then the min-max principle provides an expression of the nonlinear dispersion relation, 
which connects the propagation constants of guided modes with the frequency. Various 
existence results are proved and complete description of dispersion curves (monotonicity, 
asymptotic behavior, existence of cutoff values) is carried out. A finite element scheme 
follows from the operator formulation of the problem. This scheme leads to a nonlinear 
eigenvalue problem for a family of self-adjoint matrix operators. The existence results for this 
problem are proved. For its solution we propose an efficient method. Practical opportunities 
of this algorithm are shown by the results of numerical experiments. 
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ABSTRACT 

In this paper, integral equations for a two-dimensional (2D) wave diffraction by a two-layer 
arbitrary shaped dielectric scatterer are presented for both E- and H -polarization cases. The 
surface potential approach and the method of analytical regularization are used to obtain a 
Fredholm second-kind matrix equation. Efficient numerical algorithm based on this approach 
can be used for studying such physical effects as whispering-gallery (WG) mode resonances, 
focusing effect, beam directivity degradation due to a dielectric shell, etc., with applications 
to the design of cylindrical dielectric lenses and radomes. 

INTRODUCTION 

We study 2D problems of a field transmission through 
and scattering by a lossy two-layer arbitrarily shaped 
dielectric scatterer. Depending on the source location 
relatively to the scatterer, the problem can be considered 
as a 2D model of either a dielectric radome (O) or a 
dielectric lens (©) (Fig.l). 

Curved dielectric radomes are widely applied in today 
microwave and millimeter-wave antenna technologies for 
protection of antennas from the impact of environment 
[1]. Dielectric lenses are used as focusing devices for a 
laser beam at the input to an optical-fiber network. In the 

microwave range, lenses are candidate antennas for many of the problem 

communication systems. They are attractive due to the wide band, multiple beams and 
mechanical scanning [2]. However, existing simulation tools are almost entirely based on 
high-frequency approximations having unclear and uncontrollable accuracy and not taking a 
full account of all the interactions between different parts of scatterer [3,4]. This prevents one 
from studying the physics of the wave phenomena in accurate and reliable manner, and thus 
calls for a development of novel approaches. 

INTEGRAL-EQUATION APPROACH 

Consider a problem of the electromagnetic wave diffraction by an arbitrarily shaped dielectric 
shell with permittivity s bounded with smooth curves L\ and L 2 . Total field must satisfy the 
Helmholtz equation with the wavenumber k s = k^e~ s in the 5-th layer, the radiation condition 
at infinity, and the continuity conditions on the boundaries. The latter conditions can be 
written as follows: 
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where s=l,2; U\°' = U Q +U { C ; U'{" = IJ 2 +U 2 d ; U™ = U™ d and parameter a s depends on the 
polarization: a s =Z s or l/Z v in the E- or H- case, respectively, Z, = {ej/i s ) u2 is the 
normalized intrinsic impedance of the s-region, and e } = e 3 «J, e 2 =e. 

Further formulas refer to the inner case O. Representing the fields in every region in terms of 
single-layer surface potentials over the contour of the scatterer cross section and applying the 
conditions (1), one obtains a set of the coupled first-kind integral equations (IEs) with respect 
to the unknown potential densities. 

After the parametrization of the curves L, : x i=Xj(t), y,=yi(t) (i-1,2) and the usage of the 
properties of the single-layer potential limiting values, IEs take the following form: 

a 2 { <p\ G c( t’t 1 Mi +«2 { vl G c( ) dt 2 - J <P\G( Ml =u 0 (t) (2) 

0 0 0 


,±u o(l) (3) 


a\ jwiGJt.t) Mi +a 2 jftiGJt.tj )dt 2 - j y/ 2 G(t,t 2 )dt 2 =0 


I ¥2 , <P 2 + [ . „2 f -1 dG c (t,t x ) 


2 r ~i dGJ t,1 , ) . 2 f ~2 duJt,t 2 ) , r 

J +a 2 J - J 


dG € (tJ2) * r — zdtytJz) * 


Here, the superscript and subscript of the unknown potentials correspond to the subscript of 
its argument and the layer, respectively; tp {§/)) 2 =< p (^)': 2 - L , 2 (note that y /\ = < p \ =0); £ 1,2 are 
the coefficients which appear due to parametrization of the contours of integration: 
L X2 = L(/ 12 ) = [(c/a 12 ldt x 2 f +(</>’i i2 l d h. 2 f \ 2 ; G(r,J\) is the free-space Green’s function and 
G c (r,r 2 ) is the Green’s function of the homogeneous medium with permittivity s: 

G(t,,\ )=(*'/ 4)- (k\r -r,|), G e (t,t x ) = (ai/4).< ) ^jr-F 1 |), (6) 

d / dn is the normal derivative, n is the normal unit vector; tj, 2 are new parameters which 
uniquely characterize the contours: x,, 2 = x t , 2 (ti, 2 ), y t , 2 = y ]f2 (£ >2 ), where 0 < t Ii2 < 2%. 
Further we invert analytically the singular or main parts, at r r, 2 of IEs (2)-(5) exploiting 

the fact that the set of exponents: }” = _ w used as global basis in Galerkin’s scheme is also 

a set of orthogonal eigenfunctions of canonical-shape IEs. This results in the following set of 
four coupled infinite-matrix equations: 
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A\\a 2,B\,B2,C\,C2,D\,D2^ nm =j-j j Jai{a2,R1, 

,B2,Cl,C2,Dl,D2}t,t 1 )e in, e in "'dtdt l , 

(8) 


2n J Q dn 



(9) 

B 2 [c 2 } nm {t u 

)= ka-Je ■ B2{c2} nm -iL, r2 („_ m ) /n , 

A2[D2j nnl (r I 2 )= ka ■A2{D2} nm + iL, 2( „_, 

„)/*, (10) 

B\[C\) =G c (t 


ai{di} = 

G(t,t l2 )-G(t,t l2 ), 

(11) 

82(C2|-A, 


A2{£>2} = 


(12) 

a\ n =d\ n =J 

„ (ka)H „{ka ), 

bl„ =cl„ 

= J n (jcayfe)H n i/cayfe). 

(13) 

a2 n =d2„ = j 

•/n-ka-J' n {ka)H n {ka) 

b2„ =c2 

„ = i/7t + ka-Je ■ 7' (fca-Jep n \)ca ^£), (14) 


Thus, we performed a semi-inversion based on the extraction of the frequency-dependent 
singular part corresponding to the free space scattering from a ‘canonical-shape’ circular 
cylinder of radius a, as suggested in [5]: 

G(hh, 2 )=('-/4)-^ I) |2te5m((f-r li2 )/2) , G e (u,. 2 )= (i/4)-//" ) |2^Si«((f-r 1 , 2 )/2)| (15) 

The set (7) can be written as a single matrix equation \r] AnM [x\ n = [s] 4 „, where matrix 
[7]=[I+P], I being an identical operator and P a compact one in //. It has four blocks due to 
two boundaries of layer and two unknown density functions for each boundary. Vector [5] is 
defined by the source location, and [X| is the sought vector of unknown expansion 
coefficients. Truncation numbers of the blocks should be taken in coordinated manner and 
depend on the smoothness of the boundaries: the smoother the curve, the smaller value of 
truncation number enables one to obtain the required accuracy of calculations. 

Some radome and lens shapes can require quite large matrices to be solved especially if high 
dielectric contrasts are involved. Then specialized time and memory saving algorithms [6] 
should be used. It is possible because the matrix [7] is a so-called “sparse linear matrix” and 
has blocks of none-zero elements only along the main diagonal. The number of zero blocks 
increases for multi-layer scatterers. Besides, none-zero blocks have diagonal structure as well: 
values of block elements decrease with the distance from its main diagonal (the smoother the 
curve the faster the decrement). It enables one to estimate the size of each block for a required 
accuracy. Note that in any case the working matrix size is ten-fold reduced with respect to the 
rough moment-method recommendation ‘ten points per lambda along the boundary’. 
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ELECTROMAGNETIC WAVE DIFFRACTION 
ON AN N-BRANCHING OF A PLANE WAVEGUIDE 

Raskina O.A., and Tumakov D.N. 

Kazan State University 
P.O.Box 234 Kazan, 420503, Russia 
E-mail: pnb@ksu.ru 

We consider the branching of a planar waveguide with metallic walls into N metallo-dielectric 
waveguides. Let x-axis be oriented along the propogation direction of the wave and z-axis be 
directed along the waveguide interface. Metallic separation planes are z = bj, j = l, 

Let TE-polarized electromagnetic mode fall from the left unperturbed waveguide (x< 0). The 
diffracted field is presented in the following form 

U)(x,z) = ]T By 17 " 1 ' sin - - bj .,), 

n =I b j~ b H 

x>0, bj_ x <z<bj, j = l,...,N, 


U (x,z) = ^£ j A n e ir " x sm—z, x<0, 0 <z<a. 


••Hay- 


Field conjugation conditions at x=0 (continuity of tangential parts of vectors E and H) 
reduce the problem to the system of functional equations. Let us now introduce the integral 
operators determinated by kernels for j = 1,..., N 




- Z — sin A i 
m=\ y mj b j -b J 


7tm ... . mi 


Since these integral operators have the eigen functions sin 


b,-b. 


1 


the following identity is valid 




bJ-b H 


( z-bj_ x )Kj(t,z)dt = sin 


b:-b h 


-(z-bj. ,)• 

and the eigen values 

~(z~bj_ |). ( 1 ) 
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In the case of this identity, eliminating coefficients B J n , we obtain the system of functional 

equations with respect to coefficients 4,- Galerkin method with basis functions sin —z leads 

a 

to infinite system of linear algebraic equations (ISLAE). 


1§ + I4= k=l,2,..., 


(2) 


*»-£ 


20%-b ^,) 


(-l) m sin—^--sin—— (-l) m sin—^-sin 


H(- 


nkb: . 7ikb._ 


*Z- 




A = - j A,„ + Z- ^2 r », x 


x'if 

V»=l - 


, / , xm • itkb: . 7ikbj_\ 

(-1) sin--— sin- J — (-l) sin—--sin — J — 

a a J|_ a a 


- x 


[» 2 * 2 -n 0 2 (^- H* * -fc 2 (Z> y - V.) 2 ]J 


Theorem 1. The problem of diffraction on branching of planar waveguide with metallic walls 
is equivalent to ISLAE (2) for the expansion coefficients over eigen functions of the 
unperturbed waveguide A n . 


An approximate solution of ISLAE (2) can be found by the reduction method. With this in 
mind, we truncate the external and infinite sums, in a kn and /3 k in (2). The transformed 
coefficients a kn and J3 k are designated as a kn , f3 k . Consequently, the system (2) takes the 
form 

*=«.Jv;. 0) 

1 n =I 


The following constants estimates for the values of rr\ h defined in [1], can be obtained 
on the basis inequalities [2] 
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20%-^} 


£5>.i 2 a+» 2 r» 


77?2 < 


2a\bj-b H ) , 


I SlrJ 2 d+« 2 rx 


Z: 


< const- In /Vf • TV, 12 , 


(*y- 4 /-i)SiT- 


Z) = max- 


11 mV -n 2 (fe ; -fe ; .|) 2 II mV-k\bj-b M f \ 


ft - 4 M)Zi J - 


r«„ 11 m 2 a 2 -n 2 (*i -f> w ) 2 II mV -t 2 (i>, -ft,.,) 2 
where the maximum takes on i, j, k. 


The latter estimates allow us to formulate 

Theorem 2. SLAE (3) has the single solution in the space H a (0 < a < 1), when its right- 
hand side belongs to I 2 . 

Theorem 3. ISLAE (2), which corresponds to the problem of diffraction on branching, has 
the single solution in the space H a (0 < a < 1), when its right-hand side belongs to l 2 . 
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COMPARATIVE ANALISYS OF SOME NUMERICAL TECHNIQUES 
FOR MODELLING OF SPATIAL TRANSIENT REGIMES IN 
IRREGULAR PLANAR STRUCTURES 
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Irregular optical nonlinear waveguides can provide functions such as pulse compression, logic 
operations, and amplification [1]. There is an interest to correct characterization of the spatial 
transient regimes in the waveguides. We compared the collocation method [2], and the Beam 
Propagation Method combined with the Fast Fourier Transform [3] and Finite-Difference 
method [4] (FFT-BPM and FD-BPM) applied to the investigation of the transient regime in an 
irregular planar waveguide. 

We solved the scalar wave equation for slowly varying field amplitude: 

| 2i — + ^- T + a 2 ((l7tlX) 2 n (x,z) 2 - J3 2 )\E(x, z) = 0, (1) 

^ dz dx ) 

where (3 is the propagation constant, n(x,z) is the refractive index profile of the waveguide, x, 
z are transversal and longitudinal coordinates normalised to a 2 , and pa 2 , respectively, A, is 
the wavelength, a is the index profile spatial characteristics (in the case of the waveguide with 
step-index profile, a is the core radius). 

The collocation method is based on converting the scalar wave equation into a matrix total 
differential equation using the orthogonal collocation method which may be stated as follows. 
The partial differential equation is assumed to be satisfied exactly at some points along the 
transversal coordinate. These points are known as the collocation points. The total field is 
expressed as a linear combination of some orthogonal functions. So, by applying the 
collocation principle, the scalar wave equation can be converted into a set of total differential 
equations, which can be solved further numerically by using any standard procedure, such as 
the Runge-Kutta method. 

All the methods mentioned are efficient in investigation of the total field propagation in fibers 
(in the case of FFT-BPM it is necessary to use the Fast Fourier-Bessel Transformation). 
Besides, all the methods are suitable for the study of the total field propagation in non-linear 
structures. 

In a parabolic-index waveguide: 

n(x) = n, (1 - A(—) 2 ), (2) 

a 

the collocation method is more efficient then FFT-BPM. It takes a smaller calculation time 
and enables one to achieve better accuracy by using less collocation points. In the case of the 
step-index waveguide we used the eigenfunctions of the parabolic index waveguide (Hermite- 
Gauss functions) as expansion functions in the collocation method. We calculated the 
condition numbers of the propagation matrices to find the effective parameters of the 
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expansion functions w (effective width of the expansion functions), and to determine the 
propagating step Az. The condition numbers of the matrices were about 500. The dependence 
of the condition numbers of the propagation matrix corresponding to a step-index waveguide 
(a=2. jum, refractive indices 1.4725, and 1.467) on the width of the Hermite-Gauss functions 
is shown in Fig.l It is necessary to use the longitudinal step being about 0.01 of the 
diffraction length. Hence, the method becomes less efficient if using not eigenfunctions as a 
basis. However, the usage of the eigenfunctions of the waveguide with varying step-index 
profiles is problematic because it requires a complicated modification of computer code for 
each index profile. 

In the FD-BPM method the loss due to numerical errors in the waveguides slightly depends 
on the propagation step size when in the FFT-BPM method it increases sufficiently [4]. 
Therefore, the FD-BPM technique is more efficient for the investigation of the field 
propagation in the waveguides with symmetrical and asymmetrical step-index profiles. 
However the FD-BPM method scheme is stable only in the case of paraxial approximation 
when the collocation method as well as the FFT-BPM method can be realised both in the 
cases of non-paraxial and paraxial beam propagation. The most interesting is to compare the 
description of the radiation field by the FD-BPM and FFT-BPM methods in order to 
investigate the radiation field propagation in paraxial and non-paraxial approximations. 



Fig.l Fig.2 

We have applied the FD-BPM and FFT-BPM methods to study the propagation of the 
radiation field excited by symmetrical and asymmetrical Gaussian beams in a single-mode 
planar waveguide [5]. The incident radiation field was taken as a part of the incident total 
field: 



E ration =E lnlal -E gui(led , (3) 

where the guided mode field E gui ded is proportional to a normalized guided mode field % with 
some complex amplitude a: 

E guided =oW 0 . (4) 

We have considered an asymmetric excitation of a planar waveguide by the Gaussian beam of 
TE-polarized light at 1.53 /jtn wavelength. It has 1/e amplitude width of 4 /urn. The guiding 
layer has a width of 2.3 /jm and a refractive index of 1.491. The refractive index of the outer 
layers is 1.479. Fig.2 presents the Gaussian input beam and its modal and radiation parts field 
distributions. The propagation of the extracted radiation part of the field was calculated by the 
FFT-BPM and by FD-BPM methods. The FFT-BPM computational parameters were chosen 
in such a way that a part of the non-propagating (evanescent) spectrum and the whole 
propagating spectrum of the field were included in the k y -space computational window in 
order to ensure exact modelling of the field propagation. In the most of experiments the 
computational grid of 256 transversal points, the longitudinal step Az,=0.5 jim, and the 
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transversal step Ax=0.25 fjm were used. The FD-BPM method used the iterative procedure 
proposed in [4] for solution of (1), with computational grid of 256 transversal points, the 
longitudinal step of Az=2.5 /on, and the transversal step of Ax-0.25 fjm. The time needed to 
simulate the radiation field propagation in the waveguide in various computational grids is 
shown in Fig.3 (150 /jm). The FD-BPM computation time was 12 times smaller than with FT- 
BPM. 



Fig.3 Fig.4 

Propagating in the waveguide, the radiation field leaves the region of the inner layer (Fig.4). 
Fig.5 a,b demonstrates the input radiation field (solid line), and the radiation field at the 
distance 150 jum, calculated by FD-BPM (dotted line), and by FFT-BPM (dashed line) 
methods. Fig.5a corresponds to the case of symmetrical field excitation, and Fig.5 b 
corresponds to the 2. jum shift of the Gaussian beam. The radiation field distributions 
calculated by two methods look slightly different at some distances. The dependence of the 
field power difference in the vicinity of the inner layer (. x=-30jum to 30 /m , v=P n JPc,< 



Thus FD-BPM was shown to be the most efficient in the analysis of the transient regimes in 
planar waveguides, however, in the paraxial approximation that is used in FD-BPM, the field 
propagates in the inner layer at the longer distances. 
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Photonic bandgap (PBG) materials or photonic crystals represent a new paradigm in quantum 
and nonlinear optics. These materials were predicted theoretically as a means to realize two 
fundamentally new optical principles: 

1) the localization and trapping of light in a bulk material [ 1 ]; 

2) the complete inhibition of spontaneous emission [2], [3] over broad frequency 
range. 

The novel consequences of PBG material flow directly from the implementation of these two 
underlying principles. 

Unlike optical cavities which confine light in one spatial dimension, the PBG materials 
facilitate coherent localization of light in all spatial directions. 

By implanting dopes in a bulk material we can engineer an arbitrary number of individual 
localize states which weakly interact with each other inside a PBG material, but which 
maintain their immunity from vacuum modes outside the PBG material. These facilities the 
development of large scale integrated optical circuits within a PBG in which the nature of 
radiative dynamics is controlled by the local density of states of photons within the photonic 
crystal rather than the free space of density of states outside the photonic crystal. 

Moreover the PBG structure may exhibit a much richer variety of nonlinear effects than 
conventional waveguides and optical fibers. The main of them are: 

1. anomalous superradiant emission rates [4]; 

2. low threshold nonlinear optical response[5]; 

3. highly nonclassical states of light within the PBG in the form of quantum gap 
solitons [6]; 

4. collective switching of two-level atoms from ground to excited state with low 
intensity applied laser field [7]. 

Nowadays three types of structures are actively investigated: 



Figure 1 . PBG structure from artificial opal. 


a) ID PBGs. The most common 
realization is the optical waveguide 
Bragg - grating with symmetrical [8] 
chirped and double-chirped [9] 
structure. 

b) 2D PBGs are the photonic crystal 
fibers [10]. 

c) 3D PBGs [11]. 

By relatively simple and potentially 
useful method [12] that has allowed us 
to obtain a periodic structure consists 
of the cubic-close-packed colloidal 
particles (for example, silica colloids 
from Nissan Chemical Industries) 
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with relatively large domain sizes («lcm 2 ).These 3-D lattices have a crystalline structure 
similar to that of an opal with packing density (-74%). It can also be increased to 95-100% by 
sintering the sample at elevated temperatures. 

Owning to its 3-D periodicity, a crystalline assembly of colloidal particles strongly diffracts 
light along certain directions for a certain range of frequencies, forming the so-called stop- 
bands [13] the similar as we observed in the 1-D PBG structures which had been investigated 
using of the transfer matrix technique. The opals exhibit only narrow stop bands but missed 
the completely gap. But we know that when the stop bands are wide enough and can overlap 
for both polarization along all dirrections, this material is said to exhibit a complete PBG [14]. 
One of the way to increase the refractive-index contrast between the components of 
considrered periodic structure is considered below. 

The transmittanse for a general N-period refractive-index potential is given by [15]: 


T N = 1 + 


sjJjNPY 1 ^ 

sin 2 (p) U ) 


where Tn is the transmittance for the N-periodic structures; /? is the Bloch phase, associated 
with the infinite periodic structure; T is the transmittanse of the unit cell; N is the number of 
periods. 

We have calculated (1) for the special case of the 1-D PBG structures - the quarter wave stack 
(we assume that the periodic structure is nonabsorbent and infinite). The result of this 
numerical calculation is shown in Fig.2. 


1.2- 



0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 


Figure 2 . Dependence of the dimensionless transmittance for a ten - 
period (N=10) quarter wave stack with ni=l, n2=1.5 (thin curve); nj=l, 
ni=2.5 (thick curve) on the dimensionless frequency Aco/coq . (We 
chose the changes of refractive-index contrast arbitrarily). 

It is easy to note that the width Aco/coq of PBG increases from 33% to 48%. The result of 
this calculation of the 1-D PBG structure can be successfully carried over the 3-D 
homogeneous periodic structure (for example, artificial opal). 

This assumption has been justified in practice by producing the “inverse opal”. One of the 
methods for generating this inverted structure is to infiltrate artificial opal with a high 
dielectric material and to subsequently etch out of the Si0 2 spheres, leaving behind a 
connected network of high dielectric material with filling ratios around f = 0.26. As a result 
we obtain inverted structure like a Swiss cheese (Fig.l). 

The infiltration and etching out enhances the dielectric contrast and it leads to exhibition of 
the complete PBG in this structure with relative size A®/® 0 =4.25% ( Fig. 3). 


Kharkov, Ukraine, Vlll-th International Conference on Mathematical Methods in Electromagnetic Theory 



MMET*2000 Proceedings 


And for the end of our discussion it is very interesting to compare our theoretical conclusions 
experimental data: dependence of the gap size as a function of index of refraction for a close- 


D 

0 

S 



mITx 


Index of refraction 



Figure3 . Dependence of the density of states( DOS) for a close-packed 
fee lattice of air spheres in silicon (“inverse opal”) on dimensionless 
frequency ( ma/lnc , where a-the constant lattice). 

Figure4 . Dependence of the gap size as a function of index of refraction 
for a close-packed fee lattice of air spheres in a high dielectric matrix. 

packed fee lattice of air spheres in a high dielectric matrix (Fig. 4). And we can easily note 
that our theoretical assumption is in a very good agreement with the experiments. 
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ABSTARCT 

The algorithm for most compact construction packages of strict optical orthogonal codes 
(OOC) is offered. It allows to solve problems connected with designing of large flexible fiber¬ 
optic code-division multiple-access networks and complex hierarchical structures. The given 
algorithm can be used for producing and calculating of all optical coders/decoders of the 
given fiber code-division multiple-access network. 


CONSTRUCTION OF OOC PACKAGES USING LINEAR ALGORITHMS 

The result of this algorithm is the package of optical orthogonal code words with weight fit for 
L users. The model of the algorithm uses parts A and B of the theorem 1 [1]. We shall analyze 
this algorithm. 

Structurally, the linear algorithm can be divided into three stages: creation of the first code 
word, construction others L -1 code words and computing of the code words length in the 
package. The attention must be paid to such splitting because it almost completely repeats the 
structure of the theorem 1 and is logically connected with it. 


Once consecutive performance of all three stages 
of the linear algorithm has been done a(n,w,l) 
packages of an non-periodic strict OOC will be 
constructed. 

This algorithm was realized using the 
programming language C. Dependence of the 
code word length from the users number n(L) 
(Figures 1) and the dependence of length of code 
words from the code word weight n(w) (Figure 
2) were established. Length of code words in 
packages was determined using the algorithm 
that is much minimally than possible length of 
the code word in a package appreciated using the 
theorem 2 [1], 

An essential conclusion must be noted that 
follows from the realization of the linear 
algorithm. We obtained a linear increase of the 
length of code words in a package from the first v 
word separately while constructing the code words 



Figure 1 - Dependence of code 
words length in a OOC package on the 
number of active users for various 
values of the code word weight 

/ord to last word if we consider each code 
package using the minimizing principle of 
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meaning distances. Consequently, the length of the last code word determines the length of 
code words in the package and the difference between lengths between of the first and the last 
code words in a package will be large. Thus, the linear algorithm uses not rationally the space 
of meaning distances for all code words of a package. 

ALGORITHMS WITH THE “TREELIKE” CONSTRUCTION OF OOC PACKAGES 

An alternative algorithm was constructed taking 
into account the experience of the linear algorithm 
realization and the analysis of its application. It 
takes into account the lacks of linear algorithm. 

Namely, it satisfies to the minimal possible length 
of code words in the package appreciated the 
theorem 2; it most rationally uses space of meaning 
distances for all code words of the package. 

The conclusion was made after the long logic 
analysis of directions of the algorithm construction. 

It was proposed to build an algorithm of the OOC 
packages construction including a minimizing 
principle, where the length of code words in a 
package decreases from first word to last; because 
the length of code words in a package increased 
from first to last code word in a package, and it led 
to negative consequences in the previous algorithm. By the imposed condition, while 
constructing the i-th code word we obtain the array of code words with the identical length. 
The structure of algorithm is as follows. 

Zero stage. Finding of a minimal possible n for a code word with the weight w. The use of the 
found meaning as an entrance in the first stage. 

The first stage. The finding of all families of code words for a range of lengths of code words 
from n max up to n„„„, where n max is defined by the theorem 2 [1]. 

The second stage. Optical orthogonal word chooses from the received families of code words 
with the different length. For this purpose the part B of the theorem is used. 

The third stage. Choosing of packages OOC with maximal number of code words in a 
package from all received packages. 

The results of the alternative algorithm working remind a tree, where the number of all 
possible code words of identical length decreases from first to last, from the high to the root. 
The fourth stage. We compare the received L with the given. If the received value is less than 
the required one, then n must be increased in the first step and calculations repeated. In other 
words, we increase the length of code words in a package until the maximal length L is equal 
to the required. 

It is possible to compute a package OOC for the given number of the users for given weight 
of a code word. We also can calculate the optimum number of the users for a OOC package 
with given maximal length of code words and given weight of a code word using this 
algorithm. Unfortunately, it was not possible to develop a program for complete realization of 
the algorithm because of its “treelike” structure a great number of the data must be processed. 
The test examples shown almost completely coincidence with the estimated results of the 
minimal possible length of OOC packets for the given values of L and of w, obtained using 
theorem 2 (Table 2.1). 



Figure 2 - Dependence of code 
words length in a OOC package on a 
code words weight for various user 
numbers 
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Table 1 - Packages of exact OOC obtained from the “treelike” algorithm 


0) 

n 

Ci={a\ l) , a 2 *,..., a %*} for a(n, eo, 1) exact OOC 

3 

21 

CHI, 2, 3}, CHh 3, 6}, CHh 4,11} 

4 

29 

CHh 2, 8,12}, C 2 =fl, 3, 6,15} 

4 

57 

CHI, 2,12, 25}, CHI, 5, 22, 27}, C 3 ={1, 

4, 20, 29}, CHh 8,16, 28} 

4 

57 

CHh 2,13, 28}, CHI, 5, 23, 25}, C 3 ={1, 

4, 20, 29}, CHh 9,15, 22} 

4 

57 

CHh 2,15, 25}, CHh 5, 23, 26}, C 3 ={1, 

3, 20, 29}, CHh 9, 16, 21} 


The considered algorithm has the following advantages: 1. The resulting length of code words 
in a package is maximal approached to minimal possible for given L and w, 2. It can be used 
to compute a OOC package with the optimum length for the maximal users number using 
only one initial parameter, i.e. the weight of a code word; 3. It produces some packages of 
OOC after final settlements with identical L, n and w, characterized by the different set of 
code words. It can be used for designing of networks with a high level of branching. 

CONCLUSIONS 

Obtaining of several OOC packages at once is an essential advantage because a real OCDMA 
network is characterized by a high number of intermediate optical stars. Moreover, the real 
network has a block hierarchical structure. Each block of the first level represents an optical 
star and certain number of users and each block of the second level has an optical star and 
certain number of blocks of the first level and so on. Any optical star must have the OOC 
package in each level of any hierarchical level. Therefore, the computing of OOC packages of 
each star using linear algorithm requires a large time period because the presence of the 
operator for the parameter input of each optical star is necessary. The “treelike” algorithm 
allows to set up parameters so that the whole set of OOC packages for an OCDMA network 
with any complexity of hierarchy will be constructed at once. In other words, the necessity of 
the operator comes to a minimum. 

The disadvantage is the necessity of processing of a large number of code words for finding 
an optimum optical orthogonal package. It requires significant expenses of the computing 
time and resources of the computer. 

Having the mentioned disadvantage, this algorithm still remains very actual. The computing 
time of an OOC package using this algorithm will be paid back by increasing the speed of the 
information transfer in the OCDMA network, because a OOC package must be calculated 
promptly. 
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ABSTRACT 

A computationally efficient modelling method is presented that allows for the analysis of the 
whispering gallery (WG) modes supported by dielectric resonator structures. The approach is 
based on the Spectral Index (SI) method that has traditionally been applied to rib waveguides 
with rectangular cross section. The principle of effective widths is used in order to simplify 
the problem, producing a method that is simple in its application and so is ideally suited for 
use in an iterative design environment. The method provides both accurate resonant 
wavelengths and field profiles that give a practical insight into the behaviour of the structures 
that is invaluable to the design process. This approach is shown to provide results that are in 
excellent agreement with those obtained through other more numerically intense methods. 

INTRODUCTION 

The high Q-factors that are obtainable from dielectric resonators and their ability to support 
whispering gallery modes (WGMs) make them ideal components for inclusion in modern 
optoelectronic integrated circuits (OEICs). Strongly confined, air-clad resonator structures 
with radii of only a few microns may be realised with negligible loss. Such structures exhibit 
high Q-factors [1-2], which thus make them an attractive proposition for elements in 
wavelength-division multiplexing (WDM) circuits [3]. 

An analysis technique based on the well-proven Spectral Index (SI) method [4] is presented 
that allows for the efficient analysis of air-clad disk and ring resonators. The method provides 
a simple transcendental equation that is readily solved in a matter of seconds using a personal 
computer, providing results in the form of modal propagation constant and field profiles. This 
approach provides significant insight into the performance of the resonator, revealing 
important design characteristics such as the Q-factor (or finesse) and the free spectral range 
(FSR). The method maintains a high degree of computational efficiency and so is well suited 
to an iterative design process. Although more accurate methods exist, such as those 
employing finite difference (FD) schemes, the computational requirements of these methods 
are high and for the most part the accuracy provided by these methods is not required during 
an initial design process. 

THEORY 

The following will consider an air clad dielectric disk resonator as illustrated in figure 1(a), 
where n g and n s are the refractive indices of the guiding and substrate layers respectively, with 
n g > n s > n a j r . The method proceeds by introducing the concept of effective widths, whereby 
the true boundaries of the structure are displaced by an amount determined from physically 
consistent arguments. On these new boundaries the field is set to zero, figure 1 (b), yielding an 
equivalent problem, which is significantly easier to solve. 
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(a) 


(b) 



Figure 1. (a) Schematic illustration of disk resonator, (b) zero field boundaries. 


The field in each region of the equivalent structure is expressed as a superposition of local 
solutions of the wave equation. The field in the disk can be expressed as: 

(!) 

TT stn(y m «) 


'F represents rE r and rH r for the TE and TM like modes respectively, m is the number of 
terms used in the field expansion, A m are coefficients, J n is the Bessel function of order n 
whose argument, ( a m r ), is such that the function is zero at the effective boundary. Below the 
disk a Hankel transform of the field is taken yielding: 

i|/(r, y) = jds sy(s)J n {sr)e~ J ^ L ~ s y (2) 


where c is an appropriate contour. The expressions (1) and (2) are then matched with a 
variational expression, [4], to yield the final transcendental equation: 

k y tan (k y h) = |& 5-|\j/(^)| 2 r(5-) (3) 

where T(s) is a transfer function dependant upon the form of the layered media below the disk 
and c is an appropriate contour determined by the boundary conditions imposed at infinity. In 
(3) k y and T(s) are functions of angular frequency, to, which is the only free variable. Values 
of co are thus sought in the complex frequency plane for which (3) is satisfied. The Q-factor is 
then defined as IA, rea i/2A,i ma gl. 


RESULTS 

A disk resonator was considered, figure 1(a), with n g = 3.44 (GaAs), n s = 3.40 (GaAIAs), r = 
4.5pm, h = 4.5pm and d = 5pm. Solutions of (3) were sought in order to identify the WG 
modes supported by the structure. WG modes can be classified as either WGE n , m ,i or WGE n , m ,i 
where the subscripts n,m,l denote the number of azimuthal, radial and axial variations 
respectively. The following presents results for the WGE n ,i,i WG modes. The results from the 
SI method were compared with those obiained from two semi-vectorial finite difference 
(SVFD) schemes of increasing accuracy, SVFDi providing the higher accuracy through use of 
a higher density mesh. Figure 2 compares resonant wavelengths (real component) and Q- 
factors obtained by each method. It is seen that the agreement in the resonant wavelength is 
excellent and that the Q-factors are in close agreement. It is noted this is a very challenging 
problem for the FD methods, requiring a large computational space and high quality 
absorbing boundary conditions. 
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(b) 



Figure 2. Numerical results, SI v SVFD; (a) resonant wavelength, (b) Q-factor. 
CONCLUSION 

We have presented a new method for the design and analysis of dielectric disk resonators. The 
method provides results that provide a significant insight into the behaviour of these devices 
with minimal computational effort. The method is shown to provide sufficient accuracy for 
practical implementation within an iterative design environment. 
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LOW-GRAZING-ANGLE SCATTERING BY A TRIANGLE 
MODEL OF AN OCEAN WAVE 
Alexander G. Tyzhnenko 
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ABSTRACT. The boundary value problem (BVP) is reduced to the 1-D integral equation of the 1 st kind and 
then to the ill-conditioned matrix equation. A new iterative method is proposed to such equations solving, which 
produces a robust and adequate solution. This solution is compared with the genetic algorithm solution and good 
agreement obtained. A strong backscattering for 1° grazing angle is revealed from a resonant-sized foaming-like 
ocean wave, that is comparable in order with radar “sea-spikes”. 

INTRODUCTION. The investigation of 
wave-scattering by the ocean surface has been 
an area of active research. The particular 
interest was gone up in the nowadays to the 
low-grazing-angle (LGA) scattering from the 
rough sea-surface. Numerous experimental 
works has indicated some unexpected 
phenomena in LGA backscatter [1], such as 
“sea-spikes”. The experiments pointed to 
incipient or actively breaking water waves as 
a source of anomalous scattering. To explain 
the anomalous scattering phenomena the theoretical Figure 1 

investigation is need to the electromagnetic 

scattering from gravity waves. Some recent studies have focused on deterministic targets with 
analytical extending the target as a flat surface to infinity [2]. The magnetic field integral 
equation (MFIE) was solved in these papers. It is known that MFIE and EFIE solutions suffer 
from the problem of spurious resonances at the eigenfrequencies. This phenomenon has been 
noted by several authors [3]. 

In this paper resonance-sized scatterers are investigated in the numerical 
electromagnetics using deterministic gravity wave models. The proposed method of a BVP 
solving is immune to spurious resonances and can be applied to LGA scattering from 
resonant-sized geometries for arbitrary small grazing angles, that is a hard point of numerical 
investigations. 

THEORETICAL AND NUMERICAL FORMULATION. We consider the perfectly 
electrically conducting (PEC) realization of the ocean. A triangular model of a breaking wave 
is used (see Fig. 1 where A(-a t ,0), B(0,b), and C(0,a 2 )) with analytical extending the target 
as a flat surface to infinity. The incident TM-wave has only a z-directed electric field: 
E 0 (x,y) = exp(~jk 0l x + jk 02 y + jcot). Here: k m =£ 0 sin( 0 , k 02 =k 0 cosi 0 , k 0 =colc , and i 0 
is the incident angle. We find the scattered electric field as Witteker’s integral [4] 

E(x,y)=]cxp(-jtx-jhy)A(Z)d{ ( 1 ) 

where h = h(^)= k 0 2 2 = -j-Jg 2 -& 0 2 and Im& 0 =-0. The function (1) satisfies the 
wave equation and radiation condition in the upper half-plane for any integrable function 
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A(£). The boundary condition satisfaction in the TM case leads to the integral equation (IE) 
for unknown function A(£): 

J expO-#* - jhf(x))A(Z)d£ = -exp (~jk 0i x+ jk 02 f(x)) (2) 


where the target’s height-function y = f(x) is defined as 

f^(x),*e[-a,,fl 2 ] f(«, +x)b/a t , -a x <x< 0 

{ 0, otherwise \(a 2 -x)b/a 2 , 0 <x<a 2 

The unknown spectral function A(£) can be decomposed as 
A(£) = 4 (£) + £(£) 


(3) 

(4) 


where A,(£) = determines the wave reflected from the plane y = 0. The 

substitution of (4) into (2) yields an IE of the 1 st kind for the spectral function B(%): 

}exp (-jtx-M(x))B(4)dt = F(x) (5) 

with the right-hand side function 

F(x) = exp(-y* 01 x) [exp(-y* 02 / (*)) - exp(jk 02 f (*)] (6) 

that differs from zero only inside the interval [~a v a 2 ]. To solve the IE (5) over the whole 
interval F,, we apply the Fourier transform to the both sides of equation with preliminary 
multiplication by exp(-crjx:|). Two methods are used in this paper for ill-conditioned system 
solving, which results from IE (5) while discretization. The first is an iterative method and the 
second is a genetic algorithm. 


ITERATIVE METHOD. A new iterative scheme is proposed to solve an ill-conditioned ME 

KX = F (7) 

where A" is a square matrix, X and F are vectors or matrices. The method is based on the LU- 
decomposition of specific form: 

K = L + U 

where 



'a 0 0 


(k n -a k l2 k l3 

,j 

Jfc 2l a 0 ••• 
k 2l fc 12 a ••• 

, u = 

0 k 22 -a k 22 

0 0 *33-0 ••• 


k- - '-J 


^ ... ... -j 


Then, the Eq. (7) can be rewritten in the iterative form: 

X =F + KX , F = L~'F , K = -L~'U 
This equation gives the iterative process 

X 0,) =F + KX 0, - l) . (8) 

The convergence depends on the right-hand side (F) and the decomposition parameter ( a ). 
Numerical investigation shows the following convergence condition fulfills for some F and 
a: 

= |>„=S<» (9) 

fl =0 
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In that case the solutions make up a compact set in a Banach space. Then, the tendency of 
discrepancy to zero for consequently X in) ensures the tendency of approximate solution X M 
to an exact solution of Eq. (7), according to [5]. This method was compared with genetic 
algorithm and an excellent accordance was revealed. 


NUMERICAL RESULTS. The scattering from a triangularly modeled breaking wave on a 
plane surface in PEC approximation is studied. The particular increasing of backscattering 
from a foaming-like breaking wave modeled with triangular target is detected for it’s height 

b= 1.5/l 0 . For the 


most important 
case of strong LG A 
scattering from a 
foaming-like wave, 
the normalized 
scattering patterns 
for 1° grazing 
angle was 

calculated with the 
aid of two methods 
(Fig- 2). 

The both 

algorithms are 
stopped at the same 
discrepancy of 
0.04. We can see 
Figure 2 an excellent 

agreement of both methods. This result proves the robustness and adequacy of proposed 
method and genetic algorithm. Compared with minimal backscattering from foaming-like 
wave (for b= A 0 ), the RCS may enlarged at 2.2922 dB for i 0 = 88° and at 2.2104 for i 0 = 89° 
if increasing the wave’s height to 1.5 A 0 . The RCS from a breaking wave may enlarge in 
thousand times (~ 3dB) when the steepening wave transforms to the foaming one. This 
calculated effect is of the same order with a strong radar backscattering for H-polarization (so 
named “sea-spikes”). 
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ABSTRACT 

In this paper, the diffraction of a plane electromagnetic wave by a cylinder with fractal 
properties of the surface is researched. The results of designing of integro-differential model 
of the conductive cylinder are represented on the basis of representations of fractal geometry 
of a surface of actual explorers. The obtained a-characteristics of electromagnetic field 
generation has allowed making specification in the classical theory of a diffraction of 
electromagnetic waves on conductive bodies. 

INTRODUCTION 

For the description of the fractal properties of actual physical objects [1], the a- 
characteristics of components of electromagnetic field are introduced [2,3]. The fractal nature 
of objects (curves, surfaces, volumetric bodies, etc.) is taken into account through the 
Hausdorff measure, which is defined by means of the fractional integro-differential 
calculation [4,5], and the degree of fractality is taken into account by the a-values. 
Development of an integro-differential electromagnetic field model is considered that is 
further used for solving the problem of diffraction of a plane wave on a cylinder with fractal 
properties of the surface. 

FORMULATION OF THE PROBLEM 

Let us formulate the problem of determining the influence of the fractal properties of a 
cylindrical metal surface on the components of a monochromatic electromagnetic field. We 
assume that the field E° ,H° of the incident wave is known, the conductive body, and the 
enclosing medium has parameters e a and ju a . Under the effect of the primary field on surface 
S of the body, the electrical fractal currents are produced which induces the secondary 
electromagnetic field E,H. As it was noted in [3], the usage of the formulas of fractional 
integration and differentiation enables one to characterize geometrical features of curves and 
surfaces. Further, instead of the vectors E,H, their a -characteristics E a = I a [p a E], 


H a = I a \p a Hj will be considered. Suppose that a plane linearly polarized electromagnetic 
wave is incident on a perfectly conducting circular cylinder of radius a normally to its axis. 
Introduce a cylindrical coordinate system x = r-cosrp, y = r-sirup, z-z the z-axis 
coinciding with the axis of cylinder, and the angle (p is for the azimuth. Consider the case of 

the vector E° parallel to the z-axis. The electric field of the incident wave has only z - 
component: 

E °M = E 0 -e‘ b = E 0 , k =c>- . 

The considered problem is two-dimensional (no dependence on the coordinate z), therefore 
the Helmholtz equation for the secondary electric field becomes 


lj rk -D E = 0; r>a\ Q<(p<27v. 
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The function D a E on a surface S should satisfy the terminal condition, which has a form as 
D a E(a,<p) = -E 0 . e lkacoS( P . It satisfies the condition of radiation in the infinitely remote 


points: at r-> oo, in the expression for the function D a E(r,tp ) there should be only the 

components with the phase factor e~ lkr corresponding to a wave propagating from the origin 
to infinity. 

Thus, the solution of the equation (1) satisfying the radiation condition is the function 


D a E[r,(p)= Z r, = ZAn ■ H$(k ■ r)-cos(m<p), 


where D m is some constant determined from the terminal condition; 
Jo(k-a) 


°^r 


m = 1,2,3,.., 


D m = -£ fi -2-f 


, J„ t (k-a) 
H$(k-a)' 


(2) 

(3) 


Substituting (3) into (2), we obtain a resulting expression for the secondary electric field, 
which appears due to the plane wave incident on the perfectly conducting circular cylinder of 
radius a with fractal properties of the surface 


D a E = -zq -Eq ■ 


»S 2) (*«) «-i hH 



(4) 


NUMERICAL RESULTS 

After fractional integration, the a -characteristic of the secondary electric field (fractality is 
taken at the angle <p) is obtained as 





f J 

oM 

0 Ha) ] 

w 





o(<p-ty 




The polar graphics for the modulus of the secondary electric field in the far-field 
region are presented in Fig.l. Fig. la) demonstrates a comparison of the classical and fractal 
approaches. In Fig. 1 b), the results of calculations for the fractal cylinders of different values 
of ka are presented. 

90 




* 


a) b) 

Fig.l 


Kharkov, Ukraine, VUI-th International Conference on Mathematical Methods in Electromagnetic Theory 




422 


MMET*2000 Proceeding, 


CONCLUSION 

The obtained a-characteristics of the electromagnetic field have enabled us to generalize 
classical theory of diffraction of electromagnetic waves on conducting bodies. Diffraction of a 
plane electromagnetic wave on a cylinder with fractal properties of surface has been studied. 
The results of developing an integro-dijferential model of conducting cylinder are presented 
on the basis of representations about fractal geometry of the surface of actual scatterer. The 
obtained numerical data demonstrate a comparison between the classical and fractal 
approaches. 

REFERENCES 

[1] The fractals in physics // Proceedings 6 th International Symposium on Fractals in Physics. 
(Triest, Italy, July 9-12,1985): Tr. from English // Edited by L. Pietronero, E. Tozotti.- 
M.:Mir, 1988.-672 p. (in Russian ). 

[2] Onufriyenko V. On “a-features” a of electrical waves above impedance plane // 
Conference 

Proceedings 12 th International Conference on Microwaves and Radar. - Vol. 1. - Krakov 
(Poland). - 1998.-P.212-215. 

[3] Onufriyenko V. M., Lysokon I. V., Samolchev P. A., Slyusorova T. I. The 
electromagnetic 

waves on the fractal border of the division of two environments // Radioelectronika, 
informatyka, upravlinnya.- Zaporizhzhya: ZSTU. - 1999. - JNa 1. - P. 20-23. (in Ukrainian 

) 

[4] Samko S. G„ Kilbas And. A., Marichev O. I. The integrals and derivatives of the 
fractional 

order and their some applications.- Minsk: Nauka i tehnika, 1987.-688 p. (in Russian ) 

[5] Engheta N. On the Role of Fractional Calculus in Electromagnetic Theory // IEEE 
Antennas 

and Propagation Magazin. - Vol. 39. - N 4, August 1997.-P. 35-46. 

[6] V. Onufrienko. Physical-geometrical interpretation of a-characteristics of 
electromagnetic 

field.//Radiofisika i elektronika. Institute of Radiophysics and Electronics of the 
National 

Academy of Sciences of Ukraine, Vol.4, No.l, pp.7-10,1999 (in Ukrainien). 


Kharkov, Ukraine, Vlll-th International Conference on Mathematical Methods in Electromagnetic Theory 





M MET*2 000 Proceedings 423 

APERTURE COUPLING IN THE BODIES POSSESING A FINITE 
SYMMETRY GROUP 

A.S. Ilinski*, I.A. Zagorodnov*, and R.P. Tarasov** 

* Moscow State University, Moscow, Russia 
** Research Institute of Pulse Techniques, Moscow, Russia 
e-mail: celd@cs.msu.ru 


ABSTRACT 

A numerical method for predicting the field penetrating an arbitrary opening in a symmetric body is 
considered. The method is based on the usage of coordinate functions of irreducible representations of the 
group {tn } of symmetries of the cavity. It enables one to reduce calculation time by the factor ~ N 2 and 
to construct numerically an inverse operator for arbitrary excitation function. Required machine memory is 
also reduced by the factor N . 

INTRODUCTION 

A numerical method for predicting the field penetrating an arbitrary opening in a symmetric body is 
described here. The cubic cavity with an arbitrary aperture in its shell is an example of such item. This 
cavity has the group of symmetries O/, of the order 48. If a cavity has a finite group of symmetries {r#} 
of the order N , it is possible to develop a numerical method of the problem solution based on using of 
coordinate functions of irreducible representations of the group {t N } of symmetries of the considered 
cavity [1], [2]. 

The aperture coupling problem can be reduced to three problems. In the first problem the induced surface 
current density J is found for the apertureless body. In the second problem the aperture tangential E - 
field is found. In the third problem the surface current J which yields the internal field is found. The first 
and the third problems can be reduced to an integral equation on the cavity shell S with the same operator. 
The second problem can be reduced to an equation on aperture Sq . In case of the group {r^} of the order 
N the integral equation on the surface S is reduced to the ~ N disconnected equations on the 1 /N part of 
the surface S. 

Thus operator matrix of the integral equation becomes block diagonal one in the basis of coordinate 
functions of irreducible representations of the group [t^j } of symmetries of the cavity. It allows reduce 

calculation time by a factor ~ A 2 and numerically to construct an inverse operator. Machine storage is also 
reduced by a factor N . 

In the paper the numerical results for a cubic surface without one face and for a cylinder located in a sphere 
with a narrow slot irritated by an incident plane wave are given. 

STATEMENT OF THE PROBLEM AND BASIC RELATIONS 

The geometry under consideration is a cavity with an aperture Sq in its perfectly conducting shell S. The 
screen 5j = S \ Sq is irradiated by a monochromatic field Eq , Hq, spreading in a homogeneous medium 
with an inductivity e and a magnetic conductivity /j . Full field can be noted as // = //[+ Hq , 
E - £] + Eq , where E ]t //j is a scattered field represented as 

//j = Vx AjJ], E x - -(iof) _l VxVx A|7], (1) 

where a> is a circular frequency, and the vectorial potentials are determined by expression 
A\J\{x)= £ (exp(/k|*- y\)/^7t\l\(y)dfi(y ), k^co^, .Sj -S\S 0 . 

The problem can be reduced to a following integral equation on a surface 5] = S \ Sq : 

N\J](x) - F](x), re5j, N\J] =2nxVxVx A\J\ , F\ = 2icom x Eq . (2) 
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In turn the problem for the closed surface S can be also reduced to an equation 

NJ (x) = F(x), xbS , F = licoen x E 0 , (3) 

which can be written in matrix representation 

r*o Af 0 iipoi = ™ 

Ko L F iJ’ 

The solution of equation (2) is equivalent to the solution of following matrix equation 



where functions 7j (x), x e 5], and F 0 (x), x e S 0 , are unknown ones and matrix B = N~ . 

Hence, if the matrix B is known, the solution of the equation (2) can be found by formulas J = BF , 
Fq = -(Z?o) - ' io- J = BF, F = [Fq of , J] = J] + J ]. The field inside cavity can be found 
through expression (1) or by representation H j = V x AJ , E\ = ~(icos)~ i V x V x AJ . 

Let's enter a vectorial bundle 7jS ®T 2 S , where Tj S is a tangential bundle of polar vectors and T 2 S is a 
bundle of axial vectors. The transformation x * from group 0(3) of orthogonal transformations of space 
induces an automorphism of the bundle (F l (x),F 2 (x)) Ir^Fip), |^|pF 2 p)), 

where r k is a transposition of a vector field. 

If the boundary surface S has group of symmetries [x N } than the operator N of the integral equation (3) 
is invariant one concerning group { x N }: t^N = Nt% , x k e {r#}. 

NUMERICAL METHOD 

Manifold S, possessing a symmetry group {x ^}, can be represented as S = [J^ i r < F, 
Int(XjFnxjF) = 0,Vi * j. We can uniquely assign an operator function N(r,)= N(x i ,x i ) = 
= P(Xi)NQ(x\) defined on the group {x ^) to the operator N which act in the space L p (S). Here 
P( r,): L p (S) -> Lp(F), is a contraction operator defined by relation \_P{xj)(p\x) = 
= P^p) = [^)p). xeS , and Q(tj): L p (F) —> L p (S) is a prolongation operator defined by 
relation: [<2(r ; )^(r A .)];x) = [(rJ 1 ) + ^(r <: )](x) at xexjS , and [Q(xj)( p{x k )J(x) = 0 at xtxjS v 
The operation of the operator N on a function <p can be noted as the right operator convolution on group 
{x N }: f(Tj) = yp^Cry-r,-)^,.), where the label / = N(p is entered. The operator function for the 
inverse operator B = N~ l can be found under the formula B{ r t -) = ] d^, tr(fi(A k )Ux, (r ; )), where 

B(A k ) = [Ar(4 )f l and N(X k ) = N(r s )U Xt (rj 1 ). 

The numerical approximation of the operator N was derived by a method of mechanical cubages. The 
formulas coincide with the ones gained in a collocation method at piecewise approximation of currents. 
The cavity shell S was approximated by an Euclidean complex. 

NUMERICAL RESULTS 

Let us consider a problem of a diffraction of a flat linearly polarised electromagnetic wave on a cavity D 
with group O k , which is a non-commutative group of order 48. The body with the group O h is determined 
by defining of a fundamental area in 1/48 part of space (just as the body of revolution is determined by 
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defining of a generator). For example, a cube and an octahedron have group 0 / t . In the paper the cubic 
cavity will be surveyed. 

The matrix N h of a discrete problem is a block matrix of order 48 with blocks of order 2 n , where n is a 
number of simplexes on fundamental area F . Thus we need only one block column of the matrix N h as 
the other columns are gained from the first by permutations. It allows in 48 times to reduce the volume of 
machine storage. The group O h has 10 irreducible representations: 4 one-dimensional, 2 two-dimensional 

and 4 three-dimensional. Hence instead of an inversion of the block matrix N h of order 48 it is necessary 
to invert only four block matrixes of order 1, two matrixes of order 2 and four matrixes of order 3. This 
approach allows constructing an inverse matrix B h - (N h )~ l . For an inversion of the matrixes the Gauss 
method was used. Thus the number of operations was reduced in ~ 10 3 times. 

In fig. 1 the quantity \H\ + Hq\/\Hq\ in H - plane is shown. The scattering surface is a surface of a 
cube S without one face Sq . The plane wave is falling on the aperture Sq with vector E along an edge a 
of the cube of wave size ka = 12 . In fig. 2 the quantity |//j + Hq\/\Hq\ in H - plane is shown. The 
scattering surface can be represented as 5] = Sq u S$ p \ Sq , where Sq is a surface of a cylinder, located 
in a sphere Sg p with a slot Sq, which is located along the equator of the sphere. The plane wave is falling 
on aperture Sq with vector E along the equator. The surface 5 = Sq u S$ p , which possesses group D nh 

was approximated by an Euclidean complex with ~ 2 • 10 4 simplexes. The structure has wave sizes: 
R = 3r, l = 2r , a- 0.42r, b = 1 .9r , kr = 2.06, where R is a radius of the sphere S$ p , r is a radius 
and / is a high of the cylinder S c , a and b are length of sides of the slot S Q . 



Fig. 1. H-field for the cubic cavity Fig. 2. H-field for the cylinder inside a spherical cavity 
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PLANE ELECTROMAGNETIC WAVE SCATTERING AND 
DIFFRACTION IN A STRATIFIED MEDIUM 

A. Maher, and N.B. Pleshchinskii 
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P.O.Box 234 Kazan, 420503, Russia 
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The two-dimensional jump problem for the Helmholtz equation in a stratified medium is 
considered. Preliminary two auxiliary overdetermined Cauchy problems for a half-plane and 
for a strip in Sobolev classes of distributions of slow growth at infinity are solved and explicit 
representations of their solutions are given. 

It is shown that the jump problem in the case of a multilayered medium can be reduced to a 
set of equations for the Fourier transforms of the boundary distributions for each layer. This 
set of equations can be transformed to two equations only. The jump problem for the 
Helmholtz equation is equivalent to a scattering problem for a plane electromagnetic wave in 
a multilayered space. 

The diffraction problem for an electromagnetic plane wave at a finite set of metallic strips in 
a stratified space is considered. It is proved that this problem is equivalent to an integral 
equation with a logarithmic singularity in the kernel. 

THE JUMP PROBLEM AND THE CAUCHY PROBLEMS 

We assume that the lines z = hj, h t <h 2 <...<h n separate the half-planes 
D 0 : z < h\, D n : z> h n and the strips Dj: hj < z< h J+l , j = 1 .n -1 in the plane (x, z). We 
will search the solutions of the Helmholtz equation 
d 2 u d 2 u ,2 , , 

TT + TT +k k (* z ) = °. z >° 0 ) 

dx 2 dz 2 

in the Sobolev space s >3/2 of distributions of slow growth at infinity satisfying 

the conjugation conditions 

u(x,h i +0)-u{x,h.-0) = a i (x), — (x,/t.- +0)-— (x,h, -0) = 6.(x), j-l..n. (2) 

' 1 dz dz 

If the representations of the solutions in the domains D 0 and D n contain the outgoing into the 
half-planes waves [1], then we call the solution u(x,z) of the jump problem as outgoing into 
infinity. We denote A hj = /z /+ ] -hj and 

r°(4) = m>kj : |#| <k, : -Jk]-S 2 }. 

The following statements are valid. 

Lemma 1. The solution u n (x,z) of the equation (J) in the domain D n belongs to the class of 
solutions outgoing into a half-plane z>h n and satisfies the boundary conditions 

u n ( x,h n + 0 ) = u+ (x), ^-(x,h n + 0) = (x) 

dz 

if and only if when Fourier transforms of the boundary functions satisfy the equality 

C(£)-'rJ(#X£(£) = 0- ( 2 ) 
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Thus the Fourier transform of u n (x,z ) is the solution of the equation 

(k 2 n -t 2 -( 2 )U'(4,0= : j=e l * : lv:(t)-iCU;M] ■ (3) 

Lemma 2. The solution u 0 (x,z ) of the equation (1) in the domain D 0 belongs to the class of 
solutions outgoing into a half-plane z<h 0 and satisfies the boundary conditions 

u 0 (x,/ 2 | - 0) = wf (x), ^-{x,h x - 0) = vf (x) 
dz 

if and only if the Fourier transforms of the boundary functions satisfy the equality 

*T«)+/rJ(W(f)-o. W 

Thus, the Fourier transform of u 0 (x,z) is the solution of the equation 

■ ( 5 ) 

yin 


Lemma 3. The solution Uj (x, z) of the equation (1) in the domain Dj, j = \..n-\ satisfies 
the boundary conditions 

Uj(x,hj +0) = Uj (x), ~^-(x>hj +0) = Vj (x), 

Uj(x,h j+l -0) = u] +i (x), ^-(x,hj +i -0) = v ~ J+ 1 (x) 
if and only if the Fourier transforms of the boundary functions satisfy the equalities 

Thus, the Fourier transform of Uj(x,z) is the solution of the equation 

(ij -£ 2 (#)].(8) 

Lemma 1 is proved in [1], the complete proof of Lemma 3 is given in [2]. 

Theorem 1. The Fourier transform of the solution of the jump problem (1), (2) in the 
stratified medium can be obtained from the equations (3), (5) and (8), where Vf(f),Uj(f) 
satisfy the equations (2), (4), (6), (7) and 

= yj= j= i.„. ( 9) 
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We denote that sometimes the homogeneous jump problem has nontrivial solutions in the 
class of distributions outgoing from the media interfaces into half-spaces. It is shown in [2] 
that the set of equations (2), (4), (6), (7) and (9) can be transformed to only two equations. 

DIFFRACTION PROBLEM ON THE SET OF METALLIC STRIPS 

Suppose a set of ideally conducting infinitely thin metallic strips are placed at the media 
interfaces, and at the line z = hj, j = l..n the intervals [a Jk ,j3 Jk \, k = l.jrij correspond to 
the strips. We introduce a set of functions tfj(x), j = l.jrij determined on the intervals 
[cc jk , J3j k ], k = l..m j , respectively. We assume that the source wave has the potential u(x, z). 

Theorem 2. The diffraction problem on the set of metallic strips in the stratified medium is 
equivalent to the integral equation 

= {j = n: -u(x,h n + 0), xe {a nk ,P nk )\ j*n: 0, xe (a jk ,j3 jk )} (10) 

by functions <f>j(x), j = \..m jt where U/(%,£) are the Fourier transforms of the solutions 
u j{x, z) of the jump problem and 

a j (x) — 0, y = 1.^-1; a„(x) = -u(x,h n +0); 

b j(x) = {</>j(x), xe (a jk ,p jk )\ 0, xss (a jk ,p jk )}, j = \.n-l; 


b n (x) = {f n (x), xe( a nk ,/3 nk ); -~(x,h n + 0), x£(a nk ,P nk )}. 
oz 

The solution of integral equation (10) with logarithmic singularity in the kernel can be found 
by Galerkin method. 
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NUMERICAL METHOD OF SOLVING THE SINGULAR INTEGRAL 
EQUATIONS OF WAVE SCATTERING BY A PENETRABLE 
POLYGONAL CYLINDER 

L. N. Uyashenko and A. I. Nosich 

Institute of Radio-Physics and Electronics NASU 
ul. Proskury 12, Kharkov 61085, Ukraine 

The problem of an H-polarized wave scattering by a dielectric polygonal cylinder is considered. To 
obtain a set of the first-kind Fredholm singular integral equations (IEs), single-layer potentials are 
used. A Galerkin method of moments with special basis is applied for reducing IEs to an infinite- 
matrix equation having favorable features. 

INTRODUCTION 

Solving the problems of wave scattering often comes to singular IEs [1]. For example, this can 
be done by applying potential theory together with boundary conditions on the scatterer 
surface. There are various ways of a further numerical treatment, all of them being based on 
reduction of IEs to a matrix equation. Some results obtained in the diffraction by smooth 
cylinders were presented in [2,3]. However, the existence of edges makes computations with 
smooth expansion functions inaccurate [3]. One of the ways to overcome this difficulty is to 
take into account a solution singularity in the neighborhood of geometric singularity by using 
appropriate basis [4-6]. As known, the methods that do not exploit analytical inversion of a 
singular part of the full problem operator, fail to minimize the error of computations. 
Therefore, we propose a method that is a modification of [4-6] for dielectric polygonal 
cylinders. 

FORMULATION OF THE PROBLEM AND THE METHOD OF SOLUTION 

The geometry of the considered scattering problem is shown in Fig. 1. The incident field 



is an H-polarized plane wave: H‘ = e lkcos0 ° + ' ks,n0 o sca tterer is a uniform dielectric cylinder 
whose cross-section is a regular triangle of the side size 2d and relative permittivity is e. 
Denote the internal domain of the scatterer as Q and its contour as L. Present he total field 
inside Q as H e and decompose it outside Q as H 1 + H sc . The incident and the scattered fields 
have to satisfy the Helmholtz equation in free space, for r Q(r e ext Cl), the field H £C has to 
satisfy similar equation with wavenumber kd n , for reQ. On the scatterer contour L, the 
continuity conditions should be satisfied: 
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(h< + H“) =H‘\ Afa'+H-} A°- H \ (1) 

V ^ ^ dn K \ L edn \ L 

The scattered field must also satisfy the Sommerfeld radiation condition at infinity. 
Eventually, the condition that the energy in any bounded domain of space is finite should be 
satisfied as well. 

A fundamental solution of the wave equation is the Green's function depending on the 
distance between two points on the plane, r,r‘ e 9? 2 : 

G(r,rO=^//f ) (*k-''l) and G e {r,r')= (2) 

We shall seek the solution of the boundary value problem as a pair of single-layer potentials 
uniformly satisfying the Helmholtz equation and radiation condition [1], with unknown 
densities p e C(dQ), qeC(dCl) : 

H‘(rh\G,(r.r')p(r')ds H*(r)=\G(r,r')q(r')ds (3) 

By using the conditions on L and the properties of the normal derivative limiting values for a 
single-layer potential [1], the following set of singular IEs is obtained: 

j t p(r')G,(r,r')ds'-lg(r')G(r,r')ds' = H'(r) 

^ + h p{r,) i G ‘ {ry)ds ' + 

(4) 


The method of numerical solution of (4) is based on the decomposition of polygonal cylinder 
to three flat-facet key elements. Correspondingly, the scattered and internal field functions are 
expressed as a superposition of the fields generated by each facet. Therefore, in the plane of 
cross-section, introduce a common coordinate system (XY) and three local coordinate systems 
(X s O s Y s ), with the origin O s placed in the center of the 5-th facet of the cylinder, and O s Y/ 
axis being normal to the 5-th facet (see Fig. 1). Then the set (4) is takes a form of six coupled 
IEs in terms of the local unknown functions p, and (i= 1,2,3) 


ftjp,(>)<,(>.»>=/A) 


a=1,2,3) 


(5) 


where the following notations have been used: 

9i=Pm 0 = 1»2,3) K ji {t,t 0 ) = £H^R ij {u 0 )) ifi = 1,2,3 (6) 

K jt (t,t 0 )= if i = 4,5,6 (7) 



if i= 1,2,3 (8) 

= - <Pj )+ - ( Pj (t,t 0 )) 


if i = 4,5,6 (9) 

Here, R tj is the distance between the points t and t 0 , (f\ is the angle between the *,-axis of a 
local coordinate system and the x-axis of the common coordinate system, (a„ b t ) are the 
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coordinates of the origin of a local coordinate system. Besides, in the right-hand parts, we 
have 


fj ( ? <>) = + -^-jcos((9„ - <Pj )+ ^j-sin(<9 0 - <pj )J 

fj (t „) = ikd cos(# 0 - <p, )exp^/W^r„ + -^-jcos(i9 (l - (p I )+^-sin(<p, - <p t )j 


( 10 ) 


In the scattering by a perfectly electric conducting (PEC) polygonal cylinder, a technique of 
reducing the IEs similar to (5) to the infinite-matrix equation of the Fredholm second kind was 
presented in [6], It was done in the Fourier-transform domain. We propose to solve (5) in the 
space domain, by projecting them onto local bases of the weighted Chebyshev polynomials of 
the first kind. As known, for numerical efficiency, is desirable to decompose the kernels in a 
sum of regular and singular parts and invert the latter. The mentioned basis functions 
diagonalize the singular IE operator corresponding to a PEC strip scattering [4,5]. Therefore, 
it is expected that our algorithm is better suited for the polygonal scatterers than the previous 
ones from [2,3]. 


CONCLUSION 

A method of numerical solution of the wave-scattering by dielectric polygonal cylinders is 
proposed. It is based on decomposition of the total scattered field into the partial contributions 
of separate interacting facets, and on further usage of semi-inversion concept. Numerical 
results obtained by this method agree well with the published earlier. This can be applied to a 
scatterer with arbitrary number of edges. Besides, it can be developed into a universal solver 
of the scattering from electrically large objects, through the segmentation technique. 
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ABSTRACT 

A new technique for solving diffraction problems in angular shaped regions is here 
presented. This technique applies both for impenetrable wedge and penetrable wedges. The 
functional equations obtained through this technique present different difficulties of solution 
according to the geometry of the problem. For example for half-planes and impenetrable or 
isorefractive rigth wedges we deal with classic matrix W-H equations. On the contrary 
dealing with arbitrary media or with not right wedges, we have to introduce new functional 
equations that we call generalized Wiener-Hopf equations. This paper describes some 
properties of the generalized Wiener-Hopf equations. 

INTRODUCTION 

The Wiener-Hopf technique is a powerful and general method for solving discontinuity 
diffraction problems. However usually it is assumed that for wedge shaped regions these 
geometries (except for particular wedge angles) do not allow Wiener-Hopf equations. The 
aim of this work is the introduction of the Wiener-Hopf technique also for arbitrary angular 
wedges and for penetrable regions filled with different media. The obtained results are new 
functional equations that generalize the classic Wiener-Hopf equations. Our method is based 
on a generalization of the method used to deduce W-H equations for right angle regions. In 
particular, through the introduction of oblique coordinates, new equations have been 
obtained, relating the unilateral Fourier transforms of electromagnetic field in two different 
directions [ 1 ]. 

By using these equations and by imposing the boundary conditions on the interfaces 
separating the different homogeneous regions, we can obtain the functional equations 
relevant to every wedge problem involving not penetrable or penetrable media [1]. In order to 
give an example in the following a wedge with two face impedances excited by an E- 
polarized plane wave has been considered (Maliuzhinets problem). Let the axis z of a 
cartesian coordinates system be parallel to the electric field E (E=E Z ) and the axis x 
coincident with the simmetry axis of the wedge and directed outside. By introducing as 
unknowns the following unilater Fourier transforms defined on the positive real semi axis 
(x> 0 , y =0 or cp= 0 ): 

V + ( 7 ) = {" E 7 (x,0)e J "'dx , I + ( 7 ) = -£° H X (x,0)e jnx dx , 

where to, k and p are the angular frequency, the propagation constant and the permeability in 
the medium outside the wedge respectively. 

The functional equation are [1]: 
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M{ V {a))\ 


K (17(a)) 

I + (rj(a)) 


= M(j 1 (-a))\ 


V + 

I + 


(rj(-a)) 

tni-a)) 


where 


(1) 



and z± are the the normal impedances on the boundaries <J>=±0 of the wedges, 
£ = -Jk 2 - 1) 2 ,r = V & 2 -a 2 ,a = a{t]) = r] sin<E> + £cos ®,T](a) = a sin<E>-rcosO, 
r/(-a(?j)) = T] 2 (r/) = 7 Cos 20 -^k 2 -if sin20. 

Eq. 1 is a particular case of the functional equations in the Fourier domain, that in general may 
be written in the following form: 

G(t|)F + (t])= F.(a(T|))+F.(b(Ti))+ F;(q) (2) 

where G(q) (matrix kernel) and Fj(q) (source vector) are known functions depending on the 
complex variable r\ and F+ and F. are the unknown vectors. The substantial difference with 
respect to the classic Wiener-Hopf equations is the presence in this functional equation of the 
known mappings a(q) and b(q). In fact, while the unknown F+(q) is a classic plus function, 
i.e. regular in the half-plane lm[q]>0, in the second member F.(a(q)) = F.(a) is a minus 
function in the a-plane, i.e.regular in the half-plane lm[a]<0, and F.(b(q)) = F.(b) is a minus 
function in the b-plane, i.e.regular in the half-plane lm[b]<0 . We can call the previous 
equation Generalized Wiener Hopf equation. In some particular cases (half planes or right 
wedge unpenetrable or isorefractive) we have a(q)=b(q)= q leading to classic W-H equation 
that can be solved with the factorization technique. 

The major advantages of the introduction of these equations is that they characterize all 
wedge problems involving both unpenetrable regions and penetrable ones even with 
anisotropic or bianisotropic media filling them[l]. 

ON THE SOLUTIONS OF GENERALIZED WIENER-HOPF EQUATIONS 

Wiener-Hopf technique for solving the classic equations is based on the decomposion and 
the factorization of generic functions in plus and minus functions (i.e. regular respectively in 
the half plane lm[q]>0 and lm[q]<0). Also dealing with Generalized Wiener-Hopf equations, 
decomposition and factorization constitute the key for obtaining the solutions. However, 
whereas the classic decomposition is very easy to obtain, the generalized decomposition is 
more difficult and in general lead to Fredholm integral equations. 
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Decomposition 

Let consider a function F(rj) which is a Fourier transform of a function f(y), and m(r|) an 
analitical function of r\ regular on a strip containing the real axis of the plane r\. The 
generalized decomposition of a function (with respect the mapping m(r))) consists in getting 
the two decomposing functions so that: 

F(t])= F + (ri)+F.(m(ri)) 

where the functions F+(r|) and F.(m(r|)) are respectively a plus function in the r| plane (i.e. 
regular in half plane lm[q]>0) and a minus function in the m plane (i.e. regular in half plane 
lm[m]<0). If there are not singularities of F(r|) between the real axis lm[r|]=0 and the image 
of lm[m]=0 on the r\ plane (this condition is not rescrittive), we obtain the following 
Fredholm integral equation of the second kind for the decomposing F+(r)): 

F+(7)+ J_rf-1-——— 

where y runs on the real axis r|’ leaving above the singular point r\. Note that the particular 
case m(r|)=r| leads to the classic Cauchy decomposition formula. 

Factorization 

Following the same ideas introduced in the classic factorization we can get to the generalized 
factorization of scalar kernel G(r|)=G_(m(r|))G + (r|), through the logaritmic generalized 
decomposition: log[G(r|)]= y. (m(r|)) + \|/+(r|). It yields: 

G_(m(ri)) = G + (ti) = e v * w 

This factorization technique can be extended also to matrix factorization in many cases. 

In particular it is possible to reduce the generalized factorization of rational matrices to scalar 
decompositions. This allows to factorize arbitrary matrices with Pade’ approximations. 

Solution of the generalized equations 

The process of decomposition and factorization allow us to extend the Wiener-Hopf 
technique to obtain the solution of the generalized equations: 

G(q)F + (q)= F.(m(r|))+ Fj(r|) 

In this particular case, the generalized factorization of the kernel G(r)) and the generalized 
decomposition: (G.(m(T|)))' l F 0 (r))= X+(r|)+ X.(m(r|)), lead to the solutions: 

F+Cn) = (G+Oi))' 1 X+(t|), F.(m(q))=- GXmO^XXmO!)) 

To conclude it must be observed that always we can reduce the arbitrary generalized 
equation (2) to Fredholm equations. However this procedure sometime requires a process of 
matrix factorization. 
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ABSTRACT 

In this paper, the diffraction problem is considered for the plane electromagnetic wave 
incident on a right-angled perfectly conducting wedge, whose metallic faces are coated with 
thin layers of the bi-isotropic materials. Generalized second-order impedance boundary 
conditions for thin covering is used. We applied the Sommerfeld-Maliuzhinets integral to 
spectral representation of the total electromagnetic field. The total field must satisfy the 
Helmholtz equation, the edge condition and the proper conditions at infinity. 

INTRODUCTION 

The recent years have witnessed of enormous growth in the research activity focusing on the 
wave interaction with complex materials, namely, with chiral, bi-isotropic and bi-anisotropic 
media [1]. The scientists elaborate new methods of the calculation for such materials. 

In this paper, the diffraction problem is considered for the plane electromagnetic wave 
incident on a right-angled perfectly conducting wedge, the metallic faces of which are coated 
with thin layers of the bi-isotropic materials. It is a special case of problem, which was 
considered in paper [2]. The covering is very thin; therefore it is possible to use generalized 
impedance boundary conditions for its simulation [3-6], which contains field derivatives 
above the first order. However, the standard boundary conditions on the edge are not 
sufficient for the extraction of a unique solution studying the scattering on the objects with 
edges. Therefore it is necessary to introduce the so-called contact conditions that prescribe 
certain relations between the field and its derivatives on the edge. 

The problem is considered with the help of the modified Maliuzhinets technique [2,4,6], The 
Maliuzhinets functional equations are obtained for the transform of the Sommerfeld- 
Maliuzhinets integral. The general solution of these equations contains three unknown 
constants, which are chosen from the radiation condition and the contact condition on the 
edge of the wedge. 

FORMULATION OF THE PROBLEM 

Let us consider the diffraction of the H -polarized time-harmonic ( e~ mt time dependence is 
understood) electromagnetic plane wave H\{r,q>)= ex^ r ikrcos{(p-^ 0 ^ in an angular 
region \tp\<3n:/4, where k = ci>^£q/jq , /u 0 h s 0 are the free space permeability and 
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permittivity, respectively. The faces of the wedge (p = ±3m/4 are coated with thin layers of 
bi-isotropic materials, the thickness of which are d ± . Hereinafter the symbol sequence of 
kind ± means that the upper (lower) sign corresponds to the face <p = +3m/4 (<p = -3m/4) of 
wedge. A plane wave is incident in the direction tp 0 . In the polar coordinate system ir.tp) the 
generalized impedance boundary conditions [5] on the faces of the wedge can be expressed 
as: 


( t 1 d 2 

+ ikr dtp ^ + k 2 N 2 ± dr 2 


\H z (r,±3m/4)=0 


(1) 


where p ± = ikd ± p ± , cos 2 6> ± -k±, n± = £ ± p ±, sin © ± = x± ! n ± ^ £± and p ± are 

the complex permittivity and permeability of the layers, k ± >0 are the chirality parameters, 
%±>0 are the non-reciprocity parameters. The total field H z {r,cp ) must satisfy the 
Helmholtz equation, the edge condition and the proper conditions at infinity. Nevertheless, 
these conditions are not sufficient to solve completely the present boundary problem. It is 
necessary to add a contact condition. The contact condition is required for the boundary 
conditions (1), which is possible to write in the following form [7]: 

= 0 (2) 

where t ± = N±/p ± . 


METHOD OF SOLUTION 

We applied the Sommerfeld-Maliuzhinets integral [8] to spectral representation of the z- 
component of the total magnetic field in the form 

H ! (r.1>h^-3e-""“' s “s( a + <p)cla, (3) 

2m * 

Y 

where y is the double loop Sommerfeld contour. From boundary conditions (1) the system of 
functional equations is obtained: 

a ± (a)s(a + 3m/4)- a ± (- a)s(- a + 3m/4) = 2C ± sin a (4) 

where C ± are arbitrary constants. Variable coefficients a ± (a) in this system are polynomials 
of sin a and contained the complex Brewster angles, which are given in paper [2]. The 
general solution of the system of equations (4) can be written in the following form: 

S(a)= [cr(a,<p 0 )+ C + S + (a)+ C_S_ (a)+ cjp(« )/w{<p 0 ) (5) 

where C is an arbitrary constant. The function cr(a, <p 0 ) is the meromorphic solution of the 
corresponding homogeneous system (4) with a ± [a)= 1. The functions 

|O0 . . , 

c ( \ ~ p r smuv sinvdx 

S ± (aj=+— --- rx~i -v (6) 

2 mi _ J igo cos pr + sin pa a ± (r JF[t ±0) 

are the partial solutions of the non-homogeneous system (4), regular in the strip |/Jea| < 3m/4. 
The function ^(r) is combination of special meromorphic Maliuzhinets functions [8], which 
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depend on the complex Brewster angles. Maliuzhinets function, for angle & = 3nj4 , has of 
importance ^3^4 (a) = (4 cos 2 j - 1^3 cos ^. 

CONCLUSIONS 

The problem, which we have considered is an example of a bi-isotropic conducting wedge, 
included angle for which, the exact solution can be found for a plane wave at normal 
incidence. From the boundary conditions, using Maliuzhinets theorem, we obtained a system 
of functional equations for the angular spectral function. The total solution of this system is a 
combination of three arbitrary constants and a special meromorphic Maliuzhinets functions, 
which contained the Brewster angles. The arbitrary constants are chosen from a system of 
linear algebraic equations. In conclusion we have computed the constants, which are the 
solution of the system of algebraic equations. 
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ABSTRACT 

Diffraction problems for an electromagnetic wave on an ideally conducting infinitely thin 
metallic strip, placed on the media interface of two homogeneous isotropic dielectric media, 
and diffraction problems for an elastic wave on a defect in the form of a split or a thin 
inclusion, disposed on the media interface of two homogeneous isotropic elastic media, in the 
case of the two-dimensional field are considered. The formulations and the methods of 
solving these problems are given in comparison. It is shown that the most similar are the 
diffraction problems, in which the number of the wave modes propagated in the medium 
coincides. 

FORMULATION OF THE PROBLEM 

We will consider diffraction problems for an electromagnetic TE-wave on an ideally 
conducting infinitely thin metallic strip {z = 0, a<x< ft), placed on the media interface of 
two homogeneous isotropic dielectric media, and diffraction problems for an elastic wave on 
the defect in the form of a split or a thin inclusion {z = 0 ,a < x < J3}, disposed on the media 
interface of two homogeneous isotropic elastic media. Assume that the body forces are absent. 
Let us consider the plane problem when the field is two-dimensional (d/dy = 0), omitting the 
time factor e ~ ,k '. The incident field for z > 0 and for z < 0 is given. We will search the field, 
arising in the diffraction for a TE-wave and an elastic wave on a strip and on a defect, 
respectively. 

It is possible to consider diffraction problems in the case of an electromagnetic and elastic 
medium from common mathematical point of view, in spite of differences of physical nature. 
To solve diffraction problems we will use the method of the Fourier transform in the class S'. 
Diffraction problems in the case of one type of waves. It is well known (see e.g. [1]), that 
there is one type of waves in a homogeneous isotropic dielectric medium and at the antiplane 
deformation in a homogeneous isotropic elastic medium. Therefore we will at first consider 
the plane diffraction problem for the TE-wave on the strip and the antiplane diffraction 
problem for the elastic wave on the defect. 

In the case of the antiplane deformation on the assumptions for the unique non-zero 
component w(-,-) of the displacement vector we have the Helmholtz equation 

~TY + + k 2 (z)w = 0, k(z) = {fc + , z>0; k_ , z<0}. (1) 

dx dz 

To solve the diffraction problem it is necessary to find a solution of (1) for z > 0 and for 
z < 0 in the class S' of outgoing from the straight line z = 0 into the half-planes z > 0 and 
z < 0 solutions [2], satisfying the conditions of the media interface 

^(x,0 + 0)+-^(jc,0±0) = 0, xe(a,j3), 
dz dz 
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[w(x,z)]| z=o =0, 

where w 0 (-,-) is the incident wave. 



x <£ (a,j3), 


( 2 ) 


[w(jc, z)]| = w(x ,0 + 0 )-w(x, 0 - 0 ), p^(x,z)l = ^(*,0 + 0 )--^(;r, 0 - 0 ). 

L & J| z=0 dz dz 

In order to find the field, arising by the diffraction of the elastic wave on the defect, it is 
necessary to consider two auxiliary problems [2], [3]: the Cauchy problem for the equation (1) 
in the half-plane z > 0 with the boundary conditions 

w(x,0) = w 0 (;c), — (x,0) = w. (x), x e R 

dz 

and the jump problem for the Helmholtz equation at the plane z with the conditions 

Mx, z )]| z=0 = a(x), *)j| = b{x), xeR. 

One can obtain an integral equation equivalent to the diffraction problem for the elastic time 
harmonic wave on the defect in the case of the antiplane deformation 

^k<)7 y — ( fl exp *)W&t - -^-(*.0), xe(a,fi), (3) 

a L rAJD+rAZ) dz 

on the assumption that -^-(^O + O) = ^^-(x.O), xe{a,B). Then the field, arising by the 
dz dz 

diffraction of the elastic wave on the defect, is determined by the equality 

w± z) = -M a(t)l ~J'^ exp(±iy ± (£)z + i£{t- x))d%dt. 

a I r + (^)+r-(4) 

In the case of the electromagnetic medium on the above assumptions we will search a solution 
of ( 1 ) for z > 0 and for z < 0 in the class S’, satisfying the conditions (2) and 
vK*, 0 ± 0 ) + w 0 (jt, 0 ± 0 ) = 0 , xe(.a,p). 

The diffraction problem for the TE-wave on the metallic strip is solved analogously to the 
considered diffraction problem for the elastic wave on the defect. The integral equation 
equivalent to the problem, similar to (3), is obtained in [2]. 

Diffraction problems in the case of two types of waves. It is well known that there are two 
types of waves in a homogeneous isotropic elastic medium in the general case. Oscillatory 
processes in an elastic medium are more complicated than in an electromagnetic medium and 
they are accompanied by mutual transformations of longitudinally and lateral waves, if a body 
has the boundary. 

It is possible to show that the diffraction problem for the elastic time harmonic wave on the 
defect, coupling in the homogeneous isotropic elastic medium, when there are two types of 
waves, but the boundary conditions for the longitudinally and lateral potentials are separated, 
is reduced to the two considered diffraction problems [3]. The integral equations are 
equivalent to the diffraction problem, are similar to the equations of the diffraction problem 
for an electromagnetic wave on the unclosed plane cylindrical screens, located in one plane, 
obtained in [4], 

Consider the diffraction problem for an elastic wave on the defect in the case of different 
media. The boundary conditions for the longitudinally and lateral potentials are not separated, 
therefore it is conveniently to use the formulation of the problem in the displacements. To 
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solve the problem it is necessary to find a solution of the Lame equations 

(A(z) + 2 ju(z)) + (A. (z) + p(z)) ^- + p(z) ^ + p(z)k 2 {z) u = 0, 

dx dxdz dz l 

TT + W*) + V(z)) + (Mz) + 2//(z ))~j + P(z)k 2 (z) v = 0, 

&r axoz 

for z > 0 and for z < 0 in the class S ', satisfying the conjugation conditions 

m(x,0 + 0) + m 0 (x, 0±0) = 0, v(x,0 ± 0) + v 0 (x,0 ± 0) = 0, xe(a,j3), 

[m(x,z )]| z=0 = 0 , ^(x,z)j| = 0 , [v(x,z )]| ;=0 = 0 , |^(*’ 2 )]| =0 ’ x*(a,P). 

Here m(-,-), v(-,-) are the displacement components, the Lame constants and the 

density p{-) are determined analogously to £(•); u 0 (-,-), v 0 (-,-) determine the incident field. 
Two integral equations equivalent to the plane diffraction problem for the elastic time 
harmonic wave on the defect are obtained in [3] by the method used by us for solving the 
diffraction problem in the case of the antiplane deformation. 

In [5], integral equations with logarithmic singularities in the kernels of the static problems of 
the plane elasticity theory for bodies with defects are solved numerically by the Bubnov- 
Galerkin method. It is possible to use this method also to solve the diffraction problems, the 
integral equations of which have a logarithmic singularity in the kernels. 

Note that if there are points in an electromagnetic medium with identical physical 
characteristics, then in the case of an elastic medium, by the presence of two wave modes, this 
method is true only under a certain condition [ 1 ]. 

It is well known that there are not longitudinal waves in the Maxwell theory. However, lateral 
waves have a polarization: the TE- and TM-polarized waves are considered. For lateral waves 
in an isotropic medium one distinguishes horizontal and vertical polarizations: the SH- and 
SV-waves are considered, respectively. In the case of a homogeneous anisotropic 
electromagnetic or elastic medium the problem becomes more complicated. This is associated 
with an increase of the number of wave modes. 

Thus, the most similar are the diffraction problems in the case of electromagnetic and elastic 
media, in which the numbers of wave modes coincide. Note that the general approach to the 
diffraction problems in the case of elastic and electromagnetic media is possible because of 
the consideration of general diffraction problems, scattered waves are not introduced from 
physical considerations. 
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ABSTRACT 

The Sommerfeld integral is a very important field representation particularly in the 
electromagnetic problems involving angular shaped regions. For example, we recall that even 
the powerful Maliuzhinets method is based on the use of Sommerfeld integral. However, 
although it has been widely studied and used, many questions are still open and in particular it 
is not perfectly clear when it is possible to apply it and when it is not. Here, we deduce the 
Sommerfeld integral starting from the inverse Laplace transform of the field satisfying the 
wave equation. It is shown that, for this purpose, it is necessary to know in detail the 
properties of the singularities in the spectral domain. 

INTRODUCTION 

Suppose that an electromagnetic field, E z (p,cp), is defined in an homogeneous arbitrary 
angular region with propagation constant k. We can introduce the unilateral Fourier transform 
V+Cq) (or Laplace Transform) of this field: 

V + ( 7 , <p ) = F + [E z (p, (p )] = JT E z (p, <p)e jnp dp ( 1 ) 

and the integral Fourier representation: 

E z {p, cp) = -J- f V + ( 77 , <p)e~ jnp dTj (p > 0) (2) 

The function V+(r|,<p) is a plus function as it implies the regularity on the halfplane above the 
Bromwich contour y (Fig.la). We have ‘a priori’ no knowledge of the singularities on the 
halfplane under that contour. These may be branch points and discrete singularities (in Fig.la 
we show a cut corresponding to the branch point r\= k). The plane-wave poles are particularly 
important and they are all on the segment joining the branch points -k and k. In all the cases 
of practical interest, V+(r|,(p) is a solution of a functional equation whose coefficients depend 
on the 2 , variable defined by: 

f = (3) 

Ambiguities can be avoided making a unique definition of this double-value function by 
choosing one of the two branches. We choose the branch so that £=k for r|=0 and the branch 
lines so that lm [£]<0 in all the q plane, this means to assume arcs of equilateral hyperbola 
(Fig.la) as the conventional branch lines in the q-plane. We say that this branch of the 
double-value function £, is the proper one (the other one is the improper branch). It is useful to 
imagine the q-plane as a two-sheeted complex plane with branch cuts providing the means of 
passing from one sheet to the other. The sheet where £, assumes the proper value will be called 
in the following “proper sheet”. 
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In order to relate the Fourier representation (2) with the Sommerfeld integral, it is necessary 
to make some assumptions about the singularities of V+(r|,(p): a) +k is the only branch point, 
b) the number of the poles is finite and they are (-k, k) on the proper quadrant 4 of the rj-plane 
(Fig.la). These assumptions form a sufficient condition for the Sommerfeld representation to 
hold. We can deform the Bromwich contour y on the closed line y 0 surrounding the 
conventional branch line relevant to k (Fig.la). It follows: 

EXp, <p) = ~\ V + (rj,p)e~ jnp dT)-jY Rts{V + {r/ j ,(p)e~ J,lip ) (4) 

2 n ■>» j 

where the minus sign in front of the residues follows from the clock direction of the half 
circumference closing the real axis in the lower halfplane. Note that £ = yfk - rf is real on 
Yo. In particular, it is negative on the right border of the branch line and positive in the left 
border. Let us introduce now the w plane (Fig.lb): 

r| = k Cos[w], E, =k Sin[w] (5) 

where k=k’+j k”, k”<0. With this mapping both the proper and improper sheets of the r\- 
plane lie down the w-plane. In particular in the range -7i< Re[w]< re, the improper sheet 
(lm[£|>0) maps to the regions denoted with 1,2,3 and 4 whereas the proper sheet to the 
regions with the same number in ((Fig.lb). Note that the segment of the real axis defined by 
0 < w< 7i belongs to the proper sheet whereas the segment of the real axis defined by -n< w< 
0 belongs to the improper sheet. Taking into account the relation 

(6) w— ArcCos[r|/k] =w'+j w"=- jLog[ ^~ 

k 
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the transformation (5) maps any point of the r|-plane to infinite points. In the range -n< 
Re[w]< 7 t, they are only two and differ by sign. Hence, one of them lies is in the image of the 
proper sheet and the other in the image of the improper sheet. The position of the poles of 
V + (r),cp) means that for -3n/2< Re[w]< 3n/2 we can have poles in the region 4 in < and on the 
real segment 0<Re[w]< n. Under the mapping r|->w, (4) becomes: 

E z {P,(f>) = f[ w ’ri e ~ jkCnsMp dw + 2^Res(f[w , < p]) i e - jkCoslw ^)J (7) 

f(w,<p)= k V + (k cos[w,^]) Sin[w], ( 8 ) 

We now consider two cases. In the first case we suppose that no branch points are present. 
Then (7) reduces only to residues, the function f(w,cp) is a function of w that is odd and 
^-periodic, and we define the Sommerfeld function s(w,cp) as : 

s(w,<p)= -f(w+ tc, (p) (9) 

Notice that the poles of s[w,cp] are those of f[w] translated of - n. Taking into account their 
positions, if the curves cj and C 2 are suitable chosen, the translation of -n keeps these poles in 
the region bounded by yi.ci, 72 and c 2 (Fig.lb). Moreover it results that Res[s(w,(p)] w=W i. n = - 
Res[f(w,(p)] w=wi and by the residue theorem it is possible to obtain: 

f s[w,<p]e +)kCoA "' ]p dw - \s[w,<p]e +ikCosMp dw = 27ij'Y,Res{s[w,(p]) KaWi _ iT =-E z (p,<p) 

However, the periodicity of s(w,tp) means that the first integral vanishes, so that 

E z (p, (p) = J s[w, <p\e +jk ° ,s[w]p dw ( 10) 

If the branch points are present, ( 8 ) defines f(w,tp) only if w belongs to the images of the 
proper sheet (regions with the number in < in Fig.la). One can define f(w,tp) everywhere by 
using a process of analytic continuation, but this makes f(w,<p) neither odd nor period function 
of w. In this case we define implicitly s[w,tp] (that is not periodic!) by: 

f(.w,<p) = s[w+ 7 t,cp]-s[w- 7 t,(p] ( 11 ) 

Non-periodicity of s[w,(p] implies that its poles are those of f(w,(p) translated of n and - n. 
Again in the region enclosed by yi,cl, y 2 and c 2 we can have only the poles of f(w,(p ) that 
are translated of - n, and the residue theorem leads to (10). The previous result stands for 
every plus function. In order to relate it to the Sommerfeld integral it is necessary to consider 
that the field satisfies the wave equation. Then we obtain: 

f(w,<p) = Mw + <p) + f 2 (w-<p ) (12) 

Now we can relate fi and f 2 to two functions s, and s 2 defined by (9) or (11) and obtain the 
sought Sommerfeld representation: 

£\(p,cp) = + s[w + (p]e +JkCm lw]p dw J , s(w)= si(w)-s 2 (-w) 
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ABSTRACT 

The problem of radiating coupled horizontal electrical Hertzian dipoles, placed close to the 
plane interface of two dielectric media, is considered. The relations for calculating the mutual 
impedance, radiation resistance and loss resistance between the dipoles and also the radiation 
efficiency of antenna array composed of such elements are found. The computation results are 
discussed. 

INTRODUCTION 

The study of properties of an antenna placed over a lossy half-space occupies an important 
place in the antenna theory. However, despite a great number of publications on this subject, 
the influence of the ground parameters on the antenna element interaction, and on the antenna 
arrays efficiency has not been adequately investigated. In the papers [1-2], a rigorous 
impedance approach to the analysis of the radiation efficiency of the coupled vertical dipole 
antennas close to the air-ground interface is developed. In this work the approach is applied to 
investigate the similar performances of the horizontal electric dipoles (HED) over lossy half¬ 
space. 

THEORY 

Let us consider an antenna array of N electrical Hertzian dipoles located in a close proximity 
to the plane interface between two media. The dipoles are centred 33 at the points 
Qn( x n > y,i > z n ) (« = 1,2,...,A; z n >0) of the Cartesian coordinate system (5t°,y 0 ,z 0 ), and 
their electric dipole moments are p n = y°I n l n , where I n is the n-th dipole current amplitude 
and l n is its length. The medium 1 (air), where the dipoles are placed, has the permittivity , 
permeability ju i and conductivity cr, = 0 and occupies the upper half-space z > 0. The 
medium 2 (earth) with electrical parameters (e 2 ,/u 2 ,<J 2 ) occupies the lower half-space z. < 0. 
The dipole array input power P jn can be represented as a sum P in = P z + P d , where P z is the 
power radiated into the upper half-space, i.e. the useful power, and P d is the power 
transmitted through the interface and dissipated in the ground, i.e. the lost power [3], In this 
case the antenna array efficiency is 77 = P z / P in . All these powers can be found as: 

N N N N N N N N 

Pin = Z TP,nn = Z Z AAA , hj = Z Z P^dmn =ZZ I m * T.,dmJn - <U 

m=1 n=l m=\ n =1 m=1 n=1 m=1 n=l 

where Z mn , are, respectively, mutual impedance, mutual radiation and mutual 

loss resistance [4] between m-th and n-th dipoles, = R e{Z mn } = R mn . 

To obtain the mentioned quantities, we use the plane-wave representation [5] of the 
electromagnetic fields of the n-th HED as follows: E n = E naa + A E n , H n = H no0 + A H n , 
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where E noo , H nao are the HED fields above the perfect ground, A E n , A H n are correction 
terms: 


tex = i Z Q\ C ~ 


Ee z = Z oi VyT s e 


1 f Ae nx,y,z e ^dv x dv y ; 

^d^n X ,y,z — J J^/l/ijc,y,z ( 

v x v y (y?T £ +k?f^) ^ 

vlT £ +vlf u w 

ai, -f y £ x p e ;T, : 

W^x+Vy) 

Llilx — 0 0 ^ 

y y Yl T s- v l k I% C ;T„. 
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k^(y 2 x+v 2 y) 
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Using math expressions (2) by the induced EMF method [6], the mutual impedance between 
m -th and n-th HED are obtained: Z mn = Z mnoo + A Z mn , where Z mnoo corresponds to the 
perfect ground, A Z mn is the addition due to real ground properties: 


L = _ ; -lp1 

2^1 k. 


JY 1 ) 
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Pmn = yl(x m -Xn) 2 +(ym-yn) 2 ’ <P mn = arctan . 

For determining the mutual loss resistance and mutual radiation resistance the 

Poynting vector method is used [1,2]. The obtained results can be expressed in form: 
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NUMERICAL RESULTS 

As an example, the radiation efficiency of the equidistant linear phased antenna array 
composed of the N HED has been investigated. The array elements are spaced on the z-axis 
with step d = ; 1/2, and the bottom dipole is placed at a distant h- X /2 from the interface. It 
is assumed that currents in the antenna array have the uniform amplitude distribution 
( I n -1 0 = Const) and progressive phase distribution. The 

Eff 0 0 o ,deg. 

1,0y~—.. t 3 0 N=2 parameters of the ground are £ 2 [s x = 10, er 2 =0.01 (Q-m) , 

0,8 • . .-N=4 thlft = 1 ’ frequency is 6 MHz. Fig.l shows the efficiency of 

the arrays versus the beam-pointing angle in xOz- plane. As 
seen, when the beam is scanned within the elevation plane, the 
antenna array efficiency is varied and its behaviour depends on 
the number of the elements N. The maximal efficiency values 
are observed at the evaluation angles a = 90° -0 O « 15°... 45°, 

and minimal is at a close to -30°...-45°. The efficiency of 
the in-phase excited array, whose beam is pointing along the 
interface, is about 0.85...0.9. Unfortunately, we have not 
found in the literature any data on the efficiency for the dipole 
array above the ground, but only for the single dipole above the 
earth [3]. Therefore, in order to verify the offered here method, 
we have computed the efficiency of the single HED and 
compared it with the similar results in [3]. The agreement 
between both results was very good. 

The developed approach can be useful for estimation of the power budget for various 
horizontal antenna structures over the earth, especially for HF antenna arrays. 
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ABSTRACT 

The communication deals with the 3-D electromagnetic model elaboration and numerical 
investigation of scattering properties of jet engine inlets accounting for real shape of the air 
duct and presence of the engine first stage to be the main scatterer. The basis of the model is 
the utilization of equivalence theorem and integral expressions for electromagnetic fields in 
conjunction with the iterative techniques to improve the accuracy of the surface currents 
evaluation on the duct walls and termination (e.g. blade structure). Results of numerical 
investigations are presented together with the indexes of computer program performance for 
various types of engine intakes including curved ones (S-type) and ducts with complex blade 
structure inside. 

PROBLEM SOLUTION 

It is well known that jet engine inlets often do determine the scattering properties of the whole 
airplane. Different authors devoted their attention to the modeling of scattering from the inlets 
but numerical algorithm enhancements and elaboration of more adequate electromagnetic 
models do not miss their actuality. The main difficulties arise because of the model is to 
provide the correct data on scattered fields for very large size of cavity (from tenths to 
hundreds wavelengths) with the realistic accounting for the complex termination - the first 
stage of the engine (e.g., blade structure). Cross section variations and winding of the most 
modern engine air ducts prevent from using the analytical methods of the theory of guided 
waves to calculate the electromagnetic wave penetration through the cavity. The required 
accuracy is difficult to be realized and verified if the algorithm is based upon high frequency 
asymptotic techniques (like rays). So the basis of developed 3D model is the utilization of 
equivalence theorem and the integral expressions for electromagnetic fields together with the 
Kirchhoff approximation (edge diffraction is being neglected). 

Surface currents on the cavity walls are calculated via iterations organized similar to [1] 
J 0 =2nxH', J m (p) = 2nx H'+2nx j J m _ l (q)xVG(p,q)dS,m>\, peS 3 , 

5 , 

where H‘ is the incident field, G is the free space Green’s function, n is the unit vector of the 
inner normal to the cavity walls, J m is the vector of the surface current density on the inner 
surface S 3 defined on the ra-th iteration, p and q are observation and integration points, 
incident field is produced by equivalent electrical and magnetic currents distributed over the 
inlet aperture S i . In [1] after the convergence of the process has been achieved the calculated 
distribution of J is used to determine tangent components of scattered field on the inlet 
aperture S',. Then the far scattered field is calculated using these components via Kirchhoff s 
approximation. Despite of many advantages and numerical efficiency of this technique 
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comparing to direct solution of integral equation the calculation time remains still 
unsatisfactory. So, if calculations are performed involving ordinary workstation with single 
Intel Pentium III-733 processor the maximum overall dimensions of the cavity are restricted to 
several wavelengths provided the time of problem solution is not to exceed several hours. It 
should be mentioned that the time expenses are proportional to the squared surface of the 
cavity (i.e. the surface where the electrical and magnetic currents are to be determined) in the 
best case when the number of iterations does not grow with cavity dimensions enlarging. 

In the present work, the necessary numerical efficiency is achieved in the following way. The 
inner volume of intake is divided to form the waveguide part and the termination, as shown on 
Fig. 1. Then the waveguide part (or the duct) may be considered as the connection of some 
sections, each of them consisting of inlet, outlet apertures and lateral surface. The quantity of 
sections depends upon the duct length. 

Numerical efficiency is increased due to 
considering the propagation of waves 
(incident and reflected from the 
termination) separately for each section. It 
is appropriate on the high frequencies 
when Kirchhoff’s approximation provides 
a satisfactory accuracy and the effects of 
edge diffraction and additional interaction 
between different sections are relatively 
small. As a result, now the calculation time depends upon the duct length (i.e. sections 
quantity) linearly. Further improvement to the algorithm efficiency is provided due to special 
way of integrand calculation. The technique is based upon a linear interpolation of surface 
currents and rigorous calculation of VG in additional nodal points of quadrature formula. 
This offered to sparse the grid of observation points by 1,5-h2 times (in linear units) thus 
enlarging maximum overall dimensions of cavity (section) without a loss of accuracy. 

After the waveguide part has been divided by sections each of them consisting of inlet, outlet 
apertures and lateral surface, we organize a step-by-step calculation of the surface electric and 
magnetic current densities over the outlet aperture due to predetermined currents on the inlet 
one for every section. This process is repeated until the termination (with the loading or blade 
structure) is being reached. The calculation of currents on the inner conducting surface is 
realized via iterations like in [1]. But the secondary (scattered) field is determined rather on 
the outlet surface of given section than on inlet one. It is evaluated by integrating the fields of 
currents distributed over inlet aperture and lateral interior surface. The mentioned algorithm of 
integrand approximation is also used and iterations themselves are organized in slightly 
different way (as in more efficient Ziedel’s process). The determined tangent components of 
scattered field on outlet aperture are treated as radiating sources that induce field in the 
volume of the next section. The excitation of the section with blade structure is calculated in 
the same iteration process. After the currents on blades and interior lateral surface have been 
determined, the secondary field is evaluated. Observation points are placed on the input 
aperture of termination now. Tangent components of the secondary field are the equivalent 
source to generate the wave propagating along the duct from the termination to the inlet 
aperture. This process is evaluated in the same way as for the incident wave with the 
interchanging of inlet and outlet surfaces. 
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The initial excitement currents on inlet aperture S, are defined as tangent components of 
incident plane wave. The scattered field (in the far zone of outer region) is calculated via the 
integration of tangent components of the secondary wave propagating from the termination. 
This integration is performed over the same aperture S ] . 

NUMERICAL RESULTS 

The backscattering diagrams of radar cross section (RCS) per squared wavelength calculated 
for two different cavities are presented below. RCS of rectangular cavity with straight walls 
and constant cross section (being the square 6Xx6A,) and with the length «25,5 X is shown in 
Fig.2. Here the curves 1 and 2 depict the case of conducting flat termination (2 are the test 
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results obtained via usual modal techniques, they are plotted 
to demonstrate reasonable accuracy of calculations), 3 and 4 
are the results for RCS (for co- and cross-polarization 
correspondingly) if the blade structure is placed instead of 
termination plate. Blade structure consists of 20 blades 
(«0,8Xxl,6A,), each of them being turned by 45° with respect 
to axis. The results for S-type duct with varying cross section are shown in Fig.3. The cross 
section perimeter, the axis length and blade structure geometry are the same as in previous 
case, but the axis has two bends by 25,5° with the curvature radii 16X. (see legend to fig.3). 
Here curve 1 plotted for the case of flat metal plate termination, curves 2 and 3 are again the 
results for RCS of cavity with blade structure placed inside instead of plate (co- and cross 
polarization data). It is evident that RCS decreases sufficiently in the case of blade structure 
presence but it is still significant. Another feature to point out is that cross-polarization 
component in scattered field is close to that for co-polarization. 

The calculation time for each of shown diagram (Pentium HI-500 based workstation was used) 
lies between 45-90 minutes. We would like to note in conclusion that similar techniques are 
realized to treat the cavities with interior walls coated with radar absorbing material. 



REFERENCES 

[1] Obeleiro-Basteiro F., Rodrigues J.L., Burkholder R.J. An iterative physical optics approach for 
analyzing the electromagnetic scattering by large open-ended cavities// IEEE Trans. Antennas and 
Propagation, V.AP-43, no.4, pp.356-361, 1995. 


Kharkov, Ukraine, Vlll-th International Conference on Mathematical Methods in Electromagnetic Theory 




450 


M MET *20 00 Proceedings 
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ABSTRACT 

A calculation method for the plane electromagnetic wave scattering by the complex terrain relief is proposed. 
The relief model is constructed on the basis of digital maps of terrain using the finite element method. An 
approximated surface is divided by triangular elements. Scattering problem is solved for every relief element 
(physical optics approach). Resulted scattered field is calculated by adding the fields scattered by separate relief 
elements. The example of calculation results for field scattered by the portion of natural ground surface is 
presented. 

A correct solution of many radar and electrodynamics problems is impossible without the 
information about values of electromagnetic field scattered by the terrain relief at given points 
of free space. 

To solve the problem of electromagnetic waves scattering by the underlying surface with a 
sufficient accuracy, we offer to use a spatial model of a relief which takes into account its 
three-dimensional character. The relief model is built on the basis of digital maps of terrain 
using the finite element method [1]. It represents a collection of relief heights in knots of a 
regular rectangular grid covering given area. 

The approximated surface is divided by triangular elements, vertexes of which are the knots of 
a grid. The size of triangles should satisfy the following requirements. At first, it should 
exceed by far the radar wavelength. Secondly, the observation point should be in the far zone 
of the element. Besides, the triangles’ size should ensure maximum adequacy of relief 
approximation. 

It is well known that the main contribution to the scattered field is from the relief plots 
situated in a main ray of the radar pattern. Therefore, to simplify the calculations without 
loosing the accuracy it is enough to solve the scattering problem only for relief elements, 
which are situated inside this area. 

Besides, relief plots, which are invisible either from the radar disposition point or from the 
observation point, are eliminated from analysis. For determination of relief elements visibility, 
the method of tracing is used [2]. 

The sizes of the area to be analyzed are so large, that the difference between the wave paths 
from different relief elements to the observation point can be rather big. Consequently, for 
every observation point the relief elements are sorted due to boundaries of differenced 
volume. 

Then we obtain solution of the scattering problem for every relief element, taking into account 
the above mentioned reasons and supposing that the considered area of relief is in the far zone 
of radar antenna. The incident field represents a nonuniform plane wave modulated by a radar 
pattern and factors, caused by wave amplitude attenuation when it propagates from the radar 
to separate relief elements. 

On the surface of every element, the equivalent densities of electrical and magnetic currents 
(in the approximation of physical optics) are found. The relief element surface has 
electrodynamic parameters of the specific type of terrain ground. 

The information about electrodynamic parameters of terrain in the analyzed area can be 
obtained from the digital maps of terrain. 
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The obtained current densities on the element surface allow to calculate values of scattered 
field by using an integral representation of the field derived from the Lorenz lemma [3]. 

The well known formulas of Kirchhoff allow us to write the expression for the scattered 
electromagnetic field as 

jo)pE pac (x 0 )= J^ x (x)E 0 (x|x 0 , p)-Ho(x|x 0 , p)E' = 

= |^ 1 E 0 +£ 1 H 0 ^, + (1) 

where H, 1 , E; 1 are the equivalent densities of the electrical and magnetic currents on a 
surface of separate element in an approximation of physical optics; 

E.(+„ , p),H 0 (x|x: 0 , p) are the field components at the point x, generated by the electric 
dipole with a vector-moment p, located at the point xq . 

We shall obtain the asymptotic expressions for the field E 0 (x|x 0 , p), H 0 (x|x 0 , p) by placing a 

point xq at the infinity in the direction of the vector r° 

E 0 (*|*o ,p)~k° x (px'} )]n(r, y jk ^») , (2) 

H o (+ o ,p)~-^Vxl 0 ~Q(r i )(pxf i 0 )J^e" jk °( ri x ), (3) 

Jtopo v y V M'O 


/ \ 1 2 e J 0 ‘ 

where Q|rj) = — kq q is a distance from the center of separate triangle to the 

observation point. 

Thus field scattered by single relief element is 

+ E 1 (x)(pxr i 0 )]e' ik °( ii “ x )dSi. (4) 

Densities in the , H -1 " in the boundaries of the same triangular element are supposed to be 
constant and equal to the values at one of triangle vertexes. The integration on triangular area 
will be carried out in the barycentric coordinates. 

The field scattered by relief is calculated by adding fields scattered by separate elements. The 
summation is carried out over the relief elements which are pre-selected. The influence of 
radar pattern and various distances from radar disposition point to different elements is taken 
into account. 

The example of calculation results for field scattered by the portion of natural ground surface 
is presented in Fig.l. 

The general view of the model of the relief portion which was used for calculations is 
presented in Fig.2. 

Thus, the described method allows to calculate the electromagnetic field scattered by the 
complex terrain relief at any point of free space. 
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THE SCATTERING BY A PERFECTLY CONDUCTING 
PARABOLOID OF ROTATION WITH AN ABSORBING COATING 
OF THE EDGES 
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Kharkov Military University, Kharkov, Ukraine 

ABSTRACT 

In this paper, the plane electromagnetic wave scattering by perfectly conducting 
paraboloid of rotation with toroidal absorbing coating of edge is considered. The 
calculation method is based on combination of the solution (in the near-field zone) of the 
model problem of the plane electromagnetic wave scattering by perfectly conducting 
wedge with absorbing cylinder on the edge [1] and asymptotic high-frequency methods. 
Calculation results are presented. 


THE TECHNIQUE OF SOLUTION 

Calculations were carried out using the technique developed in [2]. The Stratton-Chu- 
type integral representation was used as a main calculation formula. The asymptotic 
expressions of this representation in the far-field zone can be written as: 


r -rS,-0x ., eX P(A X ) T/-0\ -0 

H i (r°) = jk 0 — ; ' r ' I(r )xr ; 


(1) 


E s (r°) = y fcJ^H s (r°)xr 0 , 


( 2 ) 


where f° is the unit vector of the direction to the observation point, x° is radius-vector 
of the observation point, are permeability and permittivity of free space, 

K = o. 

J(r°) = \{h l - x?°)Jexp[- (3) 

s 


E 1 =nxE, H 1 = nxH , S is an arbitrary closed surface which encloses the scatterer, n 
is the normal to the surface S. 

Let us select the surface of integration as a surface coinciding with the paraboloid 
surface everywhere except the neighbourhood of edge. In the cross-section orthogonal 
to the edge the integration surface So is the part of circle with radius p 0 . S=S 0 + S l and, 
respectively, in (3): 

I(?°) = \(r 0 ) + | 1 (r 0 ) (4) 

The integral I So (f°) can be calculated by technique [2], which uses the solution of the 
model problem of the plane EM wave scattering by perfectly conducting wedge with 
absorbing cylinder on the edge [1]. 

Since all geometrical sizes of the surface S { are sufficiently large in comparison to X the 
contribution of the surface S, can be calculated in physical optics approximation. The 
integrand in I S| (r°) is rapidly oscillating function. Therefore, I s , (r°) can be calculated 

by the cubature formula for integral of the following form: I = Jexp[jkQ(r)]f(f)dS . For this, 

s 

the triangulation of the paraboloid surface and its piecewise-plane approximation with 
transformation to the barycentric coordinates was performed. 
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Using the above described technique, the calculation of RCS for perfectly conducting 
paraboloid both with toroidal absorbing coating and without it was carried out. To 
obtaine stable characteristic (since the RCS of paraboloid strongly depends on sounding 
wave-length) it is necessary to average the RCS at a certain wave range. 

RESULTS OF NUMERICAL CALCULATIONS 

was 0,5 m, focus was lm. The wave¬ 
length was 0,05m and the average was 
carried out in the wavelength range 
0,03..0,07m. The dependence of 
a = VRCS on angle fi is presented in 
Figs.2..9. The edge contribution to the 
total RCS is shown by a dotted line, 
smooth surfers contribution - by dot- 
dash line and the total RCS - by solid 
line. The vector of incident wave was 
located in the plane X 2 OX 3 (Fig.l). Fi is 
the angle 

between negative direction of axis OX 3 and the incident wave vector. So, the value of 
angle /z'=180 corresponds to the axial sounding of paraboloid. The calculations have 
shown that at sounding direction deviation of 1-2 degrees from the paraboloid axis the 
integral ls 0 (r 0 ) in (4) can be evaluated with a sufficiently good accuracy by the 
stationary phase method. In the monostatic and for axial sounding, 7 So (r°) was 
computed by numerical integration over the whole edge. In Figs.2..5 values of o as 
function of fi are presented for perfectly conducting paraboloid. In Figs.6..9 the result of 
calculation of a are presented for paraboloid, whose edge is covered with absorbing 
material with e = 20+j0,land g = l,35+j0,85. The calculations were carried out for two 
types of sounding signal polarization: parallel (Figs.2,3,6,7), perpendicular (Figs.4,5,8,9) 
to the tangent to the edge at bright point. The analysis of results has shown that at 
fi = 90°.. 140° ;220°..270° there are no bright points at paraboloid and the edge dominates 
the contribution to RCS (Figs.3,5,7,9). 



The calculation was performed for 
paraboloid of the following sizes: height 




Fig.2 


Fig.3 
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At the present time, problems of the electromagnetic wave theory play an important role in 
science and technology. Progress in radio astronomy, radio navigation, creation of satellite 
communication systems, antenna design, etc., is impossible without fundamental 
investigations of the wave radiation, reflection, and scattering in the presence of an 
inhomogeneous medium. Development of methods of medium remote probing is also 
important. 

A theoretical study of electromagnetic processes is reduced to an investigation of solutions to 
the Maxwell equations for an inhomogeneous medium, which satisfy certain boundary 
conditions imposed on bodies of arbitrary shapes. Usually, an investigation of wave processes 
is a multiparameter problem, which can be successfully solved using simulation methods. An 
important class of mathematical models of wave stationary processes which occur in 
unbounded regions of the three-dimensional space includes models of the electromagnetic 
wave propagation in waveguides and stationary electromagnetic scattering from a body 
embedded in a locally inhomogeneous medium. Usually, a problem of the electromagnetic 
scattering is formulated as follows [1]. 

In an unbounded space region, medium characteristics are described by permittivity and 
permeability tensors s(M) and Ju(M) whose components are variable functions of 
coordinates. The medium can contain a well conducting body D with certain boundary 
conditions imposed on its surface. The medium characteristics are constant and the medium is 
homogeneous ( £(M ) = £q , fl{M ) = juq) at a finite distance from the surface of body D. 
The incident field can be produced by external electric and magnetic currents localized at a 
finite distance from the body or on its surface. In this formulation, the mathematical problem 
is reduced to solving the Maxwell equations in an unbounded region D e outside D 


rotH = -icosE + j 
rot E = icojuH 


( 1 ) 


where j is a finite compact function satisfying the boundary condition 

[nE\ D =z[n[m\]\ aD rn 

Here, n is the inward normal to surface 3D of the body and Z is the surface impedance 
specified at each point of 3D . 

At infinity, the fields must satisfy the radiation condition, which provides the single¬ 
valuedness of the problem under consideration and the absence of waves arriving from 
infinity. When boundary 3D is finite, the radiation condition is formulated in the form of the 
Sommerfeld—Rellich condition 
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lim J $rE\+^Mq/£q [i R M]]fe | 2 ds = 0 (3) 

R^S r 

where ip> is the outward normal to sphere S ^ with the center at a fixed point O E D . 

In addition to the limit amplitude principle, the limit absorption principle proposed by A. G. 
Sveshnikov [2], proves to be rather efficient. According to this principle, a unique solution to 
the stationary problem for a lossless medium is found as a limit solution to the stationary 
problem for a lossy medium when the absorption factor approaches zero. The limit absorption 
principle enables one to formulate the analytical radiation conditions in waveguides and in the 
problems of scattering from infinite periodic surfaces. Applications of the limit principles are 
analyzed in [3, 5, 6]. 

For a body of an arbitrary shape and an arbitrary inhomogeneous medium, diffraction 
problem (1)—(3) cannot be solved analytically and one has to apply numerical methods. In 
this case, the solution is approximated in an unbounded region. In order to develop efficient 
numerical methods, it seems natural to solve the problem in a bounded region whose diameter 
is as small as possible. To this end, the radiation conditions must be imposed on a finite 
boundary E^ rather than at infinity. It is assumed that, outside this boundary, the medium is 

homogeneous and the field can be reconstructed analytically. The Sommerfeld—Rellich limit 
conditions and limit principles cannot be directly used when applying numerical methods in a 
bounded region. Using these limit conditions and principles, one should formulate the 
analytical boundary conditions on E/j q . 

In this situation, the partial radiation conditions are the most suitable. These conditions were 
introduced [3] and formulated by A. G. Sveshnikov for the exterior diffraction problem [7]. 
The partial radiation conditions consist in the following. As known, the system of the 
homogeneous Maxwell equations with constant Sq and JUq has a countable system of 
solutions { E n , H n } which satisfy the radiation conditions at infinity. This system of 
solutions can be found using the method of separation of variables in the spherical 
coordinates. One can enumerate these solutions so that the values n > 0 and n < 0 
correspond to the electric and magnetic waves, respectively. Applying the Vekua theorem, 
one can prove that system { E n , H n } is complete on an arbitrary closed surface and a 
solution to problem (1)—(3) satisfying the radiation conditions can be represented outside 
E in the form of the expansion 


E =Ya Efl 

s r n n„ 


(4) 


where coefficients a n are the same for the electric and magnetic fields. Representation (4) is 
valid on E^ . Thus, we obtain the condition, which couples the tangential components of the 
electric and magnetic fields on The operator coupling the tangential components on 

E/j o is linear but not local. It couples the value of E at a point on the surface with the 
values of H at all the points on the surface. When E^ q is a sphere, due to the orthogonality 
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of the spherical wave fields on a sphere, the partial radiation conditions can be written in 
the form 

Where Pn=l \E„H*lds- 

On an arbitrary surface, the conditions are of a complicated form (see [1,2]). 

The method of deriving the partial radiation conditions is of principal importance. It consists 
in the following. In order to solve the boundary-value problem in the region outside surface 
, the solution is represented analytically. This representation is used for formulating a 

nonlocal condition on finite surface X d . This circumstance enables one to formulate the 
K o 

partial radiation conditions for certain regions with the boundaries at infinity. These classes of 
regions include waveguides, horns, and periodic surfaces. 

In [I], A. G. Sveshnikov first formulated and justified the partial conditions for a regular 
waveguide. Later, the partial radiation conditions were often applied for numerical solutions 
of diffraction problems using the projection methods [7]. It is important that, in these works, 
both the exact solution and the approximate solution, which was found using the projection 
method exactly, satisfied the partial radiation conditions. However, one can use the general 
principle of formulating the partial radiation conditions in order to obtain discrete 
approximate partial conditions for mesh functions. To this end, the problem is discretized 
outside Z Rq , its solution satisfying the radiation conditions is represented analytically, and a 

coupling between the discrete representations of E and H is established on X Rq . 
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ABSTRACT 

The communication deals with the solution of 2-D model problem of excitation of a uniform 
dielectric circular cylinder with nonuniform dielectric object called ‘inclusion’ contained within. 
The aim is reached by a combination of two rigorous techniques, namely eigenfunction 
expansions (EE) and volume integral equations (IE). The solution leads to a system of linear 
algebraic equations, whose unknowns represent the field values over the inclusion cross-section. 
The developed model can be efficiently utilized to solve the electromagnetic compatibility 
problems, to construct composite materials with predetermined electromagnetic properties and, 
especially, when investigating the electromagnetic fields influence on biological structures. In the 
last case, the cylinder is a good model of a bath with matching liquid, where the investigated 
object is immersed, or a model of some biological structures such as arm, leg, etc. 

PROBLEM DEFINITION 

Let the circular cylinder with radius R and permittivity s 2 be placed in the free space which 
permittivity is assumed to be 1, Fig. 1. Axis Oz of cartesian and cylindrical coordinate systems 
(x, y, z) and (r, cp, z) coincides with the axis of cylinder. The inner region of cylinder contains 
a nonuniform dielectric inclusion V, with the permittivity 
s(x,y). The cylinder is illuminated by the plane wave 
E' = i.E ', the propagation direction of the incident wave is 
perpendicular to the cylinder axis. The fields outside, inside 
the cylinder and in the volume of inclusion are to be 
determined. 


SOLUTION 

Let write the incident field as follows 
E l = E 0 e ik ' (x cos^.''sin? 0 ) = £ o e«vcos (f >- Po) = Eo 

Here k { is the free space wavenumber, J n (.) is the Bessel Fig. 1. 

function. The electric field has single z-component. In the 
region 2 (at r < R) it can be represented as a sum 

E=E 0 Y J i n b n J n {k 2 r)e- in(v ^ ) + E po1 , 

where k 2 and G 2 are the wavenumber and the Green’s function of the unbounded space filled 
with the substance of region 2, E po1 = k 2 -\)EG 2 dV is the field radiated by polarization 
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currents j pn! = io)£ Q £ 2 (£ -\)E. Making use of the superposition principle, the following IE for 
the field E(p e V.) can be derived 

E-k 2 2 \( £ -l)EG 2 dV= E 0 '£i n b n J„(k 2 r)e - in( ^ a) . (1) 

Vj «=-« 

Then we write the fields E and H in region 1 (at r > R) and use the boundary conditions: 

E 0 + £„ Y j i n c n H^ ) {k x R)e- m,p ~ (p ' >) =E 0 ^i n bJ n {k 2 R)e- m(,p ~' Pa) +E po1 \ r 

E 0 k x Y j i"J ) '(k x R)e~ i, ' i,/ ’-^ ) +E 0 k x ^i n c„H™ (k^e-’"^ = 

T , • (2) 

= E 0 k 2 Y J i n b n J n (k 2 R)e- m *~ n) +k 2 \{£-\)E{-xoi v {lG 2 )\ r R )dV 

Making use of G 2 expression in cylindrical coordinate system, the electrical and magnetic fields 
produced by polarization currents can be written in similar fashion, e.g. 

EPO ‘\r-R = E [j(*-l)£e _to( *“ ff) / II (k^dS'^e-^-^H] 2 ) (k 2 r)\ r r , 

where 5" is the inclusion cross section. Then S' is divided by M small elements {s f and 

integral S' is calculated using, say, rectangular quadrature rule. As a result, the convenient 
expressions to be used in (2) are obtained 

E pol \ r R = E 0 |Y'e„ H™(k 2 r )[, m Mo H po, \ r R = k 2 |Y'e„ H™\k 2 r )| 

M ilr 2 » 

<?„ = z E A . d nm = -!Z2-r j(£ m - l) e - in ^ ) J n ( k 2 r')dS ', 

4 S m 

where E m is a field at the center of m-th element (r m , (p m ) related to E 0 , £ m is the m-th element 
permittivity related to the permittivity of region 2 matter. 

Satisfying (2) term-by-term the following expressions are obtained: 

J„{k,R) + c„//< 2) (M) = V„(M) + , (3) 

Kj'^k.R) + VX 2) (KR) = kJbj'^J^R) + k 2 e n H {2 '(k 2 R). 


Solving of (3) to define b n leads to the expressions 

b„ = b™ + b (2) e n , where = 4, / C„ , 6< 2) = / C„, 


4 = 


H\ 2 \k x R) 

J„(k t R) 


\Hl 2) (k 2 R) JT 2 H™{k 2 R) | 
H (2 \k x R) H (2) \k x R) 


\H (2 \k x R) H i2) (k,R) 
J„(k 2 R) 4T 2 J,'(k 2 R)\ 


H n (M) 
JAKR) | 
(4) 


These formulae for b n are substituted into the right side of IE (1). The integral in the left side of 
(1) is written as a sum that appears after dividing S' h Vj by the same elements S m and V m 
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k>\(s - 1 )EG 1 dV =f,E„,g„ M , g„„ = lf\ (£„ -1 )G 1 (p eV„qs VJdV, ,1=1,2,..., M. 

Vj «'=l v m 

The coefficients g lm are calculated analytically in cylindrical coordinate system while the squares 
S m are replaced with equivalent circles of radius a m = *JS m /n . 

Then we write the IE (1) for every observation point p,, l = 1,2and thus obtain the linear 
algebraic equations system with respect to the field values at these points and over S t : 

£,-|]a„A = /„ a fm = g,„+ f, = p'by.dqr^'-*-'. 

More convenient expressions are derived through substituting d nm , rearranging the series and 
relating a lm and B n to Jp(k 2 R). After the system has been solved (i.e. the fields in the volume 
of inclusion have been determined) it is possible to calculate b n from (4), then use (3) to define 
C n and evaluate the fields both inside and outside of cylinder. 

NUMERICAL RESULTS 

The results of test calculations are presented in Fig.2. The reference solution was found via usual 
eigenfunctions techniques. It is easily seen that the agreement is quite good (curves of the field 
constant values placed upper are calculated via reported technique, lower ones are obtained using 
EE). This field distribution is also depicted as a 3D surface. The geometrical parameters and 
electromagnetic properties are shown in the scheme supplied. 
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ABSTRACT 

The problem of a plane wave scattering from inhomogeneous periodic impedance plane, 
which is covered with a homogeneous layer of lossy dielectric, is solved in rigorous 
formulation. The solution is obtained in closed analytical form. The wave is scattered from a 
plane with non-specular reflecting reactance [1] produced by the periodic groove structure. 
The grooves are filled with a low-loss dielectric and covered with a uniform dielectric layer. 


In [1], the problems of synthesis and analysis of a reactance plane, which reflects the incident 
plane electromagnetic wave in a certain direction, were considered. Real structures realizing 
impedance covering (as, for example, ribbed structures filled with dielectric), are not perfect, 
and so they are not reactant due to the presence of losses. The impedance always has nonzero 
real part. In the antenna applications this is not desirable. In electromagnetic structures 
purposed for the control of the object scattering characteristics, the real part of impedance (Re 
Z ^ 0) can be an additional parameter, whose optimization enables one to extend functional 
abilities of such structures. The present work is devoted to the analysis of a plane with passive 
inhomogeneous periodic impedance Z (ReZ>0) covered with a layer of homogeneous 
dielectric, which reflects the incident plane H-polarized wave in a certain direction. Consider 
an impedance plane S 3 located at (y=0) in the Cartesian coordinates. At the height A, a 
parallel homogeneous lossy-dielectric layer (e=e-ie"; is located, with thickness d. 

The impedance structure, which reflects an H-polarized plane wave with the incidence angle 
<p = p? (Fig.l) into the wave with certain reflection angle <p = <p 0 , is cut on the surface 
S 3 .. According to [1], requested scattering properties are provided by the following reactance: 

Z(x) = iZ 0 tgrjx , (1) 



where tj = k(cos<pf + cos^ 0 ). 

Introduction of small losses into the 
impedance structure (1) (by the substitution 
f] = T{l-ia)) leads to the following periodic 
distribution of impedance: 

S e irx -S e~ irx 


Z(x) = Z 0 - 


S,e‘ rx + S 2 e~‘ rx + S c 
where T = 2;r/L = Ic (cos <pf +cos^ 0 ) 

§ 0 = -ia; S, 2 = 0.5e ±cm ; and L is the impedance 


(2) 


structure period. If a = 0, the expression (2) coincides with the formula (1). 
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Consider the solution of the problem about plane wave 
jji _ Jk(xcostp j + ysin <p n ) 

scattering on the considered structure. 

Represent the magnetic field H z (x), which is to be found, on the impedance plane (y=0), as 
follows: 

H z (x) = (S,e ir * + S 2 e~ irx + S 0 )H(x)H[ (jc) . 

Taking into account that the function H(x) is periodic in the interval [0,L], use its expansion in 
terms of complex Fourier series 

H(x)= Y j X m e imrx . 


Then, one can obtain, from the system of integral equations for each structure region (Fig.l), 
with the unknowns as the spectral densities of the components of the electromagnetic field 
vectors, the following three-diagonal system of linear algebraic equations of band-type, where 
the unknowns are the expansion coefficients X m : 


...D_,X_ 2 + S 0 X-i + C-\X 0 . = 0 ; 

. D 0 X_ l+ S 0 X 0 + C 0 X ,.= (3) 

.Z),X 0 +5 0 X,+C 1 X 2 ... = 0, 


where /,- = 2 ° 2 ( ; 

G(-77,.) 

G m =jrc 2 n ,-k 2 /ik\ 


D m ^S,U+ 

G m P hn 


G m Pj 


in m h)+G^ nm hy, p [m =i^gj (n ,A) +B „gj( r , 1 i); 


G 2m = ifrc? n - k\ / iks 2 ; K m = -rj i - mT , m=0,±l,±2 ,...; and t] i = k cos <p ,; d=h+ A. 


In (3), higher-order harmonics X,„ can be expressed through X./,X 0 h X / as follows: 
S 0 X m+ D m X m _, 
x m +i - ^ 




(4) 


The coefficients of expansion X.i,X 0 h X /, in their turn, can be determined by solving the set 
(3) directly, in the form 

X,=AX,-, A = ^£;X,=- 2 - -;X„=- 

C ., q 


D a +AC 0 -p2L D,ID 0 + AC a -p^-] 

'■'-I L-l 


, (5) 


where the factors p and q are expressed after the chain ratios: 
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p = \- 




A 2 C, Sq 


A 2 C, j A 3 A 4 


d_ 4 c _ 5 a 5 c 6 


D_ 6 C_ 7 Sp 


d_ 6 c _ 2 1-.. 


and g = 1 - 


d,c 2 AA 


AA A 


AA t AA i 

A A A 2 l 


A A I - . 

Thus, we have managed to obtain an analytical solution for the total field of the periodic 
impedance plane S 3 in the closed form, as follows: 

H z (x)= £ X m {s o e ix{ ’ h+mr) + S l e ixln ‘ +im+nr] + s 2 e ixln ' +(m - nn }. (6) 


This is a discrete spectrum of slow and fast plane waves propagating along the impedance 
structure with the phase velocities equal to v^,,, = ck/(mT±Tj i ). 

The scattering pattern F(<p) of the impedance plane, as well as that of any periodic structure, 
can be presented in a form of a product of the unit element (single period) pattern, F n (<p) and 
the pattern of the whole system, F p (<p) 

F(<p) = F 0 (<p)F p (<p). (7) 

Due to the impedance structure periodicity, it is possible to obtain the expressions for F 0 ( (p ) 
and F p {(p) in elementary functions. 

The system factor F p (<p) behavior is conditioned by the period L of the impedance structure, 
being indepent on the impedance distribution curvature ( Zq ) (2). The scattering pattern of the 
unit element F 0 (<p), in opposite, depends not only on the values of L and Zo, as it was found 
in [1], but also on the impedance structure parameter a and the dielectric layer parameters s 
and ji. Note that the value of the structure period L determines spatial orientations of the 
patterns F 0 (<p) and F p (<p). The parameters Z 0 , a and s, // determine the comparative ratio of 
the spatial harmonic amplitudes for the scattered field. Consequently, they can be used to 
control the main and side lobes intensities. The obtained analytically closed rigorous solution 
of the problem involving an impedance plane under a layer of homogeneous dielectric enables 
one to optimize the impedance distribution and thus provide required scattering characteristics 
for the objects of various applications. 
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ABSTRACT 

A reflector antenna system with a concentric dielectric radome and inner resistive grating problem is 
solved by regularization. This is performed only for E-polarization case. Numerical results are verified 
by some truncation error functions. Besides various radiation patterns are obtained. 

INTRODUCTION 

Although the general shape of the reflectors are 3D parabolic, two dimensional cylindrical reflector 
antennas are sometimes used in application. The general solution techniques are asymptotic ones like 
PO,GTD,PTD or complex ray tracing and Gaussian beam composition of the feed pattern. The other 
alternative is purely numerical methods like a popular one MoM. In mathematical point of view both 
asymptotic and numerical methods don’t guarantee the accuracy and convergency. However, they can 
be used in the solution of a large class of problems. On the other hand another way of solution of the 
scattering problems is analytical-numerical methods. In these methods the problem is decomposed 
into singular and regular parts. The singular part is converted by some analytical way and problem is 
regularized. The remaining part is then inverted by an efficient numerical method. A popular 
regularization method is Riemann-Hilbert technique (RHT) which is outlined in [1]. Then in [2], RHT 
is used in the 2D reflector antenna problems by combining it with complex source point method. 
Sometimes reflector antenna systems are located inside a dielectric radome which protects the system 
from the enviromental conditions. The analysis of the reflector antenna systems with the concentric 
dielectric radome is presented in [3]. Besides in [4], the radiation of a complex line source in a 
cylindrical radome of metal-dielectric grating is studied by using the general surface impedance 
boundary condition model. 

In the present study we located the reflector antenna system in a concentric dielectric radome which is 
reinforced with an inner resistive grating. This is extension of [3] and only difference is the inner 
grating. In [4], the radome is very thin compare to free space wavelength (Ikhlccl). But in this 
geometry the thickness of the radome may be arbitrary so the presented geometry is more realistic. 
There are two boundary conditions on the grating and on the reflector respectively.These two 
conditions state two integral equations. Since the grating is resistive the first problem is Fredholm 2 nd 
kind and no need to regularization. We regularized the second integral equation by RHT. 

FORMULATION 

The geometry of the problem is a two dimensional perfectly conducting and infinitely thin 
symmetrical front-fed circular screen which is illuminated by a directive feed antenna(Figure 1). This 
reflector antenna system is covered by a concentric dielectric radome reinforced with an inner resistive 
grating. The permittivity of the lossy dielectric radome is denoted as e r . The inner grating is assumed 
to be very thin compared to free space wavelength and electric and magnetic resistivities R and S are 
expressed by using plane wave transmission through planar slab. The grating is made up of good 
conductor so R is small and S may be very large i.e. resistive case. The thickness of grating is greater 
then the skin depth of conductorfimpenetrable case). Therefore there is a very small but finite 
thickness and this makes R and S values of the air part of the grating very large. Then we can assume 
the tangential electric field on the air part of the grating is continuous as well on the conductor part. 
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The requirements for the rigorous solution of the present boundary value problem can be stated as the 
satisfaction of the Helmholtz equation, Sommerfeld radiation condition and the boundary conditions 
on the pec reflector screen and on the resistive grating. The basic electric field integral equations 
(EFIE) are obtained for E-polarization case by applying the boundary conditions. The integral 
equation on the grating can be written as 

J (r, r')/f' (r')dr'+j G* (r, r')J^(r')dr'+E* (r) = Rjf' (?) reM i (r = c ) (1) 

M, M 

yf’(r) = 0 r e 5, (r = c) (2) 

The integral equation on the circular pec screen; 

lG*(r,r')J?(r')dr'+fG*(r,r')Jf 1 (r')dr'+E*(r) = 0 reM(r = a) (3) 


yf(r) = 0 reS(r = a) (4) 

Mi and Si are metal and slot parts of the grating where i=l,2,3,...Furthermore M and S are metal and 
slot parts of the reflector screen. J z E1 and J Z E2 are current densities on the metalic parts.E z ' n is the 
incident field radiation which is located at a complex position. G zz E (r,r’) defined in [3] is the 2D 
Green’s function in the presence of a dielectric radome layer. Therefore the effect of the radome is 
included into the Green’s function. 

All the parameters are expressed in terms of Fourier Series and substituted into the equations. Then 
Dual Series are obtained. First integral equation on grating is already Fredholm 2 nd kind and no need 
to regularization so Fourier Inversion Procedure is used to solve. The other integral equation is 
Fredholm 1 st kind and singular. We regularized it by RHT. Therefore the whole problem is reduced to 
a algebraic equation system which is Fredholm 2 nd kind and regular. 

NUMERICAL RESULTS 

Firstly the convergent nature of accuracy is shown in Figure 2. The variation of the directivity and the 
truncation errors versus truncation number Ntr is presented in Figure 2(a) and 2(b) respectively. Two 
types of truncation error is plotted. The first one for directivity A<i=ID Nlr+1 -D Ntr |/D Ntr and the second 
one for current A c =max I x„ Nlr+l -x n Ntr |/max I x n Nlr | .The results shows that the accuracy increases with 
the increasing Ntr. On the other hand Figure 3(a) presents the total electric field (Ez) and the error in 
boundary condition(B z =E z -RJ z ) and both are defined on the grating. It is clear that the boundary 
conditions are satisfied on the metal part of the grating. The variation of the current distribution on the 
grating surface is expressed in Figure 3(b) and it is really drops zero at the slot region. Finally Figure 
4 is a representation of the radiation plots for two different 0 ap ’ values.When 0 ap ’ becomes larger the 
edge effects increases so the difference between 8r=l and e r =2+0.2*i cases increases. One result of the 
greater edge effects is the higher levels of the sidelobes. 

CONCLUSION 

Reflector antenna system inside a dielectric radome-inner resistive grating problem is solved by 
regularization only for E-polarization case. Real metal cases R goes to very small values so this 
solution becomes non-regular. Then problem may be solved for pec metal grating instead of the 
resistive grating case. 
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ANALYSIS OF INDUCTION RESPONSES FROM METAL OBJECTS USING THE 
METHOD OF AUXILIARY SOURCES 

F. Shubitidze, K. O’ Neill, S. Haider, K. Sun and K. Paulsen 

Thayer School of Engineering, Dartmouth College, Hanover, NH, 03755 
Email: Fridon.Shubitidze@dartmouth.edu 
Fax: +603 6463856 


ABSTRACT 

The method of auxiliary sources (MAS) is developed for analyzing low frequency response 
of conducting and permeable objects. The method uses elementary auxiliary magnetic 
dipoles/charges to produce the unknown fields. Sources are located on virtual surfaces that 
usually conform to, but do not coincide with the real surface of the object, where application 
of the boundary conditions determines unknown source coefficients. The source fields 
automatically satisfy Maxwell’s equations and, using point collocation on the real surface, 
one avoids all singularities and all integrations. Accuracy in satisfying the boundary 
conditions can be evaluated explicitly using non-collocation points. Typical, highly efficient 
results here show low frequency response of spheroids and cylinders depending on object size 
and shape. 

INTRODUCTION 

The detection and identification of unexploded ordinance (UXO) is currently a subject of 
intensive investigation. While UXO consists of sizable, highly conducting and permeable 
bodies, it is extremely difficult to distinguish them reliably from typically clutter. Consequent 
false alarms increase cleanup costs enormously. Resent research and field experience show 
superior UXO detection performance by sensors operating at sub-radar frequency; this has 
spawned new analyses of scattering by low frequency electromagnetic induction (EMI) [1-3]. 
For the frequencies considered (~ 10 Hz to ~ 100s of kHz), displacement currents are 
negligible compared to conduction currents. Conduction currents in the soil, J s , are also 
negligible, relative to those in metallic targets. 

Thus, the dielectric properties of the 
environment are relatively unimportant. In this 
work we demonstrate the ease of MAS for EMI 
scattering simulation, showing accuracy in 
comparison to the analytical solution for sphere 
[4]. 

FORMULATION 

Consider a permeable, conducting 3-D object 
placed a primary magnetic field with time 
dependence e'“ ! (Fig.l). The primary field 
induces eddy currents within the object, which 
produce secondary (scattered) fields outside. 

With <9D/3t ~ 0 ~ Js, the external magnetic is 
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irrotational and can be represented as gradient of the scalar potential, H," = -Vtp, where (p 
satisfies the Laplace equation. The approximate secondary field outside of the object (region 
1) is expressed as 


H?(r) = Yp„VG(r n ,r), where G(f n ,f) =--( 1 ) 

tT 47ifa 0 |r -r n | 

G is the fundamental solution of the Laplace equation for <p, r is the observation point 
position vector; r n and p n are position vector and unknown scaler coefficient of the n th 
source, respectively. These sources are located at points distributed over a secondary surface, 
approximately following but inside the real surface. We compute the external secondary field 
by assuming that these sources radiate into an infinite homogeneous medium with the 
properties of the exterior space. 

Inside of the target (region 2) we cannot apply the same simplification of the Maxwell’s 
equations as outside of it. The magnetic field inside the target is expressed as 

N 1 p e -M r ~ r n\ 

H 2 {r) = Yklfl n '{r n ,r) + VV.fl m {r n ,r) where ri"'(F\r) =-- r— (2) 

\ r - r n\ 


n'" is the fundamental solution of the Helmholtz equation, k 2 = jcocrju 2 , P n is the n th 
unknown magnetic dipole source coefficient. These sources reside on an auxiliary surface 
slightly outside and approximately following the real surface. Each vector P n consists of 2 
components approximately parallel to the real surface (equivalently, two crossed magnetic 
current elements), or 1 component for a cylindrically symmetrical problem. We compute the 
internal total field by assuming that these sources radiate into an infinite homogeneous 
medium with the properties of the metallic target material. 

The relation between the external and internal fields is dictated by the continuity conditions at 
the real surface. Specifically, the tangential components of the magnetic field and the normal 
component of the magnetic flux density must be continuous across real surface, 

[n x (tf“ + H inc )] = [» x H 2 ] , n- (B* + B ine ) = HB 2 (3) 

where his a unit normal vector on the real surface. Enforcing (3) at selected collocation 
points on the real surface provides the matrix equation that is solved for the unknown 
coefficients {p n }, |P n }. Once the unknown coefficients are determined, we may compute the 
field readily at all points. 

RESULTS 

To demonstrate the accuracy of the method we consider a primary magnetic field, 
H pr = zH 0 , acting on a sphere with material properties a, p 2 and radius a. Because of 
rotational symmetry, the number of auxiliary sources and boundary condition points is equal. 
Fig. 2 show normalized secondary magnetic from the sphere as a function of the characteristic 
parameter lk 2 lfl (the induction number), for the case with p r = p. 2 /po=10, compared with the 
exact solution [4]. We see excellent agreement. 
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Fig.2 Normalized secondary magnetic field 
versus induction number, sphere 
radius a=5cm, (i r =10; ct=10 7 



Fig.3 shows real and imaginary normalized EMI response with H' ,r = xH n , transverse to the 
targets’ major axes. Scattered far fields were obtained above target centroids, in the direction 
of the primary field. For the cylinder L/2a=2 or 3, where L is cylinder length an a its radius; 
and for the spheroid b/a=2. All targets have the same transverse radius a. Thus the smaller 
cylinder has the essentially the same aspect ratio as the spheroid; the larger cylinder is twice 
as long as the first. The spheroid produces a more diverging secondary field than the L/2a 
cylinder, hence a weaker response, illustrating shape factor. The longer cylinder produces a 
stronger response than the shorter one, illustrating size factor. The real parts are positive at 
low frequencies due to induced volume magnetization in line with the primary field. As 
frequency increases the secondary field opposes the primary field and response becomes 
negative. The imaginary part shows a characteristic peak, when volume currents have their 
maximum effect. This is absent in the near static limit (Ikola ~ 0) and in the high frequency 
limit, when essentially all eddy currents are on the surface. All these results make physical 
sense, and serve as a reality check on the results. 
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LOCATED OVER AN IMPEDANCE 
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ABSTRACT 

The influence of an impedance plane on the efficient surface of diffusing (radar cross-section 
(RCS)) of parabolic antenna is considered in this paper. The features of diffusing are analyzed 
on the basis of combination of the method of physical optometrists (of physical optics) and 
integral equations. It was shown that due to the mutual reflections from the mirror antenna 
and impedance plane, the RCS can double increasing its angular sector. The results of nu¬ 
merical experiments are also presented. 


The influence of the impedance plane on the radar cross-section (RCS) of parabolic mirror 
antennas (MA) is considered. The scattering characteristics are analyzed using the method of 
physical optics combined with the method of integral equations.Suppose the parabolic an¬ 
tenna S is located at an h distance from the S 0 homogeneous impedance plane (Fig. 1), the an¬ 
tenna axis and So making the 0o angle. The Cartesian co-ordinates zero point coincides with 



the parable focus, the x-axis being parallel to 
the SO plane. The problem parameters are con¬ 
stant along the z-axis. Mirror and emitter fix¬ 
ing constructions are not considered. A plane 
electromagnetic wave E‘, H‘ (H‘ = i z H[) is 
incident from the direction tp on the antenna. 
The Lorenz lemma in its integral form is used 
to solve the problem. The auxiliary source is 
the infinite in-phase line of the magnetic cur¬ 
rent with a singular amplitude. The auxiliary 
source field E M ,H M (H M = i z H f) meets the 
same boundary conditions as the field under 


investigation 

[nE M (p,q)] = 0, qeS. (1) 

The field is the one of the magnetic current line scattered near the antenna. The boundary 
conditions introduced in (1) allow to avoid defining the field upon the S MA surface. Thus, 
the problem is reduced to the task of defining the tensor vector of magnetic field H z on the 
homogeneous impedance plane SO from the Fredholm second-kind integral equation: 
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H z (x) = 2 Jz 0 f' 0 (x, x')H, (x 1 )dx' + 2 J {Z 0 //f A (x, x 7 ) - ^ + 

+ 2tf'(xy) + 2tff /l (xy), (2) 

where E M = E M0 + E m \ H M = H M0 + H MA ; £ M0 ^ M0 is the free-space auxiliary current 
field; E m ,H MA is the scattered auxiliary current field; Z 0 is the homogeneous impedance of 
plane S 0 ', H Z A (x,tp‘) is the incident wave field in the p e S 0 point, scattered by the antenna. 

In the paper, E m ,H m are determined within the physical optics approximation. It became 
possible due to thorough electrical measurements of the antenna reflector. 

The complicity of (2) is that the function is to be determined upon the infinite integral. We 
can avoid the difficulties by representing the field as a sum of the following fields: 

H z (x) = H 0 (x) + H l (x) + H 2 (x), (3) 

where Ho(x) is the magnetic field component induced waves upon the homogeneous plane So 
in the absence of the MA S. It is the solution of the Fredholm second-kind integral equation 


H 0 (x) = 2 Jz 0 fl r f°(x,x / )// 0 (x / )dx / + 2H[(x) 


H 0 (x) = 


2 COS Y; 


H' z (x)-, 


(4) 


cosy ; +Z t 

H/(x) is magnetic field component induced by the scattered with MA S incident wave upon 
the homogeneous impedance plane So- It is the solution of the Fredholm second-kind equation 

tf,(x) = 2 Jz 0 Hf°(x,x / )fl r ,(x / )ctc / +2H? a (x). 


The equation was solved analytically. In case of Ma without the antenna component for H t (x) we obtain (Fig.l) 


H l (x) = -k jcosT- 


ikpco&((p-<p.) 

-Hq Z) (kR )e H dS. 


The magnetic field tensor component Hzfx) is determined by the mutual reflection between So 
and S planes. It is a cylinder wave reflected from MA and thus it decreases with the distance 


as l/Vr . So, H 2 (x) is therefore commensurable to incident wave ( H [) on the finite plane in¬ 
terval So- The further task is to find the function of the rest of the magnetic field tensor for the 
impedance plane So- From the Fredholm second-kind integral equation for H 2 (x) for finite in¬ 
terval [X/, x 2 ], 


H,(x)-2 ]{Z 0 H f (x, x' )- E™ (x, x')}H, (x 1 )dx' = 


— 2 J{Z 0 H^ a (x, x 7 ) - Ef A (x, x 7 )} [H 0 (x 7 ) + H T (x 7 )]dx f , 

where [x/, x 2 ] interval value depends upon the disposition of plane and antenna, and upon the 
MA reflector measurements as well. The solution, in principle, is not a difficult one. 
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Fig. 3 


The bi-static diagram of MA scattering for the non- 
symmetrical parabolic reflector (f=10X, ^=60°, 
0o=O°) is shown (Fig.2). The MA is located over 
the ideal conducting surface with the length of 421 
xe[-12A,,30A,], at h=10A height (line 1) and h=lX 
(line 2) with the incident wave angel of (p'=30°. 
Line 3 represents the case of MA reflector RCS in 
the free-space in the antenna axis direction. Calcu¬ 
lations show that while increasing of the incident 
angel, the bi-static diagrams of MA scattering tends 
to widen the angel sector with the simultaneous 
increasing of RCS level in some directions. 

Fig. 3 shows mono-static diagrams of the same 
antenna. The line numbers are the same as those for 
the previous cases. 

The analysis of numerical results indicates 
that the MA S - surface So system acts as corner 
reflector. It is especially evident for the low antenna 
position. For the axis by directions with angel 
(0°^15°) the main contribution is due to the waves 
cross-reflections in the following sequence: So S 
=> Sq. For the other directions the field created by 


cross-reflection sequence of S => So => S prevails. 

Due to these cross-reflections the mono-static diagram widens as much as twice and occupies 
the same angle sector as the bi-static diagram. It is, in fact, the whole of the upper hemi¬ 


sphere. 
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SCATTERING OF A PLANE ELECTROMAGNETIC WAVE 
BY A METAL-DIELECTRIC COMPOSITE CYLINDER 
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4 Chervonopraporna Ul., Kharkov, 61002,Ukraine 
2 Kharkov State Municipal Academy, 

12 Revolyutsii Ul., 61002,Ukraine e-mail: shepsis@ksame.kharkov.com 


INTRODUCTION 

The scattering of a plane electromagnetic wave by an infinite circular metal-dielectric 
cylinder (CMDC) is considered. The metal part of cylinder is a sector of an arbitrary angle of 
opening. One may use such structures in order to model the properties of a wedge-shaped 
load, which is frequently used in electromagnetic control applications [1]. Since in some cases 
the analysis of the experimental data may be not reliable due to small magnitude of the 
measured reflection coefficient and relative errors of measurement equipment, there is a need 
for a closed-form analysis of the model structures [2]. In the presented study the method of re¬ 
expansion in the basis functions at a given interval is used [3,4], The resulting field is 
presented in terms of the Bessel and Hankel functions. Applying the boundary condition to 
the Fourier series representation of the scattered field, the problem is reduced to the solution 
of a matrix equation with unknown expansion coefficients, which can be calculated with 
controlled accuracy. The scattered field is evaluated asymptotically and the backscattering 
radar cross section (BRCS) expression is derived. Accurate numerical results are presented in 
case of the E-poIarized waves. 


FORMULATION AND ANALYSIS 

A 2-D cross section of the problem in cylindrical coordinates (p, cp, z) is shown in Fig.l. 
Assume that CMDC is uniform in the z-direction. Cylinder is of radius a has a metallic sector 
opening of the angle S, and s2, el are permittivities of CMDC and 
environment, respectively. Time-harmonic dependence is implied 
as exp (-icot). A plane wave is incident on CMDC at the angle /? 
with respect to the <p-axis. The field in the structure is presented as 
a superposition of the incident and scattered fields. The E- 
polarization implies that the incident electric field is parallel to the 
z-axis. To apply the boundary conditions at the cylinder, we 
expand the incident plane wave in terms of the Bessel functions 
[5]: 



Fig. 1 Geometry of the 
problem. 


E° z = X H)" J nX k P)e im( 




E°=E°=H°= 0 (1) 


The scattered field should satisfy a homogeneous Helmholtz equation at any point of space, 
except for a metal, and the boundary conditions at the metal. In view of the condition of 
radiation as well as condition of energy limitation in any finite region, we write analogous 
representations in terms of the Bessel functions and the Hankel functions of the first kind, for 
the electrical z-components of the scattered electromagnetic fields: 
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i,p n K\Kpy mv , P >a, 

E \=- m r ( 2 ) 

Y, a q J q v(k 2 p)Sin(<p + nv)qv, 0 < p<a, 

.</=' 

where k=co/c , kj = Je~juk, (p=J, j=l or 2), c is the velocity of light in vacuum, a q J3 m are 

the expansion coefficients to be determined. Other field components can be found from the 
Maxwell equations. 

Satisfying the boundary conditions for the total field on the metal and condition of continuity 
of the field outside the metal surface, and using the method of re-expanding in the basis 
functions at the intervals [0, 2n] and [-n./2, n/2] of the (p variation, we obtain the following 
matrix equation of the second kind. 


X, 


H"\k x a) _ 

' H„ y (k x a) P 


e £ X ». 2 / 2 ^V qvQ’q'v ~P e 2 (“O* 4 (k\d)e~ ,mfi 

9=1 (k 2 a ) 

| \ J ' v } k * a) V ; v q; v + (-/)" J n (i k x a)e~ inP , n=0,± 1,12,..., 

9=1 J qv ( K a ) 


(3) 


where p e 



> x „= (k\ a ) ar >d the prime denotes a derivative with respect to p. 


Matrix coefficients V qv and Q'" v are expressed through trigonometric functions [4]. The 
obtained equation, after certain transformations, can be analyzed numerically after a 
truncation to the finite order. Using asymptotic expansion of the Hankel functions, one may 
obtain the following expressions for BRCS and the amplitude function of the scattered field 
(AFSF), respectively: 


hr 




_ e m(p-xl 2) p 


A((p)= 


y_ Le _ 


e im{<p-nl7)\ 


(4) 


NUMERICAL RESULTS AND DISCUSSION 

Figures 2-4 illustrate BRCS versus electrical diameter ka and AFSF, respectively. Relative 
computation error of BRCS and ASFS was less than 5.0%. Analyzing the obtained results one 
can conclude that by varying the values of ka, e2 and el, the field reflected from CMDC 
with a wedge can be minimized. 
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a) 1- el =e2=1 ; 2- el =1, e2=2.5+ b) e2=1, el =2.54, 


Fig.4. Normalized far-field versus tp for various permittivities 
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SPECTRAL APPROACH TO THE SYNTHESIS OF THE WAVEGUIDE 
BANDSTOP FILTERS BASED ON DIELECTRIC RECTANGULAR 
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12 Acad. Proskura St., Kharkov, 61085, Ukraine 
E-mail: rud@ire.kharkov.ua 


ABSTRACT 

A nontraditional approach to the synthesis of waveguide rejection cells of a dielectric 
rectangular post type is developed on the basis of an exact solution of corresponding spectral 
problem taking into account the dielectric loss. The results of synthesis of the rejection cells 
and optimization of bandstop filters are presented. 

Waveguide bandstop filters are usually worked out on the basis of resonant cells that have 
smooth characteristics beyond the rejection frequency and have no spurious resonances within 
the whole waveguide operating band. As an example of such an element, E-plane stub in a 
rectangular waveguide may be mentioned [1]. The similar properties inhere in dielectric 
circular cylinders made from a high-permittivity material [2] and having the height equals to 
the one of a rectangular waveguide. The present communication is devoted to the evolution of 
approach, proposed in [1], on the synthesis of separate rejection cells and the multi-section 
bandstop filters based on dielectric posts of a rectangular cross-section shown in Fig.l. Such 
rejection cells are preferred since they are simple in fabrication and can be calculated with the 
aid of exact mathematical model that is more efficient than the one developed in [2] for 
dielectric cylinders. The' lastJ^ctor is important because the search of a cell configuration 
according to the given specification on its characteristics is a time-consuming procedure. 

The utilized approach consists in searching 
two geometrical parameters describing the post 
dimensions according to the given complex 
dimensionless eigen-frequency K = alX of the first 
higher H 20] oscillation that causes the resonant 
rejection of the incident H l0 mode (so-called 
resonance on a “locked” mode). The eigen-frequency 
k 2 oi ~ *201 + zx 2 oi > * 2 oi < 0 and quality factor 
<2 20 i = ~* 2 oi / of the H m operating oscillation describe uniquely the resonant 
characteristics of the desired cell providing the specified rejection frequency 
K o ~ *201 (| - (2<2 201 ) 2 ) and quality factor Q « Q 20l . The developed numerical algorithm is 
based on solving the homogeneous system of non-linear equations 

ReD(rc 0 ,Q,x l ,x 2 ) = 0 
lmD(rc 0 ,Q,x l ,x 2 ) = 0 

Here £>(...) = detF(...) where F is the matrix operator of the corresponding spectral problem 
on field natural oscillations of considered waveguide-dielectric resonators. Such a problem 
was strongly investigated in [3]. The solution of system (1) enables one to obtain the values of 



Fig.l. 


Kharkov, Ukraine, VUI-th International Conference on Mathematical Methods in Electromagnetic Theory 


480 


MMET*2000 P 


eedings 


x l ,x 2 , corresponding to two post parameters (for example, tla,rla or d/a,r/a), as 
functions of the given / 0 and Q. The desired solution of (1) was obtained by the Newton 
method. 

The concrete results on the synthesis of separate resonator cells are presented in Fig. 2 for the 
case of rectangular dielectric cylinders located near a narrow waveguide wall (d= 0) and made 
from the mentioned in [2] ceramic with £■ = 38.5(1 + *2 -10^). With using the presented data, 
one can determine the post thickness tl a from Fig. 2(a) and the post length r/a from Fig. 
2(b) according to the given values of ic Q and Q. From the analysis of Fig. 2, it follows that the 
chosen value of Q is greater, the frequency range in which such a value can be reached is 
narrower. To extend this range, the structures with d * 0 should to be used. 



Fig.2. 


The process of bandstop filter design includes two stages. The first one consists in obtaining 
the initial geometry of separate filter resonators. For that, the required values of Q for each 
filter resonator are obtained according to the given specification with the known procedure of 
designing bandstop filter-prototypes with quarter-wave couplings [4]. Further, the desired 
geometrical parameters of each resonator are defined with the aid of dependencies presented 
in Fig. 2. The second stage is the tuning of filter parameters by the optimization procedure. 
This procedure is based on the solution of the minimax many-variable problems by the 
method of steepest descent. The following goal function is used in the optimization procedure 





(2) 


In (2), x is a vector of variable parameters, /,, f a are the beginning and end of the low- 
frequency pass band, f h , f c are the same of the filter stop band, and f (l , f r are the same of 
high-frequency pass band. Values of L p , L s are the required insertion loss level within the 
pass band and stop band, respectively. 
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The characteristics of two optimized bandstop filters with the central relative 
frequency k 0 = 0.8 and distances between separate resonators s/a « A g I A and s/a»3A g /A 
are shown in Fig. 3(a) and Fig. 3(b), respectively (\ is the wavelength of H l0 mode in a 
hollow rectangular waveguide at k — rc 0 ). The straight, dash, and dot curves are related to the 
insertion, return, and dielectric loss, respectively. Initially synthesized resonators have the 
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b) 


following qualities: <2, = Q 3 « 31.5, Q 2 »18 for the cases of st A g /A and Q 2 »12 for the 
case of s/a«3A g /A. The values of Q,, * = 1,2 were obtained for the filters having the 2% 
stop band at the level of L, = 20 dB taking into account the corrections on qualities of 
coupling waveguides. From the comparable analysis of Fig. 3, one can conclude that the 
above-mentioned initial data are more suitable for the filters with 3A g / 4 coupling 
waveguides. The strong higher-mode interaction does not allow obtaining acceptable 
characteristics for the case of s/a « A g /A when resonators are close to each other. 
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MODELING OF ELEMENTS WITH CIRCULAR SYMMETRY PLACED 
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ABSTRACT 

A set of algorithms based on matching the fields of radial waveguide (WG) and several 
rectangular ones is described. The proposed approach can be applied to calculate both the 
multiports with tuning posts and the turnstile junctions with coaxial WG. 

Available library of the key-building 
elements determines the versatility of 
the software of WG electromagnetic 
modeling based on the decomposition 
principle. In this view, attractive are 
such geometries as a set radial 
discontinuities placed into the junction 
of several rectangular WGs. A lot of 
widespread WG units may be treated 
in this manner, starting from the 
simplest angled bends [1], corners, tees 
and posts [2] and up to turnstile 
junction of circular coaxial and star- 
wise set of rectangular WGs, spaced in a plane. General considerations put into foundation of 
the series of corresponding numerical models are described in this paper. 

First, consider the mode-matching operators arising at calculation a generalized star-wise 
junction of several rectangular WGs with some radial WG domain ( p> p ). The 
electromagnetic fields of the radial and rectangular WGs can be presented respectively, as an 
expansion in the TE(M)^ -modes with E(H) y = 0 and as conventional expansions in 

TE(M) z - modes. The decisive factor at the choice of discretization in application of the 
mode-matching procedure is that the fields of radial WG modes are orthogonal at a cylindrical 
surface and the ones of rectangular WG are orthogonal at plane rectangular cross-section 
section. It does not allow obtaining the second-kind matrix equation matching the fields at 
virtual cylindrical boundary (Fig.l) or at rectangles Zj =0 only. On the other hand matching 
at p = const allows simplifying the calculation of arising coupling integrals. Projecting the 
field matching equations at p = R on the fields e(h)^ of the radial WG eigen-modes: 

J^(E(H)' lc ' wg -E(H)™‘ Mra ^xh(e)**' ) J|,, VtZ6p= tf ds = 0, we have the following pair of matrix 

equations coupling the amplitudes of the incident (/) and outgoing (JR) rectangular WGs 
modes and the amplitudes of fields in the radial WG region adjacent to the virtual boundary of 
field matching: 

E R + E I = P £ A + Q £ B and H R + H I = P"A + Q"B (1). 
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Here, AandB are the amplitudes of “standing” waves in radial WG, E^H* are the matrix of 
radial-rectangular WG coupling integrals arising at matching E-, //-fields and have line-block 
character according to number of ports, the diagonal matrices P £(W) ,Q £<//) are some kind of 
radial WG “standing” waves norms. 

JUNCTIONS WITHOUT INSERTS 

Though our main goal is the consideration of “the junctions with inserts”, we have to discuss 
initially the simplest geometry. In the cases of star-wise junctions of rectangular WGs by 
common cylindrical domain without any inserts, BsO and we obtain, from (1), a required 
matrix relation between the incident and excited modes 


(p""'h + -p £ ~'e + )r = -(p w_I H- -p £ ~ e ) I 


( 2 ). 


A number of multiport junctions such as crosses (Fig.2a), Y-junctions (Fig.2b) and tees 


(Fig.2c) etc. can be calculated using this expression. 
This approach is close to one used in [1] for 
calculation of angled bends (fig.2e). The main 
numerical efforts fall on coupling integrals’ 
calculation, the efficient way to do that using 
Jacoby-Angerra formulae being firstly proposed in 
[ 1 ]. 

There is a possibility to enlarge the list of possible 
applications. Based on some multiport problem and 
taking into account that placement of the short in 
“j”-th arm leads to relation R U) = -I lJ) , we can 
obtain the solution for a new geometry. The 



alteration of (2) consists in elimination of the “j’ 
replacing the “j”-th block 

f p ( ^ //_1 H <;)+ *-P 0)£ ~ , E ( - /)+ l-fp 0)// l H° r -P 0) 


-th block in the matrix of right part and in 
of the left part by 

E <7) " S ] . These new geometries will be, 


for example, a WG tee (Fig.2c) and a WG corner (Fig.2d) as the modifications of WG units 
shown correspondingly in Fig.2a and 2b. A smooth transition (Fig.2f) also belongs to the field 
of application of such algorithms. It should be noted that here we deal with an unusual 
situation of matching the fields of partial regions beyond the boundaries of considering 
geometry. The cylindrical fragments of this “matching surface” are marked as S in Fig.2. As 
this approach to modified structures will be used further we present here the Table that 
consists the amplitudes {Amp) and phases {Phase) of 77s 10 -mode reflection coefficient for 
the side port of H -tee (Fig.2c) calculated at different number of azimuth space harmonics in 
radial WG Q taken into account in (2). The right column of Table contain the data obtained by 
algorithm [3]. Waveguide dimensions are 23x10mm 2 , frequency is 30 GHz. 

Table 


0 

8 

16 

24 

algorithm [2] 

Amp 

0.49940 

0.48610 

0.48770 

0.49000 

Phase 

-174.31 

-171.81 

-171.54 

-171.27 
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JUNCTIONS WITH CIRCULAR INSERTS 

Some junctions whose 5-matrices can be found by the below described algorithms are shown 
in Fig.3 and Fig.4. Different kinds of tuning posts in cross, tees or in the straight WG (Fig.3) 
can be considered immediately and the others as different turnstile junctions of coaxial WG 
and several rectangular ones or conventional coaxial-to-rectangular WG launcher require 
additional calculations to obtain 5-matrix (single-mode in coaxial) by a procedure described, 
for example, in [4]. The latter will be reduced to a thrice-repeated calculation of the geometry 
with a shortened coaxial arm. 



The idea consists in consideration of corresponding auxiliary problems shown in right parts of 
Fig.3 and 4 to obtain the relation that couples the amplitudes of radial WG field expansions 
on the “output” boundaries of various units in radial WG. All of such radial WG objects 
include point p = 0, and can be treated as some “reflective” ones and produce the relation of 
TAl 

type V I 1 = 0. Here, A and B are the vectors of coefficients of radial WG field expansion in 


the region between “virtual boundary” (Fig.l) and external boundary of cylindrical insert. On 
the other hand taking into account (1) one can easy obtain 


'A' 

B ’ 


(Q W P £ - Q K P W J' (Q H E ± - Q £ H*) 

(p"e'-p £ e B )" l (p"E*-p s H*)_ 


Al 

BJ ’ 


Excluding we find a 


required S-matrix of a multiport with insert from S = -(V W + ) ‘ V W . Matrices V for 
cylindrical inserts may be found by conventional mode-matching procedure. 
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ABSTRACT 

An efficient approximation method is used to calculate energetic parameters and amplitude- 
phase distribution along a linear waveguide-slot antenna with double longitudinal slots in a 
broad wall of a rectangular waveguide having an arbitrary end loading. The approach is used 
when £-field in slots is approximated with only one sinusoidal function. The mutual coupling 
of the slots over a waveguide and free space is taken into account, as well as the thickness of a 
waveguide wall and dielectric filling of the slots. 

INTRODUCTION 

Linear waveguide-slot systems are widely used in antenna technique, especially in the class of 
frequency scanning antennas. One of the mostly used antennas of such kind is a system of 
longitudinal slots in a broad wall of a rectangular waveguide. The amplitude-phase distribu¬ 
tion (APD) along an antenna changes with frequency. There are two causes of this change: 
firstly, slot radiation coefficients depend on the frequency and, secondary, the reflection and 
radiation coefficients of antenna depend on electric distances between the slots. The control¬ 
lability of the frequency characteristics of slot energetic parameters is very desirable. One of 
the ways to reach it is the usage of double slots (two nearly located slots) and filling them with 
dielectric. The mutual coupling of slots in a double one usually widens the frequency charac¬ 
teristics of their energetic parameters, the dielectric filling makes them narrower. Thus, the 
combined application of these modifications gives enables one to obtain the required charac¬ 
teristics. Obvious, the usage of the double slots complicates the process of APD and energetic 
parameters computation for a multielement slot antenna especially when it has an arbitrary 
loading at the end. If, for this purpose, the well known method of induced magnetomotive 
forces [1] is used, the order of the corresponding system of linear algebraic equations (SLAE) 
doubles and the matrix elements become very complicated. The successive approximation 
method used in our previous works (for example [2]), is free from these shortcomings. The 
purpose of this paper is to illustrate the possibilities of this method in the case of the double¬ 
slot multielement systems and to study some of their electrodynamics properties. 

CONSIDERATION 

Statement of the problem. The waveguide of a cross section axb= 23x10 mm with longitu¬ 
dinal slots in its broad wall is considered. The thickness of the waveguide wall t is taken into 
account (/= 1 mm). The double slot is composed of slots with lengths L,,L 2 and widths 
dfj ,d 2 . Coordinates of their centres and the centre of the whole group, which are calculated 
from the narrow wall, are , x^ 2 and respectively. The distribution of electric field in 
slots is supposed to be sinusoidal (one half-wave of sinusoid) along the slot and constant 
across it. If A-fold slots are considered, all these data must have the index n which indicates 
the order number of the slot considered. The reflection coefficient from the end loading of the 
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waveguide is R which can vary within the limits 0 < \r\ < 1. The waveguide with slots is ex¬ 
cited from a generator with the dominant wave H l0 of unit amplitude. The amplitude distri¬ 
bution of slot voltages along the antenna and its radiation coefficient are to be determined. 

The main idea of the successive approximation method. The first approximation reduces to 
the first expanding of an incident wave from the first slot to the last one. The first double slot 
is excited by the wave of unit amplitude A 0 = 1. The voltages on the inner surfaces Si and S 3 
of the first slot V^\v^ and on the outer ones (S 2 and S 4 ) satisfy the 4-order SLAE 

(SLAE-4) of induced magnetomotive forces method [1], The first figure in subscripts signifies 
the order number of double slot, the second - the number of the slot surface. The superscript 
in the brackets signifies the order number of a successive approximation. The amplitude A, (l) 
of the wave exciting the second double slot is composed of three amplitudes: A 0 - of the wave 
incident on the previous slot and the amplitudes A^A^, excited in direction z> 0 along the 
waveguide axis by the electric field on the surfaces S t and S 3 . 

A, (1) = A 0 + Af, 0 + a}? (1) 

The voltages ,V 2 ( 3 } and V 22 on the second double slot are found from the SLAE- 
4 which is similar to the previous one, only magnetomotion forces in the right side of this 
system are stipulated by the amplitude A, (l) (not by the A 0 already). This process spreads in 
the same way to the end of antenna. The wave passing the last double slot has the amplitude 

A n ] '- 

A N } = A N-\ + A Wl + A n\ (2) 

This wave is reflected from the waveguide end loading. We mark the amplitude of re¬ 
flected wave as 

B { n 2 }, = RAj, l) ( 3 ) 

Here, the second approximation begins, in which we successively find the voltages on the 
slots with numbers N, N-l, N-2 and so on. The voltages ,vj$ and V$,v]$ again are to 
be found from the SLAE-4 with the amplitude B^, stipulating the right side of it. The am¬ 
plitude B^ 2) of the wave which goes to the (N — l) -th slot from the slot number N is com¬ 
posed of Bjfl | and amplitudes Bj 2 } ,B {2 \ , excited by voltages V^ 2) + vj 2) , + V^ 2) : 

B (2) = B w+ , + Bffj + B^\ (4) 

This process continues in z < 0 direction down to the first slot and then the third approxima¬ 
tion begins. Approximations with odd order-numbers correspond to the spreading of the wave 
process in z> 0 direction and the ones with the even order-numbers - in z< 0 direction. 
These processes include the slots interaction over a free space as well but for the briefness it 
was not mentioned above. The resulting voltages on the slots are sums of voltages of all 
approximations: 

, ( 5 ) 

where M is the number of approximations, i is the number of slot surface. 
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Calculations results. Fig. 1 presents the radiation coefficient dependence on frequency for the 
single and double empty slots (curves 1,2) and ones filled with dielectric (permittivity £=5, 
curves 3,4). Geometric parameters for the single slot are L=16mm and xo =2.5mm, for the 
doubled slot - Li=L 2 = 16.6mm, jc 0 i = lmm, xo2=4.mm. The center of the system is xo=2.5mm. 
The values for the slots filled with dielectric are: the single slot - L=10.16.mm, x 0 =2.5mm, 
doubled slot - L\=L 2 = 10.6mm. jc 0 i=lmm, xo2=4mm. The widths of all slots are d= 1.5 mm. It 
is clearly seen that in both cases the double slots have a wider band width than the single ones. 
The behavior of radiation coefficient for the linear antennas with 10 single and double slot 
radiators is plotted in Fig.2. Curves 1 and 2 correspond to the above mentioned single and 
double empty slots as elements of the array spaced by the distance of half- wavelength in the 
waveguide at the frequency /=9.375 GHz.. The low level of radiation coefficient at this fre¬ 
quency is a result of an unsatisfactory matching of the slot system with the half space [1]. The 
same situation occurs in the case of the system of double slots. However, in this case the curve 
goes a bit higher than one for the single slots and has no reduction of the radiation coefficient 
at low frequencies (9.0 GHz). If the condition of matching is fulfilled, the system of 10 single 
slots radiates nearly one half of power arriving from a generator (curve 3). Still the radiation 
coefficient of this function is reduced at high frequencies. Thus, the system of double slots is 
the best one. 
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CONCLUSION 

The obtained results show that that the applied successive approximation method gives correct 
description of physical regularities taking place in linear waveguide systems of doubled, slots. 
The developed computation program can be used for solving optimization problems for an¬ 
tennas with such slots. 
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Abstract An accurate numerical analysis is presented for the AC effective resistance 
and the inductance of imperfectly conducting wire transmission lines. The number and 
the allocation of the wires are arbitrary. The analysis is based on integral equations 
combined with the moment method. The numerical results are shown for the resistance 
and inductance of two-wire and three-wire lines. The present technique is also applied to 
the microstrip lines and obtained good agreement with the results by other methods. 


1 . INTRODUCTION 

The properties of wire transmission lines have been considered analytically through many years [1] 
because of the simplicity of the cross section shapes. From the viewpoint of application, approximate 
formulas for the characteristic impedance and the attenuation constant concerning various structures 
have been proposed [2]. The most of the above treatment, however, regards the lines as cylindrical bodies 
having infinite conductivity or surface impedance, and moreover, imposes the limitation with respect to 
the thickness of conductors or the distance among them. Because the available frequency range has been 
widened recently, it is important, in designing transmission lies, to grasp the variation of the AC loss and 
the characteristic impedance due to the skin and proximity effects. Therefore we desire the development 
of numerical methods and the construction of design formulas effective for all wire conductivity and 
frequency not only for the simple two-conductor lines but also for the multi-conductor coupled lines. 

Based on the above motivations, this paper develops an accurate numerical technique for the AC 
resistance and the impedance of the transmission line composed of a set of imperfectly conducting round 
wires, The problem is formulated into the set of Fredholm type integral equations for the unknown 
current density that has been used in Refs. [3-5]. The computations are done for several transmission 
lines, and the characteristics are discussed physically. As an attempt to extend the applicability of the 
method, the microstrip line is analyzed by using the current filament model. 


2. INTEGRAL EQUATIONS 

As shown in Fig. 1, infinitely long wires, having the conductivity o, the permittivity e, the permeability 
H (« /i 0 ), and the radius a, are placed along the z axis. All wires are divided into three (p = 1,2,3) 
groups. The p-th group includes M p (m = 1,2,... ,M P ) wires and carries the current I p z, where' denotes 
a unit vector. Here we impose the condition of the closed current, i.e., I\ + I 2 + h = 0. The time factor 
is assumed exp(ycut) and the field is treated as TEM under the quasi-stationary condition that o » me. 

The set of Fredholm type integral equations is given by [3-5] 



Figure 1 : Geometry of the problem. 


2 


= Cp ( reS pm ;p= 1,2,3; \ 
a 2 V m= 1 , 2 ,..., M p J 


( 1 ) 


where r — xx+yy is the observation point, r' = x'x+ 
y'y is the point of the z-directed unknown current 
density J z , and S qn is the n-th cross section in the 
q-th group. The constant C p = -oa 2 (d(p/dz) #p is 
also unknown, where cj> is the scalar potential. The 
total current in each group is given by 


Ig J s Ur)dS' (9 —1,2,3) (2) 
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R [fl/m] L a LoH/m] L“H/m] 



Figure 2: Frequency dependence of the effective resistance and the inductance for the parallel two-wire 
line. The circles are the exact values at / -+ 0, oo. 2a = 32.0 mil = 0.8128 mm, a = 58 MS/m. 


R„[Cli m] L n = in [nH/m] I„»I„ [nH/m] 



/[MHz] /[MHz] /[MHz] 

Figure 3: Frequency dependence of the effective resistance and the inductance for the parallel three-wire 
line. The circles are the exact values at / —> 0, oo. 2a = 32.0 mil = 0.8128 mm, a = 58 MS/in. 


R [ft/m] L [pH/m] w-0.2 mm, S - 2 mm 



/[MHz] 


Figure 4: Frequency dependence of the effective resistance and the inductance for the microstrip line 
(Mi = 10, M 2 = 100). The solid, broken, and dotted lines correspond to the present method, the 
volume-current formulation, and the surface-current formulation, respectively. 
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3. MOMENT METHOD 

Let us solve Eq. (1) by the moment method. We set the local cylindrical coordinate system (7'pm, <p pm ). 
in which r pjn = 0 and y o pm = 0 correspond to the center of S pm and +.x direction, respectively. The 
unknown function is approximated by the finite sum as 


f Jk{P r pm) 


where Jk(-) is t he fc-th order Bessel function, (3 = y/—jijjp 0 o = e> 3n ^\/2jS is the wave number, and 
6 = y/2/(uJt-Lo<T) is the skin depth. 

Next we substitute Eq. (3) into Eq. (1) and derive a set of linear equations by the point matching 
method. We impose Eq. (1) at the 2 K + 1 points distributed at regular intervals. This leads us to 


E E E [M™ + f>aG k (r pml , qn )\ e^—- = C p 


' p = 1 , 2 , 3; m = 1,2,..., M p ; 
l = -K,-K + l,...,K 


where the local coordinate (r pm i, <in ,<Ppmi,qn) denotes the position of the 1-th matching point on the 
circumference of 5p, n with its origin being settled at the center of S qn . The function G k is defined by 


and are evaluated analytically. We notice the lack of three conditions in Eq. (4). which is supplemented 
with Eq. (2). Substitution of Eq. (3) into Eq. (2) yields its linear expression of it. 

4. NUMERICAL RESULTS 

Figure 2 shows the property of the two-wire line composed of copper. The degree of separation is 
denoted by p: the situation of contact corresponds to p = 1. The circles are based on the exact formulas 
based on the models of uniform current (/ -+ 0) and surface current (/ —♦ oo), which agree well with 
the both edges of the curves. The raise of the effective resistance R mainly stems from the skin effect as 
p = 4. whereas the proximity effect is added if p is smaller. The external inductance becomes small and 
depends on the frequency when the wires are close. The internal inductance decreases monotonicallv aw 
the frequency increases due to the skin effect. 

Figure 3 concerns the three-wire line. The outer wires carry the signals and the center wire is the 
reference. From the symmetry Z pq = Z qp . The self values R pp and L pp are nearly equal to R and L ex + L m 
in Fig. 2 for all /. That is, when the current flows only in two wires (# 1-Ref. or #2-Ref.), we have little 
effect from the remaining one. On the other hand, the mutual resistance R pq (p / q) is about half of 
Rp P \ii=A and the mutual inductance L pq (p / q) is 1/3—1/5 times as L pp . This means that the amount of 
the crosstalk is not small. The circles denoting the limit values agree well with the edges of the curves. 

Next we treat the microstrip line by using the filament model. As shown in the right side in Fig. 4. 
we regard the strips as the set of t x 2t rectangular elements (t: thickness) and replace them by round 
wires having the same area. The microstrip line is considered as 110 filaments. The behavior of R and L 
is similar to the previous figures. The results by the volume-current formulation (VCF) and the surface- 
current formulation (SCF) are added for reference. The present result is close to VCF and SCF at low 
and high frequencies, respectively. Considering that VCT (SCF) is precise when the current distribution 
is uniform (surface oriented), we can conclude that the present treatment is sufficiently effective. 

5. CONCLUSIONS 

We have computed the AC impedance of the wire transmission lines using the integral equations. 
The microstrip line was treated by the filament model and good results were obtained. This technique is 
therefore expected to be effective for the lines with more complicated cross section shapes. 
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ABSTRACT 

In this paper, the problem of radiation from finite array of identical waveguides with an 
impedance flange radiating in arbitrary stratified media has been solved. The problem 
can be reduced to a set of integral equations with respect to finite functions representing 
linear combinations of electrical and magnetic fields tangential components on apertures 
of waveguides. The stationary functional is performed for these equations on the basis of 
variational principle. The expressions for the matching characteristics of the system 
(reflection and transmission coefficients of waveguides, self and mutual admittance) are 
obtained in the closed form by using the functional. The flange impedance influence on 
the matching characteristics of two rectangular apertures on the single mode assumption 
is numerically investigated. 

INTRODUCTION 

Flanged waveguides can be applied as radiating systems and radiowave probes for 
diagnostics of native media and artificial materials. Our interest lies in developing 
theoretical methods of solving similar boundary problems. In the case of a perfectly 
conducting flange, the problem can be formulated as a set of integral equations for 
unknown functions that are the tangential to the flange components of electric field on 
the aperture of the waveguide. The method of moments or variational approach can be 
used for analysis. In the previous papers, the problems were solved for radiation in a 
plasma or dielectric half-space [1]. The extension of similar class of problems for the case 
of single radiator with an impedance flange was performed earlier [2-3]. 

THEORY 

Consider an antenna array consisting of the A aperture radiators based on open-ended 
identical semi-infinite waveguides. The apertures of waveguides are located in a flat infinite 
flange, which coincides with the coordinate plane p-{x,y) and is characterized by an 
impedance ZZ^ (Fig.l). The coordinates of aperture center number n is defined by the p^ 
vector (n=l ,..., N). 
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The mutual location and orientation of apertures is given by an arbitrary parallel 
displacement relatively to each other in this plane. The region z > 0 is characterized by 
the medium parameters e(z),\i(z). 

It is assumed that a waveguide with the number n = p is excited by the dominant mode and 
that the fields vary in time as e ~“°'. The radiation occurs in the region z > 0. The matching 
characteristics and mutual coupling of waveguides must be determined. The problem is 
assumed to be linear, therefore, more general case of several excited waveguides can be 
analized using the superposition principle. 

Using the impedance boundary conditions of the flange and the requirement of 
continuity of the tangential fields of apertures, a set of integral equations can be obtained 
by representing auxiliary finite functions F„(p) as linear combinations of tangential 
fields of the apertures: 

F„ifi) = E u {p,-O)-2Z 0 uxH u (p,-O): peS„. (1) 

For the set of integral equations, a stationary functional related to the matching and mutual 
coupling characteristics is introduced. An approximate solution of the problem can be found 
by using the variational principle and a model set of finite functions (1) on apertures. The 
single-mode approach is most simple, here suppose 

£>(p)=4,<Po,(p). (2) 

where (po«(p) ls the orthonormal modal functions of the waveguide dominant mode of the 
given configuration, and A n is the unknown complex amplitudes. The application of the 
variational principle in the single-mode approach to the set of integral equations allows 
to derive expressions for the dominant mode reflection coefficient T /; in the waveguide 

with number p and the transmission coefficients r„,(«^ p) . Each of the latter 
characterize the amplitude of the wave transmitted into the waveguide with number n: 

r /> = a(4~p)’ n = P ; P - (3) 

Here, a = 1- ZZ^%,(3= l + ZZ^%; ]£ is the admittance of infinite waveguide. The 
coefficients A n can be found from the following algebraic set: 


Here, 5„,„ is Kronecker delta, coefficients p nm are defined as 

Pnm = \\ <Po«(p) ^(p - P'^OhXp')^'^ . (5) 

S„ S Jn 

G(p - p') is the dyadic Green's function containing the information about environment 
properties in the region z > 0. 

Self and mutual admittances are connected with the reflection and transmission 
coefficients as [1,2]: 
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NUMERICAL EXAMPLES 

This approach was applied to the analysis of the matching and mutual coupling 
characteristics of two rectangular waveguides with an impedance flange. The reflection 
► coefficients in the first waveguide T,, transmission coefficient r 2 in the second 

waveguide, admittances }f and Iff under the formulas (3-6) were calculated. 

Fig. 2 shows the dependence of |r ( | and |x 2 | on the parameter k Q a (ko is free space 
wavenumber). Calculations were performed for the following parameters: a = 2.3b (a 
and b are the dimensions of waveguide broad and sidewall, respectively), L=l.5b (L is 
the distance between centres of apertures), the mutual orientation of waveguides is 
shown in Fig. 2. 



k o a k o a 

Fig. 2 

Fig. 2 demonstrates the most noticeably influence of the impedance on the reflection 
coefficient in the vicinity of k$a critical value. The capacitive impedance Irr(Z) > 0 
decreases |r, | and |r 2 |; the inductive impedance Im(Z) < 0 increases these characteristics 
in comparison with the case of a perfectly conducting flange. 
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ABSTRACT 

The effective mathematical approach making possible the understanding of different physical 
phenomena, which have been observed in complicated waveguide structures, from the 
standpoint of some properties of a semi-open resonator, based on cut -off waveguide splitters, 
has been discussed. 

THE IDEAS WORLD AND THE WORLD OF PHYSICAL PHENOMENA 
Albert Einstein and Leopold Infeld in their book "THE EVOLUTION OF PHYSICS: The 
Growth of Ideas from Early Concepts to Reality and Quanta" remarked "we were striving in 
broad touches to describe the attempts of human mind to find the relationship between the 
world of ideas and the world of phenomena". According to Einstein's opinion, "the most 
inconceivable characteristic of universe is that it is conceivable". Modern standpoint on the 
knowledge evolution allows to draw a conclusion about its homology with the biological 
evolution [1], but to refer ideas themselves to the categories of certain forms of lives in 
consciousness, as well as reproductionable programs (genetic algorithms and computer 
viruses) can refer to live forms in virtual reality [2,3]. In the author's opinion, the possibility 
of human cognition, as well as homology of evolution processes observed on different 
structural organization levels, is due to fundamental unities of creative processes of nature and 
consciousness [3]. It is essential that a fuller agreement of the observed phenomena with our 
theories is reached by means of inventing some new ideas and new notions, while new facts 
often compel us to abandon old theories. 

This work is devoted to the consideration of the question of shaping the new electrodynamics 
concepts on a waveguide splitter as a certain semi-open resonator, the description of an 
efficient mathematical method of electrodynamics analysis of such kind of structures and the 
demonstration of a variety of different practical actions of the newly received knowledge for 
the microwave technology. 

SOME WAYS OF OVERCOMING MATHEMATICAL MODELING PROBLEMS 
In a physical-mathematical study, it is very often fruitful to compare physical and 
mathematical information on the subject of models world and physical world singularities 
correspondence. So, for example, mathematical singularities which are not backed up by the 
analyzed structure physics, point to the need of auditing of the mathematical method, while a 
priori knowledge about singularity, for instance, on the metallic wedge, will allow a priori use 
of field representation taking this particularity into account [4]. In paper [5] it is noted that in 
problems of the applied mathematical physic, failures connected with attempts to build 
efficient solutions in the form of series on certain function system, possessing completeness 
inside a considered area, but unfit for account of its boundary conditions, sometimes brought 
about some wrong conclusions about insolubility of the problem. Therefore, it was proposed 
to divide the problem into several auxiliary subproblems, for which it is possible to find series 
satisfying both the assumed equation and boundary conditions. In such a manner, the general 
solution of Dirichlet's problem and Neiman's problem for rectangular region was obtained in 
the work [6] as a sum of two uniform problems. The usage a similar approach to solving 
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scattering problems on waveguide discontinuities has allowed to get some series which 
converge rapidly and already in one-wave approximation allowed to receive the relative error 
not more than 1-2%, regardless of the type of the problem geometry and its complexity 
[7,8,9]. It is important to note that the adequacy of electrodynamic modelling performed on 
the basis of the Treftz method to real wave processes is due to the accuracy of satisfying the 
boundary conditions. In this case, the boundary conditions are satisfied termwise for the 
expansion of the field electrical components. To illustrate it, let us consider the geometry of 
the elementary problem about the waveguide expansion where the mode matching intervals 
have been shown (dashed lines): 



where 1) corresponds to traditional mode matching method and 2) -to the method discussed here. 

Thus, for the case 2) the used Treftz method, in which an internal region (WGC) of 
"orthogonal waveguide coupling" containing no singular points inside the mode bases 
matching intervals, has been separated at the stage of selecting the problem geometry [8,9]. 
Experience shows that such an approach to solving not only scattering waveguide problems 
[7-9], but also eigenmode (scalar [10-14] and vector [15,16]) problems yields infinity rapidly 
converged equations. It should be pointed out that for the first case the one-wave 
approximations has no practical sense. 

NOTION OF NEW TYPE OF RESONATOR BASED ON CUT-OFF SPLITTERS 

The method described above enables one to analyze an electromagnetic field structure of 
different types of waveguide splitters and waveguides with complex cross sections. The most 
interesting results have been obtained under eigenmode problem statement concerning 
different types of waveguide splitters with and without dielectric filling [10-14]. It turned out 
that in the case, when splitter is formed by cut -off hollow waveguides, a limited number of 
eigenmodes exists in it that was confirmed experimentally. Hence, it follows that sections of 
cut-off waveguides operate as "spread" reflection boundaries for the field concentrated within 
the splitter area. In this case the term "spread" boundaries characterizes the fact that here it is 
impossible to indicate exactly the coordinates of reflecting surface, because the field 
attenuates from the borders of a WGC area in longitudinal directions of cut-off waveguides 
forming splitters. That is why when a splitter is excited by a propagating wave, for example 
H ]0 , the coupling quasi-eigen modes arise there, which condition the variety of their 
scattering properties, in the case when its arms are not cut-off [8,9]. According to their 
physical nature, they are analogues to the modes on "locked" waves in waveguide expansion 
or dielectric inserts. The main phenomenological difficulty in understanding this phenomenon 
was that the known resonators structures have certain metal or dielectric reflection boundaries 
and accommodate propagation of high order waves. The big contribution into the evolution of 
knowledge about the physics of phenomena in these structures was given by the "free 
oscillation model" with complex frequencies [17], that has brought about the refusal from 
previous standpoints which connect a sharp inflections of their amplitude -frequencies 
characteristics with appearance of high modes. 

NEW CONCEPTION PRACTICAL ADAPTATION IN MICROWAVE TECHNOLOGY 

The most practically important property of the discovered resonators was their semi¬ 
openness that ensures a possibility of access in a resonator area. Having filled one of the 
orthogonal waveguides by extended magnitodielectric bar (rectangular waveguides splitter 
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[9,12]) or plate (splitter of rounds waveguides and flat one [13,18,19]) and having chosen its 
sizes under condition of the waveguide being cut-off, one could locally test this object 
consecutively moving it through the area of splitter, connected with the main microwave tract. 
As quasi-eigen H modes frequencies correspond to critical frequencies of E waves of 
transmission lines, the necessity of studying the new lines, whose cross-sections have the 
form of splitters, became obvious [14-16], Waveguide splitter eigenmodes have been also 
applied for the microwave filters designing based on the resonators of different classes [20], 
In all cases, the new devices have proved to be better on many basic parameters than the 
known ones. 

CONCLUSION 

The developed conception about the new type of resonator based on cut-off waveguide 
splitter has changed the insight into phenomena physics of scattering waves on waveguides 
irregularities and has lead to the designing of unique new class of microwave devices. 
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ABSTRACT 

The eigen regimes of a multilink waveguide filter with reactive diaphragms are investigated. 
The transcendental equation for complex frequencies and Q-factor of the eigen oscillations of 
the multilink waveguide filter with reactive diaphragms is presented. The dependences of the 
eigen frequencies and Q-factor of the eigen oscillations on the structure parameters are 
shown. 

OBJECT OF RESEARCH 

A cylindrical waveguide with the N infinitely thin and perfectly conducting radial or circular 
diaphragms placed on the equal distances (L) (fig. 1) was considered. The waveguide has a 
radius a . The pieces-homogeneous layers between diaphragms are characterized by the per¬ 
mittivity (£j), permeability (// y ) and longitudinal dimensions bj (j = 1,2). 



Fig.l. Multilink waveguide filter with reactive diaphragms. 


The eigen oscillations of the symmetrical TE^ n - and TM 0n -waves were researched. The 
characteristic dimension of the diaphragms is supposed to be significantly smaller than the 
wave length {k-U X), therefore there are no phenomena of the transformation of the wave 
types. In this approach, the amplitudes of the fields on the entrances of the neighboring peri¬ 
ods are connected by the transfer matrix T of the equivalent four-pole. Taking into consid¬ 
eration the transfer matrixes of the input ( T 0 ) and output ( T 3 ) boundaries of the filter, the 
amplitudes of the fields of the radiation are defined by the operator correlation: 



( 1 ) 
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The elements of the degree of the transfer matrix T ( t ik ) were presented in [ 1 ] by the analyti¬ 
cal formulas through the Mauguin polynomials P N {X) , where X = (t u + t 22 )/ 2. 

The transcendental equation for the complex eigen frequencies was obtained from the condi¬ 
tion of the existing of a nontrivial solution of (1): 

P N ^(X)/P N (X) = t u ttuiW-YJjW + Y,)). (2) 

There Yj is the wave admittance of the regular part of the structure, and Y Q = Y { . The com¬ 
plex eigen frequencies k\. = Re/r^ + i • Im k v c ( v is the number of the resonance in the zones 
of the quasitransparent) are included in t ik as the argument ( t jk (k v c )). The upper sign in (2) 
corresponds to the 77%,, -waves and the lower sign corresponds to the TM 0n -waves. 

ANALYSIS OF THE EIGEN REGIMES 

The characteristic dependencies of the eigen frequencies k v c and Q-factor 
( Q v = - Re/c < !' /(2Im^)) [2] of the oscillations on such structure parameters as filling pa¬ 
rameter u of the diaphragms (u = cos(;r d / /)), LI a and bJL for filter were presented in 
Fig. 2-4 (N = 3) and Fig. 5 (7V = 2). 



Fig.2. Dependences of k v c and Q v 77%, - Fig.3. Dependences of k v c and Q v TM 0I - 
wave on u (L/a = 2,a/l = \5,£ i =ju j = l, wave on u (LIa = 2, all = 15,£,. = //,■ = 1). 
O'= 0,2,3), Mi =D- 

The influence of the connection between basis elements upon the spectrum of the eigen os¬ 
cillations can be seen from the dependences of the k v c (u ) and Q v {u) on the filling parameter 
u of the circular diaphragms (Fig. 2-3). These dependences are distinguished by a very small 
value of IniA:^ for the 77%, -wave (Fig. 2). In this case, the spectrum lines Re/c ( " (u) in each 
quasitransparent zone are separated by small distances if the filling parameter is small 
{u<- 0.5), and they are very close if the filling parameter is large («>0). For the TM 0 ,- 
wave the spectrum is wider (Fig. 3). This fact is conditioned by the polarization sensitivity of 
the diaphragms. 
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The absolute values of Re^, Jlm/fT| are decreasing and the Q-factor (Q v ) is increasing, if 
the frequencies (-L//1) are increasing (Fig. 4). Such behavior of k v ( and Q v is typical for 
quasiopen structures. 

The presence of the piece-homogenous regions ( s, *e 2 ) changes the conditions of the radia¬ 
tion in the external waveguide canals. The extreme values appeared in dependences of the ra¬ 
diation losses ( lmK v c ) and the Q-factor (Q v ) on the dimension of the inhomogeneous regions 
(Fig. 5). 



Fig.4. Dependences of k v c and Q v 77^, - Fig.5. Dependences of k v c and Q v T .- 
wave on Lja. (u = 0, a/l = 15, e, = //,• = 1). wave on bJL. ( Lja = 2, a/l = 12, u = 0, 

s 2 = 2 , s 0 = s, = g 3 = 1 , //,. = 1 ). 

The J is increasing and the Q-factor ( Q v )decreasing, when the dissipative losses 
(Ims,) are increasing (fig. 2). In this case Re/c^ was almost constant. 

CONCLUSIONS 

The transcendental equation for complex frequencies and Q-factor of the eigen oscillations of 
the symmetrical cylindrical waves of the waveguide with an arbitrary number of the identi¬ 
cally elements is presented. The dependences of the eigen frequencies for multilink 
waveguide filter with the reactive diaphragms on wave type, filling parameter of the dia¬ 
phragm, dimension of the dielectric layers and dissipative losses are shown. Their computa¬ 
tional algorithm does not depend on the wave type, waveguide canals and number of the 
identically elements. The presented results allow to select the optimum operation regime of 
the control devices depending on their functional purpose. 
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ABSTRACT 

A new mathematical model of a coaxial waveguide to radial waveguide junction is presented. 
The solution has been obtained in terms of generalized scattering matrices. At first, closed 
form expressions for elements of a generalized admittance matrix of the junction have been 
derived. Then, the generalized admittance matrix has been converted to a generalized 
scattering matrix. 

INTRODUCTION 

A coaxial waveguide to radial waveguide junction is widely employed as a part of coaxial-to- 
rectangular waveguide junctions, rotary joints and other variety of microwave devices. 
However, the diffraction problem of a coaxial waveguide | z 

to radial waveguide junction has not been solved in a 
generalized form so far. The known mathematical models 
are limited to the TEM mode in a coaxial line and 
formulated in terms of input admittance normalized to the 
coaxial aperture [1]. In this paper, the solution of the 
problem is obtained in terms of generalized scattering 
matrix, which describes all possible operation conditions 
of the junction. 

Furthermore, along with the solution for a general junction 
between two radial waveguides [2], the presented 
approach allows analyzing biconical antennas with non¬ 
linear elements of cones taking into account the feed geometry. 



MULTIMODE ANALYSIS OF THE JUNCTION 

Geometry of the junction is presented in Fig. 1. Transversal (to the r-direction) components of 
the electric and magnetic fields in a radial waveguide are given by (azimuthal index m is 
omitted for brevity) 


E t = g(a,f 7/' 0 (kj) + n (K r ) + b «- n (k a r)ffie p fa 

= A,f Of + A" , 


0 ) 


e r x H t = S Xf («,f ^i ( ’’ (^„ ^*) + X ~ 
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where indices E and H stand for TM and TE waves, respectively; and H™ are Hankel 
functions of the first and second kind; k n = ~Yl > K 1S the wave propagation constant in 
free space; y n = nn/l ; and <!>f are the radial waveguide eigenfunctions 

<t> £ = cos(^ n z)cos(m^)<?_ +^ JL sin(j' n z)sm{mq))e ip ; (3) 

<b" = -^ JL cos{y n z)cos(m<p)e z + sin(^ (1 z)sin; (4) 

Ir , COESr, , D , Jc M , 

y* = - j -- and y n = - j —-— are the wave admittances. 

K ' am, 

At first, we define a boundary condition on the surface H as E" = 0 and an exciting electric 
field on the surface I by 

Ei =s(c» s + Dr)z«m » h = Yprirv* * ® 

where h i is the transverse magnetic field of the coaxial mode i; Z ( . is the wave impedance of 

mode i: Z" = Z E = — ; y" E = -Jfc 0 2 £//-(fc/ /,£ ) 2 is the propagation constant of 

mode /; fc ( w ' £ = tf*’ E /a is the wave number of mode i; Xf is the i-th root of the function 
L m {x) = J m {x) -Y m {x) J m {xd/a)/Y m {xd/a ); 

X" is the i-th root of the function X; n (x) = J' m {x) - Y^(x) J' m {xd la)/Y^xd / a ); 

J m and Y m are Bessel functions of the first and second kind, order m. 

Then, the tangential magnetic fields on the surfaces II and I are found by using the Green’s 
function for a coaxial resonator. These magnetic fields can also be represented through 
equation (2) and H\ = F"' E h" ,E . Making use of continuity of tangential magnetic fields 


on the surfaces I and II and following the Galerkin procedure for the resulting equations we 
obtain the elements of the generalized admittance matrix y (ll) and y <21) : 

TM; —> TMj and TEj —> TE; mode coupling: J^ n) = jcos^y^^fj/ sin(/ ( w ' £ /); 


TEM—>TEM mode coupling : 

i; 1 "’ = jc os(k t feftl )/sin (k„fe,ii)-. 

TMj—»TM n mode coupling: 

1 T=\ k :t, i 

£ « k i (y E ) -y* V 

TEj—»TM n mode coupling: 

y <!„ 4 f ">r, ">r,“ „1 x„(K H a) 

£ J[(k n fa " {k") 2 a ' j y 2 n -(y") 2 

TMj-^TEn mode coupling: 

y„- 2I) = 0 ; 

TEj->TE n mode coupling: 

£ ’ rl-{r"f A 1 

TEM—>TM n mode coupling: 

y,m . 4‘t KEm f2,n=0 

" J e n al kleji-yl ’ " |l,n * 0 ‘ 
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Similarly, we obtain the other elements of the generalized admittance matrix Y in) and Y {11) . 
Transition from the admittance matrix to a scattering matrix yields the generalized scattering 
matrix of the junction between coaxial and radial waveguides. 

RESULTS 

Consider a cylindrical cavity formed by a short circuit in the radial waveguide (Fig. 2). 
Experimental results have been presented by Keam and Williamson [1] for the phase of the 
reflection coefficient for the partially filled with dielectric and hollow coaxial-line/cylindrical 
cavity junctions. The dimensions are a — 1.525 mm, d - 3.5 mm, R = 41 mm, /= 150 mm, 
c - 24.12 mm and £-=2.1. Both cases for TEM coaxial mode excitation have been analyzed 
using the developed mathematical model. For the first case, four generalized scattering 
matrices have been progressively cascaded: of the junction between the hollow and filled 
coaxial waveguides, of the coaxial waveguide to radial waveguide junction, of the junction 
between the filled and hollow radial waveguides, and of the short circuit in the radial 
waveguide. The computed results are plotted in Fig. 3 along with Keam and Williamson’s 
experimental values. One can see that theoretical and experimental results agree very well. 



Fig. 2 Fig. 3 

CONCLUSION 


A new approach to analysis of a coaxial waveguide to radial waveguide junction is presented. 
A key feature of the approach is the closed form expressions for elements of a generalized 
admittance matrix of the junction. Resulted generalized scattering matrix describes all 
possible operation conditions of the junction. Correctness of the developed mathematical 
model has been proved by a comparison with known results for cylindrical cavity excited by 
coaxial waveguide. 

Presented solution can be incorporated into multimode analysis of coaxial-to-rectangular 
waveguide junctions, rotary joints and other variety of microwave and antenna devices. 
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ABSTRACT 

General properties of the single- and double-band rejection sections based on the multi-aperture 
irises have been investigated. A bandstop iris with two rejection resonances has been numerically 
investigated and measured. New type of three-section bandstop filter with three-slot irises has 
been designed, optimized and tested. The calculated results for an X-band bandstop filter have 
been confirmed with good accuracy in experiment. 

INTRODUCTION 

A bandstop iris for a rectangular waveguide was first reported in [1]. Recently, it was shown that 
a resonance of total rejection exists even for the simplest two-slot iris and that it is always located 
between two points of full matching [2]. The nature of the rejection resonance was also studied 
there, and it was shown that this resonance is the structure response to the excitation at the real 
frequency close to two natural oscillation complex frequencies. In this communication, the study 
of such elements as the components of bandstop filters is discussed. 

NUMERICAL RESULTS 

A numerical model under consideration was based on the generalized 5-matrix technique The role 
of key element was played by the plane-step junction of the main rectangular waveguide and two 
(or three) waveguides of smaller cross-sections. Required full-wave 5-matrix of this junction was 
calculated by the conventional mode-matching technique (see, for example, [3]). Numerical 
investigations show that the rejection resonance (2-factor is mainly determined by the difference 
between the widths of the iris slots. Varying both the height and the width of the iris slots can 
change the location of the resonance frequency. Fig. 1 shows the frequency responses of two- 
aperture irises, slots of which were cut right next to the wide walls of the rectangular waveguide 
WR90 (iris thickness is 0.48 mm, al=14.5 mm, 0(2=12.5 mm, bl= fc2=4.75 mm (solid curve 
with square markers), bl= b2=3.75 mm (solid curve), bl=b2=1.75 mm (dashed curve)).The 
widths of the slots are fixed and their heights are changed decreasing from one curve to the other 
leading to the resonance sift to lower frequency together with making its (2-factor decreased. As it 
is seen, decreasing the heights of the slots does not necessarily leads to the increase in the Q- 
factor of the rejection resonance (as in single aperture irises). Note that even two “high” slots, 
taking approximately 90% of the waveguide height, provide a rejection effect (see the curve with 
square marks in Fig. 1). The latter is important with respect to the electrical breakdown properties. 
Similar to Fig.l rejection responses are also formed by the three-slot irises, the topology of which 
is symmetrical with relation to the horizontal axis of the waveguide cross-section. This symmetry 
provides a rarefied spectrum of the higher-order modes and decreases mutual interaction of 
fringing fields for the irises being the sections of a filter with A g /4 distances between them. The 
latter makes the response more close to the one predicted by the circuit theory. A cumulative view 
of the dependence of the three-slot iris properties on the widths of the slots is given by Fig. 2, 
where equal-value curves for the rejection frequencies and the (2-factors (defined at the 3 dB level 
of insertion loss) are presented in the coordinates (afcfi). Fig. 2 enables one to estimate the 
dimensions of the iris slots that provide a required (2-factor and rejection resonance frequency 
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(iris thickness is 0.38 mm, heights of the slots are bl=1.52 mm, b2=2.52 mm). It is clear that 
close frequency responses can be obtained both for al> a2 and for al< a2. In the case of equal 
“electromagnetic” properties for the external pair of slots and the central one (roughly speaking in 
the vicinity of their equal dimensions), the (2-factor tends to infinity and the rejection resonance 
disappears. Note also that the rejection sections based on the irises with three slots of different 
dimensions possess an interesting feature of forming frequency responses with two rejection 
resonances. The frequency responses having two rejection spikes for the three-slot iris in WR90 
(iris thickness is 0.48 mm, alxbl=13.1xl mm 2 , a2xb2= 14.2x3 mm 2 , a3x b8==l5.2x3 mm 2 ) 
are presented in Fig. 3. Calculated (solid line) and measured (triangle marks) curves are in good 
agreement although the maxima of insertion loss reach only 12 dB and 19 dB because of the finite 
conductivity. The existence of the pair of rejection resonances can be interpreted as a response of 
the open structure to the excitation of three natural oscillations with three different complex 
frequencies [2], One of them has a low Q-factor of the coupling with input and output 
waveguides, whereas the other two have high (2-factors. As an example of application of multi¬ 
slot irises for the bandstop filter design, let us consider the structure shown in the insert in Fig. 4. 
The filter-prototype design was carried out according to the following specification: frequencies 
of the stopband are f l = \0.2 GHz , f 2 = 10.3 GHz at the suppression level L s > 80 dB, edge 
frequencies of passband f pl = 10.1 GHz, j^ =10.4 GHz with permissible insertion loss L p <0.5 
dB. According to [4], we obtain the filter consisting of three sections, separated by the distances 
l, = = Xg /4. Obviously, the interaction of irises due to the fringing fields substantially 

influences both the skirt selectivity and the level of the passband insertion loss. The geometry 
optimization for the bandstop filter based on resonance irises was carried out with the aid of the 
goal function of conventional type: 



where L s and L p are the required level of insertion loss in the stop band and the pass band 
respectively. The frequencies {f$ and {fft correspond to the sets of sampling points within the 
stop and passbands, respectively. The vector of varying parameters x included all the filter 
dimensions except of the thickness of the irises and the location of the slot centers. The 
dimensions of two irises after optimization are presented in Table 1. 


Table. 1 Bandstop filter geometry 


1 st and 3rd irises 

! 2nd iris 



alx bl, mm 2 

a2x b2, mm 2 

alx bl, mm 2 

a2x b2, mm 2 

1 1, mm 

12, mm 

14.31x1.87 

12.535 2.09 

14.2552.1 

12.5751.98 

9.92 

9.95 


The curve of the insertion losses for the optimized filter geometry, pictured in Fig. 5 by solid line, 
corresponds to the goal function with an increased weight of the lower part of the pass band. The 
resulting response is characterized by quite a steep left front near the lower edge of the stopband 
(0.22 dB/MHz). The lower part of the passband of approximately 500 MHz has insertion loss 
exceeding no more than 0.15 dB. An experimental example of the filter has shown the losses of 
about 0.5 dB within the band of 450 MHz to the left of the stopband and even a steeper left front 
of the characteristic at the lower edge of the stopband (2.5 dB/MHz ) with the maximum of 
insertion loss being equal to 42 dB. Corresponding data are marked by triangles in Fig. 4. 
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CONCLUSION 

Thus, it has been shown that the multi-slot resonance irises, cross-sections of which contain 
several slots of different dimensions, form a frequency response containing a number of total 
rejection resonances equal to the number of slots having different “electromagnetic” properties 
minus one. Numerical analysis of the possibility to control the locations and the Q-factors of the 
total rejection resonances has shown that it is possible to develop easy-to-manufacture low-cost 
bandstop filters (one- and two-band) using the multi-slot irises. Three-section bandstop filter has 
been experimentally realized showing a high front steepness of the stopband frequency response. 



Fig. 1 Insertion loss for two-slot irises with different 




symmetric iris with a single stopband 


L. dB 

60 

40 

20 


10.5 11 f, GHz 



Fig. 3 Calculated (—) and measured (A) frequency Fig. 4 Calculated (—) and measured (A) insertion loss for 
responses for a two-stopband three-slot iris a bandstop filter based on three-slot irises 
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ABSTRACT 

In this paper we present the results of investigation of electromagnetic waves in a layered 
dielectric that is backed from one side by a metal plate. These waves attenuate in the direction 
of periodicity and propagate along the normal direction, so they can be treated as surface 
waves. 

INTRODUCTION 

It is well known [1] that in 1-D periodic media, there are two different basic electromagnetic 
eigen-oscillations supported without external currents and charges. In the certain frequency 
intervals (passbands) the electromagnetic oscillations represent wave process, which carry a 
constant power (in the case of absence of absorption) in the forward or backward direction. 
Between the passbands electromagnetic oscillations have a structure that is different from the 
previous case. In these frequency intervals electromagnetic oscillations transfer no energy in 
the direction of periodicity and have decreasing (increasing) dependence on the coordinate. 
These frequency intervals are called forbidden bands (stopbands). Today the 1-D periodic 
media are sometimes called 1-D photonic band gap (PBG) structures. Results of our 
investigations of the properties of electromagnetic oscillations in the stopbands of a layered 
structure are presented. Particularly, we have shown that, under some conditions, the eigen¬ 
functions, which yield the field distributions, can have zero values at certain planes normal to 
the direction of periodicity. By placing metal sheets at these planes, we can essentially change 
the properties of the waves reflected from finite number of dielectric layers lying on a metal 
plate and create dielectric-metal resonance systems having oscillations with increasing or 
decreasing field distributions along the coordinate z. These phenomena can be treated in terms 
of so-called “defect modes” [2] as the “surface defect levels” that arise as a result of existence 
of the interface between the medium with a band structure and the medium that can be 
considered as an infinite potential well. In this paper we present the results of investigations 
of the evanescent in one direction and propagating in the normal one electromagnetic waves 
in the case of a layered structure limited from one side by a metal (or in the case of periodicity 
reflected symmetrically relatively some plane). 

MULTI-LAYER DIELECTRIC 

Let us consider properties of eigen electromagnetic oscillations in a layered dielectric, which 
represents a periodical along the axis z set of layers with the thickness d ] and d 2 and 
permittivities e, end s 2 . In transversal directions (x, y), the layers are not limited. Dependence 
on time and transversal coordinate x shall be supposed as exp{/{& A .x-co/)} • 

Dependence of the transversal components of electromagnetic field on the longitudinal 
coordinate z can be found from the Maxwell equations. For arbitrarily selected two adjoining 
layers (/= 1,2) (from which we shall count the periods (s= 0)) tangential electric field 
components can be written as: 

Ef] = £, (+ V v + £/'V' Az , (1.1) 

where /i, = co / c^e, - k]c 2 /to 2 and E. ±] are constants. 
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As the considered system is periodic along the axis z with period D=d 1 +d 2 , the field 
components within the period with number s can be determined by the expression: 

E% = p' [£ f (+ V* (MD) + E, ( -y'* (z-lD) ] (1.2) 

where p is some complex number. It is easy to show that at the fixed frequency the boundary 
conditions for the field components are fulfilled only for two values of parameter p [3]: p, 
and p 2 = 1/p,. 

Inside the stopbans, |p,|<l. If k a . = k x D/2n = D/X x >0, there is a gap for the frequencies 
0<Q<Q, (Ci = (aD/(2nc)-D/X). This gap we shall call the zero stop band. Let us 
consider a structure of an electrical field in some stop 
band. An example can be seen in Fig.l where we 
show the dependences of the absolute value of E x on 
the normalized longitudinal coordinate 
\ = z/D within one period for the first stopband and 
k a =0.31,0 = 0.35 («, =sqrt{&\)-2, 

n 2 = sqrt(e 2 ) = 1.38, s" = e 2 = 0, d i = n 2 /(«, +n 2 )D, 
d 2 = n, /(«, +n 2 )D). 

From Fig.l, it follows that both eigen non¬ 
propagating oscillations (d-decreasing: |p, | < 1 ,i- 
increasing:|p 2 |>l) of layered dielectric have an 
interesting feature. In certain planes normal to the axis z, the tangential component of the 
electric field equals to zero [4]. Note that for two fundamental solutions these planes do not 
coincide. By putting in these planes metal planes, we can efficiently control the field 
distribution. 

Indeed, a general solution of electromagnetic problem with a finite layered structure is 
represented as a sum of two fundamental (partial) solutions E T (z) = C l E rA (z) + C 2 E T2 (z). If 
the metal plate is located at z = z. , the following condition must be satisfied: 

C,£ r ,,(zJ + C 2 £ ri2 (z,) = 0, (1.3) 

from which it follows that if £ rl (z,) = 0(£ r2 (zj = 0), then C 2 =0 (C|=0). Thus, choosing 
some z„, we can create the field distribution that corresponds only to one fundamental 
solution, i.e. either pure increasing or decreasing one. 

Transversal planes with zero values of the tangential component of electric field exist in all 
gaps under some conditions, but for the zero gap they are located near the edge of the gap and 
if k ( —» 0, the frequency width of this interval tends to zero. 

Using the described circumstances, we can, firstly, essentially change the performances of 
waves reflected from a finite number of dielectric layers lying on a metal plate. Secondly, one 
can create metal-dielectric resonance systems based on non-propagating waves and having 
oscillations with increasing (decreasing) field distributions along the coordinate z. Results of 
these investigations will be given elsewhere. Here we shall present the results of exploring of 
the surface waves that can exist in the forbidden zones in the semi-limited layered dielectrics 
backed by a metal plate. 
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SURFACE WAVES IN A HALF-LIMITED LAYERED DIELECTRIC 

Assume that the front surface of the metal plate has the coordinate z=z,„. The layered 
dielectric is spaced in such a way that a layer with the higher refractive index starts at the 
coordinate z~0. Changing the position of the front surface of the metal plate (0<z m <D), we 
can study different “surface levels” of electromagnetic oscillations. We shall consider the case 
when optical length of each layer equals a quarter of some reference wavelength A,,, 

i.e., d i = A,„/(4 n.). For perfect metal we have 
the boundary condition at z=z m '- 
E r (z = z m ) = C,£ rJ (z = z m ) + C 2 E r2 (z = z m ). 
If E t ,(z) corresponds to the decreasing 
solution then we have to suppose that C 2 =0 
and try to find such a frequency Q and 
transversal wavenumber k x inside a forbidden 
band that E x , (Q, k. x ,z = z m ) = 0. 

In Fig.2 (5-polarization) and Fig.3 (p- 
polarization), we present the results of solving 
this dispersion equation (symbols {—} -z,„=0, 

the layered medium starts with the more dense 
layer of «i=2; and symbols {+} - z m =di, 
layered medium starts with the less dense 
layer of n2=1.38) . Letters p mark passbands 
and letters/mark forbidden bands. 

We can see that for 5-polarization there are 
surface waves both for z„,=0 and z m =di, but 
surface waves with p-polarization exist only 
when z„,= 0- The surface wave in the zero 
forbidden band exists only for 5-polarization 
when Q<z m <d//2 and (d l +d 2 /2)<z m <D. In the 
first forbidden band for the 5-polarization 
waves can travel along the x-axis with phase 
velocities less or greater than that of light 
(0<z m <d//2 and (di+d 2 /2)<z m <D) and they are slow waves if di/2<z m <(di+d 2 /2). 

For the p-polarization surface waves in the zero forbidden band cannot exist. In the first 
forbidden band waves travel along the x-axis with phase velocities less or greater than that of 
light only if ( 0<z m <di/2 and (di+d 2 /2)<z m <D)- So, surface waves with the p-polarization do 
not exist if di/2<z m <(d,+d 2 /2). 

Our preliminary simulations have shown that the studied surface waves can exist in the 
layered structures with finite number of layers backed from one side by the metal. 
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INTRODUCTION 

Due to needs of modern radio-physics and plasma electronics, dispersion properties of the 
plasma filled waveguides of different geometries have been actively studied recently. Such 
waveguides are used as the main component of oscillators and amplifiers of high frequency 
electromagnetic waves and guiders of intense charged particle beams [1], Theoretical study of 
surface flute modes (SFM) which can propagate along azimuthal angular direction in a 
cylindrical metal waveguide with non-circular cross-section can be useful for elaboration of 
various radio engineering and plasma electron devices. 

That is why this paper is devoted to description of the SFM electromagnetic properties. They 
are studied analytically and numerically by using Maxwell equations for description of the 
SFM fields and cold plasma model with the aid of successive approximation method. 

PROBLEM GEOMETRY AND ANALYTICAL STUDY 

Consider a cylindrical metal waveguide which is completely filled with magneto-active 
plasma. An external uniform magnetic field H 0 is oriented along the z axis. The radius of 
metal waveguide is characterized by the following expression: R 2 = R,(l + hcosNcp). 
Dependence of the SFM fields on coordinates and time is chosen in the following form: 
f m (r)exp(im(p-icot). Here h is a small parameter, © is the wave frequency, m is the 

azimuthal wave number. We suppose here that ^- = 0. If there is a narrow axial slot in the 

oz 

metal waveguide (it means that its angular size <p 0 «1) then by using Maxwell’s equations 
and two boundary conditions: the SFM fields are of finite value at the axis of the waveguide, 
and the tangential component of the SFM electric field is zero at the metal surface, one can 
find the following dispersion equation: 

ms 2 | I'jkR^p) _ -cp 0 (J‘ m (kR 2 ) + iN m (kR 2 )) 
kR 2 e,'F 0 2 x P 0 I m (kR 2 'P 0 ) 27t(J m (kR 2 ) + iN in (kR 2 )) ’ ( ) 

e 2 -e 2 

where T 2 =~ L £ — L > I, n (x) is modified Bessel function, J m (x) and N m( (x) are the Bessel 

and Neiman functions, respectively, the prime means the derivative with respect to argument, 
k = © / c, Sj is the plasma permeability tensor in the approximation of cold plasma. Solution 
of (1) has been found in the form: © = © 0 +A©-iy, where jAoo| « oo 0 , y«co 0 , © 0 is the 
solution of (1) in the zero approximation (cp 0 = 0), A a> 0 and y are real and imagine parts of 
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the first order approximation for the © 0 , respectively. In the limiting case one can find the 
following analytical expressions: 


A©«-^Q e ; y «-(p 0 —- 


kR 2 Y 2ml m! 2 


2Q e , if kR 2 «1; 


2 J 7t 2 |m| 


Am « Q e J 7 ~-^O c , if kR, » m, 
11 271 


(2) 


4rcka 


here Q e is the Langmuir frequency. 

In the case of the waveguide with non-circular cross-section one can find the 
following analytical expressions as a correction to © 0 . If the inequality kR 2 v I / 0 » N,m is 
valid, then correction term is as follows: 


Am*-yo 0 |l + ^2N[. 


(3) 


However, in the opposite limiting case kR 2 'F 0 « N,m one can find another solution: 
\ 4N© 2 


A© a 


-h 2 © 0 


kR.a 


when © 0 0 


2N© 0 I 

-j—r- when © 0 ~ © 

Pel 


(4) 


RESULTS OF NUMERICAL STUDY 

Numerical analysis of (1) enables one to obtain the results presented in Figure 1, where 
Q e 2 

P = —f = 50 • Lines marked by squares, triangles and diamonds have been obtained in the 
© c 

cases of m=2, 3 and 4, respectively. 
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One can see that the SFM with small values of azimuthal wavenumbers damp more stronger 
than those with relatively great wavenumbers. 

Figure 2 illustrates a results of spatial structure of the SFM magnetic field for the case 

R, = 7-^- and m=3. 

O e 
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Fig. 2. 


CONCLUSION 

Dispersion properties of the SFM have been studied in the case of magnetoactive plasma- 
filled metal waveguide with the cross-section which is characterized by the equation 
R 2 ((p) = R,(l + hsinN(p). Eigenfrequencies and spatial distributions of the SFM fields have 
been found and analyzed both analytically and numerically. The SFM damping caused by 
emission of their power through an axially directed narrow slot has been studied as well. It is 
found that these X-polarized modes are the fast waves: their magnetic component is much 
greater than both electric components; their wave power flow is directed mainly along a small 
azimuth angle. The SFM propagation can be considered as alternative method for wall 
conditioning in fusion devices during a microwave gas discharge. 

The work was supported in part by the Science and Technology Center in Ukraine, 
project #1112. 
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ABSTRACT 

A study of an H-plane structure composed of the feeding waveguide, horn and dielectric 
loading with polyhedral boundaries is described. The method of analysis is domain product 
technique (DPT). Results demonstrating improvements in radiation characteristics are 
presented for several configurations. 

INTRODUCTION 

Effects of dielectrics on radiation of electromagnetic horns have been examined by a number 
of authors. It was established that dielectric loading could provide significant improvements 
in some of their characteristics [1]. Because of complex geometry, many configurations of 
this type can be studied only experimentally or using direct numerical methods requiring long 
computing time and large storage capacity of computer. 

This paper deals with a symmetric H-plane radiating structure composed of the feed, horn and 
dielectric embedding of a multiangular cross-section. One possible geometry is shown in Fig. 
1. An efficient rigorous analysis of the structure is based on the DPT method [2,3]. Sample 
results showing reduction in the beamwidth and lowering the side lobe level are presented for 
several loaded radiators. 

FORMULATION 

Two regions form the structure considered. 

Region 1 is occupied by dielectric with relative 
permittivity £. Region 2 contains a filament 
source extending along the z -axis. It is 
assumed that the waveguide supports a single 
TE l0 mode and the source is far enough from 
the aperture so that the horn is excited either 
by dominant mode. Both regions may consist 
of more than one separate part. The profiles of 
region 1 and 2 are broken lines composed of 
N (t) and N (2) segments respectively. The 
length of the j th segment is 2 fj p) . The time 
dependence is exp (icot). X is the free-space 
wavelength, k m =k„=2n!X and Fig. 1 Geometry of .he problem 

k 0) =^£k 0 . In addition to the basic system ( x,y,z ), a local Cartesian co-ordinate system 
( x Y\y) p) ) and an elliptic one are introduced for the j th segment of the p th 

region O'= 1, N (p) , p = 1,2): 

1 On leave from Technical University of Zaporozhye, 64 Zhukovsky Str., 330063 Zaporozhye, Ukraine 
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xf = fj p) cosh Bff cos qf , yf = fj p) sinh iff sin qf ( 1 ) 

Boundary value problem is formulated with respect to the single component of 
electromagnetic field E z satisfying Helmholtz’s equation with appropriate boundary, edge 
and radiation conditions. Denote electric field sought in regions 1 and 2 as M 0) and m ( 2) . In 
every cross-sectional region, the field is constructed in the form of a sum as 


« (2) = Mj +|>; 2) ( 2 ) 

Here, u s is the known contribution of the source and terms uf (j = \,N ip) , p = 1,2) are given 
by expansions 


» Me m (t (p) a (p) ) 
uf=T p Di fff ' q > ceM P \qf) 
1 n Mef (0, qf) J 1 


(3) 


where ce n (rjf ,qf) is the even angular Mathieu function of index n , Mef (ff ,qf) is 


the relevant radial Mathieu function and qf = (k {p) fj /2) 2 . {'Dj} and { 2 Z)j} are sequences 
of the unknown expansion coefficients. Substituting (2) and (3) into boundary conditions 
leads in the manner usual for DPT to an infinite matrix that can be solved after truncation. 
Validation of the theory and the pertinent computer code was performed in the case of an H- 
sectoral horn loaded by a quasi dielectric (s = 1) insert. The results obtained are in complete 
agreement with the known solution [2] for the same configuration without loading. 


NUMERICAL RESULTS 

The radiation properties of the structure have been examined according to the procedure 
described in the previous section for a selected set of parameters. Some of the results are 
presented and discussed below. 




Fig. 2 Radiation pattern of unloaded and loaded horn shown in Fig. 1 for 
alA,-Q.15,qla = 2, b/a = 1.5, da = 1.5, dla = 0.16 and Ha- 0.5. Solid line: unloaded; 
circles: loaded (s = 4). 

Fig. 3 Radiation pattern of unloaded and loaded horn for a/A = 0.75,q/a = 2,q, la = 0 . 23 , 
c/a = 1.5 and bla - 1. Solid line: unloaded; circles: loaded (s = 2). 
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Improvements in radiation characteristics of dielectric-loaded horns are usually archived at 
the expense of the new appreciable side lobes [1]. Results given in Fig. 2 demonstrate the 
opposite. The loading lowers significantly the level of the minor radiation. Fig. 3 shows far- 
field patterns calculated for the horn depicted in the background. The narrowing of the main 
beam, caused by dielectric slabs, is clearly seen. Fig. 4 shows the radiation pattern of the 
open-ended waveguide loaded with multiangular dielectric lens. It is seen that the lens 
increases directivity of the waveguide appreciably. 




Fig. 4 Radiation pattern of unloaded and loaded open-ended waveguide for a IX = 0.75, 
q I a = \.35,b / a = \ .5,1 / a = 0.5, /, / a = 0.1 and d/a = 0.2. Solid line: unloaded; circles: 
loaded (e = 4). 

Fig. 5 Radiation pattern of unloaded and loaded horn for t// = 60", a / /1 = 0.75, l/a = 2.95, 
r/a = \A5, d a = 2.\,c x / a = 0.87, c 2 /a = 0.3 and b/a = 2.97. Solid line: unloaded; circles: 
loaded (data calculated for s = 2.586); crosses: loaded (experimental data for s = 2.586). 


Parameters of the insert shown in Fig. 5 have been chosen with the aid of computational 
experiment to narrow the main beam and to lower simultaneously the side lobe level. In the 
same figure, the calculated radiation pattern is compared with the results of measurement 
performed for the H-sectoral horn with the waveguide dimensions 10 cm x 4 cm. As it is seen, 
agreement between the theory and experiment is quite satisfactory. 

All numerical examples given were obtained by changing the input data only. On the whole, 
computation time depends on the dimensions of the antenna but is fairly short. For a structure 
with subdomain boundaries in the total electric length extending to 20 wavelengths, 
computation of the radiation pattern takes about 5 s with an IBM-PC-compatible computer 
based on Pentium-II CPU at 266 MHz. 
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ABSTRACT 

A waveguide section filled periodically with magneto-dielectric layers and metal gratings is 
investigated. The amplitude-frequency characteristics, conditions of the resonant transparency 
and high-Q natural oscillations are obtained. 

INTRODUCTION 

The resonance properties of a periodic set of gratings of metal bars in free space have been 
investigated in [1]. The revealed high frequency selectivity of such a structure stimulates the 
investigation of a similar system in a waveguide as a filter. This paper deals with a periodic 
sequence of gratings and magneto-dielectric layers in a rectangular waveguide. 

GEOMETRY 

A section of a rectangular waveguide (a x b ) is considered. There are N identical unit cells 
placed periodically with the period L along the z-axis (the direction of the wave propagation). 
A unit cell contains a grating of rectangular metal bars (h is the grating thickness, l is the 
grating period along the y-axis, g is the gap between the bars) between two dielectric layers. 
The latter are characterized by the thicknesses di and efe, permittivities si and £ 2 , and 
permeabilities /ui and fi 2 , respectively. The input and output waveguides are filled with 
magneto-dielectrics of permittivities so, £3 and permeabilities /uo, fi 3 , respectively. The 
structure is homogeneous along the x-axis. We consider the single-mode regime of TE m o- 
modes and use the long-wave approximation (ae=///l«1). 
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METHOD OF SOLUTION 

The diffraction problem of TE m0 -modes is solved by using the matrix approach and the theory 
of the matrix polynomial [2,3]. The transfer matrix T of the unit cell of the structure has been 
obtained from the solution presented in [4]. The transfer matrices of the input T 0 and output 
T 3 of the waveguide are determined using the standard boundary condition for the interface 
of homogeneous layers. The amplitude of the incident wave is related to the scattered field 
amplitudes by the product of TqT^Tj. Direct analytical formulas of the reflection R and 
transmission r coefficients are taken from [2] in terms of the Mauguin polynomials [5]. 

RESULTS 

1. Reflection characteristics 

There are wide stopbands and narrow passbands near high-Q resonances on the reflection 
characteristics of the structure (Fig.2), similarly to the structure with simpler unit cells [2]. 
Position and width of the bands result from the equation for the propagation constant of the 
relevant infinite waveguide [1,2]. The resonances in the passbands are determined by the 
zeros of the Mauguin polynomials cos(;rv/yv) = (r,, + ^ 2 2 )/ 2 » where v=l,2,..N-l is the number 
of resonance, tn and t 22 are the elements of the transfer matrix T. High Q-factors of the 
resonances result from the high selectivity of a single grating and weak electromagnetic 
coupling between the gratings in a set. The Q-factor can be evaluated using the ratio of the 
total number of the resonances (N-l) to the width of the corresponding passband 
Q ~ (N -1 )/(ae N _j -ae,). If h/X« 1 and £j=ftj=\, then the passband width is 
32/v_i -$i =cos(7r/N)/m(2\]nsin(7ig/2l}+nh/g), where n is the number of the passband. 



Fig.2 Frequency dependences of the reflection 
coefficient module, TEio-mode, N=5, a//=40, 
dJb-2, Ul=20, M=6, £ 0 , 2,3=1 £j=9+i 0.001, 
/4=7,^/(L-/i)=0.2. 



coefficient module, TE| 0 -mode, N=7, a//=40, 
a/b=2, L/l-20, g/l-0.2, h/l=6 , £ 0 , 2 , 3 = 1, 
Re(£-,)=9, iij=1, ch/(L-h)= 0.2. 


Insertion of magneto-dielectric layers between the gratings enables one 1) to improve the 
matching of the section with the input and output, 2) to decrease the total length of the 
structure, 3) to increase the number of the varying parameters, 4) to simplify the fabrication 
method. It is important to take into account the influence of the dissipative losses in the layers 
on Q-factor (Fig.3). 
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2. Natural Oscillations 

Obtained analytical formulas for the scattering coefficients enable one to investigate the 
natural oscillations of the structure depending on the geometric, field and material parameters. 
Figs.4 and5 illustrate a typical behavior of the complex frequencies asj = Reasj' + /Ima;J and 
Q-factors Q v = Rea;-'/imasj . It is important to notice that the Q-factors of the resonances 
grow with the increase of frequency (Fig.4). If the dissipative losses get greater, the absolute 
value |lmae c | increases and Q-factor decreases (Fig.5). 


5,0 5,5 6,0 6,5 7,0 



Fig.4 Dependence of the natural frequencies and 
Q-factor of the filter on the thickness of the 
grating, TEio-mode, N=4, a//=40, a/b=2, L/l=20, 
g/l=6, £o,2,3= 1, £?=2, /tj= 7, d )/(L-/?)=0.1. 



Fig.5 Dependence of the natural frequencies and 
Q-factor of the filter on the dielectric losses, 
TEio-mode, N=4, a//=40, dJb=2,Ul=20, h/l=6, 
£ 0 . 2 . 3 = 1, Re(*,)=2, pj= 1, 4,/(L-A)=0.1. 


CONCLUSION 

Obtained results enable us to recommend the investigated structure as a basis of a high-Q 
waveguide filter of the TE mo -rnodes. The presence of additional resonant magneto-dielectric 
layers before and behind of the grating in the unit cells enables one to modify the 
characteristics of the filter in a wide range. Analytical expressions for the resonance 
frequencies and Q-factors of the oscillations have been obtained. Their behavior has been 
illustrated by the dependences of the reflection coefficient and natural complex frequencies on 
the parameters of the system. 
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ABSTRACT 

Using the method of overlapping regions, an electromagnetic model of an E-plane cross¬ 
shaped divider is developed. The coupling region of the cross-shaped divider includes 
rectangular resonance cavities. Numerical values of the scattering matrix coefficients have 
been obtained. 

INTRODUCTION 

Parameter determination of the measuring standards of reflection and transmission 
coefficients by numerical methods is a perspective tendency in the microwave metrology. E- 
plane cross-shaped junction of rectangular waveguides has a smooth scattering matrix 
coefficient behavior against frequency. The junction is used as a reference discontinuity in 
various measuring devices. Thus the comprehensive investigation of the junction properties is 
practically valuable. 

ELECTROMAGNETIC MODEL OF THE WAVEGUIDE JUNCTION 

In the present paper, electromagnetic calculation of the scattering matrix of the loaded E- 
plane cross-shaped junction of rectangular waveguides is made by means of the method of 
overlapping regions [1]. The configuration of the divider under consideration is shown in Fig. 
la. 




F.GGz 

a) b) 

Fig. 1. (a) A loaded E-plane cross-shaped junction of rectangular waveguides, (b) The 
scattering matrix coefficients of loaded divider: c-1.2b, d=].97b, a x b=7.2 x 1.7mm. 
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The protruding arm, regions I and II, is a rectangular waveguide (of dimensions a and b, a 
being the broader dimension) which supports the dominant H [0 mode only. In the junction, 
the modal fields must be of the H -type only (i.e., having no electric field component E x ), 
and their dependence on x takes the form of sin n/a{x + a/2). Regions I, II, III and IV are 
the overlapping regions with boundaries: 


region I: 

ci a 

— < x < — , 

2 2 

— <y <—, 

2 2 

-00 < Z < oo 

region II: 

a a 

- <A< - , 

2 2 

— oo < y < oo, 

b b 

— < z < — ; 
2 2 

region III: 

a ^ a 

— < x < — , 

2 2 

d^ ^d 

-< v < — , 

2 2 

c c 

— < z< —; 
2 2 

region IV: 

a a 

— < x < — , 

2 2 

c c 

- — < y <-, 

2 2 

d d 

-< z< — 

2 2 


For the selected simple regions, a system of integral equations has been derived. The solution 
has been obtained by the method of eigenfunctions. In the regions I and II, the H x - 

components have been expanded in terms of the waveguides modes, and in the regions III and 
IV they have been expanded in terms of the resonator modes [2]. The electromagnetic 
problem constructed in this way enables us to determine the divider scattering matrix 
coefficients S iJ = Sy(a,b,c,d,F,N) as a function of geometrical sizes a, b ,c, d in the whole 
frequency band F of the single mode excitation. The number of the taken into account 
higher-order modes wasN=15. 

NUMERICAL RESULTS AND DISCUSSIONS 

The device can be considered as a cross-shaped divider, which is loaded with waveguide 
irregularities in the form of step discontinuity of impedance. The properties of divider are 
investigated beforehand by the method of the loaded multi-port. Initial numerical values of 
the scattering matrix coefficients were calculated by using the rigorous solution of an 
electromagnetic problem. The values of reflection coefficients of the loads in the output ports 
were determined from the solution of the concrete problem. 

Application of the divider as a 6-port transducer of complex signals demands the input power 
to be split into four equal parts. This can be achieved by using the principal mode H i0 or by 
using higher non-propagating modes H ln . 

The situation of equal splitting under conditions of operating with higher modes H Ul is 

illustrated in Fig. lb. The corresponding sizes of resonator cavities were c=1.2b, d=].97b. 
With these sizes, the absolute value of Sy lies between 0.49 and 0.51. 
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Fig. 2a displays the situation with operating mode H ]0 . The divider sizes were d » 3/ 2X f , 
c=3b. The parameters mentioned above correspond to the analysis of the divider loaded by 
steps in the rectangular waveguides with impedance ratio 1/3 by means of the theory of 
transmission lines. 



28.00 30.00 F,GGz 32 - 00 28 00 30 00 FjGGz 32 00 

a) b) 

Fig. 2. The divider scattering matrix coefficients as a function of the cavity sizes d and c : 
a) d=6.55b, c=3b ; b) d=4.7b, c=3b. 

If the lengths d of the resonator cavities are equal to XJ2 and the width c is equal to 3b, the 
effect of narrow-band matching in the input port has been observed. This situation is 
illustrated in Fig. 2b. 

Therefore, the divider can be applied in practice using as the operating wave both the 
principal propagating mode and higher non-propagating modes H Ul . The obtained results 

enable us to investigate the properties of the divider with different sizes of resonator cavities. 
They also show that the divider can be applied as a reference multiple-port discontinuity for 
the design of the analyzers of microwave circuits. 
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ABSTRACT 

Longitudinal slot in a broad wall of a rectangular waveguide filled with a centrally positioned 
dielectric slab is considered. Radiation coefficients of the slot are studied using the modified 
eigen-wave method in the excitation problem. Dependence of radiation coefficient and 
resonance properties of the slot on geometry of the system, dielectric permittivity, width of 
the slot and its position in the waveguide wall have been studied in the X-band. 

INTRODUCTION 

Longitudinal slots in partially filled with dielectric waveguides are more difficult for 
theoretical studying than transversal ones. The scattering elements of a slot can be considered 
as functionals of the magnetic field H excited by the electric field in the slot in the source 
region. Magnetic current equivalent to the electric field in the slot, that is a surface one, is 
used as a source of this field. The density distribution function of this current contains the 
Dirac delta-function which causes difficulties of obtaining a convergent solution for the 
magnetic field. Using the eigen-wave method [1] or the method of the Green’s function for 
the field [2] (the main methods of solving an excitation problem) one encounters the 
following difficulties. In both cases the expression for the H -field excited by a longitudinal 
magnetic current contains its density (and the Dirac delta-function as well) in the explicit 
form. This prevents one from obtaining the convergent expression for the inner admittance of 
the slot, without which it is impossible to obtain its power parameters (radiation coefficient 
and others). The authors of [2] did not write in their paper how they have overcome this 
difficulty. Modification of the eigen-wave method proposed in [3] permits to obtain a 
convergent solution for the //-field. The purpose of this paper is to illustrate the possibilities 
of this method for calculating the radiation coefficients of longitudinal slots in a waveguide 
with a dielectric slab and studying these slots’ resonance properties. 

DISCUSSION 

Geometry of the system considered. A rectangular waveguide of ax b =23 x 10 mm cross 
section is partially filled with a centrally positioned dielectric slab of the width a 2 and 
permittivity e. The waveguide wall thickness is supposed to be finite. The slab is parallel to 
the narrow walls of the waveguide. The coordinate system x,y,z is used inside the waveguide, 
z is longitudinal coordinate. The sot of length L and width d is cut in the broad wall of the 
waveguide, xq is displacement of the slot center from the narrow wall; u and v are local 
coordinates along and across the slot with the origin in its center. 

The main steps of obtaining a slot power parameters are as follows. The electric field in 
the slot is presented as e sX = V x e on the inner surface of the slot and e s2 = V 2 e on the outer 

one. Here, e=v°e v , e v = sm[n(u+L/2)l L^l d, V\ and V 2 are voltages between the slot 

edges in the bulges of the E-field, v°is a unit vector along the v-axis. For simplicity, the our 
study was done by characterizing the E-field along the slot with the only one half-wave of a 
sinusoidal function and admitting E to be constant in the transverse direction. Magnetic field 
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H : excited by the slot is to be found under the slot in order to obtain the inner slot 
admittance. Magnetic current which excites this field has the density J'" = [e vl ,n‘ ], where n‘ 
is the unit vector normal to the inner slot surface. Taking into account the expression for the 
field e £l we can represent J 1 ” in the form 

J" 1 = i°e v (u,v)5(y), (1) 

where z° is a unit vector along z-axis, b(y) is the Dirac delta-function, y is the coordinate 
along the axis normal to the inner slot surface where y = 0. 

The above mentioned methods [1,2] yield the expression for the //.-field that consists 
of the infinite sums of LE- and LA/-waves and the divergent extra sum term: 

H : =-(z°,J'")/(m[i a ), (2) 

where co is the frequency, \x. a is the absolute magnetic permeability, i is imaginary unit. 

The idea of the eigen-wave method modification is as follows. The set of potential eigen¬ 
functions Lj = Vcp'" was built for the waveguide with a dielectric slab. These functions are 
orthogonal in the cross section of the waveguide. This property was used in the series 
expansion of (2). The combination of three sums (over LE- and LM- waves and the last one) 
resulted in the convergent series. The //-field obtained was used for determining the 
longitudinal slots inner admittance and, after that, for calculation of their power parameters. 
Calculation results.. Calculations were performed for the slabs having permittivities 8=10 
(a 2 =1 mm), 8=16 (a 2 =0.5 mm and a 2 - 1 mm). In all three cases the cut-off wavelengths of 
the // 20 -mode were X ( . s 24mm, for the H i0 -modes X c =62, 60 mm and 72 mm, respectively, 
and in the band 24 < X < 45 mm the wavelengths in the waveguide were smaller than those in 
the free space. It is very useful in the scanning antenna design. For creating a required 
amplitude-phase distribution along antenna it is necessary to have possibility of variation of 
separate slot radiation coefficients in the limits: 

0.05 <]5 e |^ <0.5, (3) 

where subscript "res" means "resonance". 

As a result of calculations it was shown that as unlike the empty waveguide, in the case of a 
waveguide with centrally positioned dielectric longitudinal slab the radiation coefficient 
increases with „y 0 approaching to the wall axis where the dielectric slab is placed. If 

permittivity e is not high enough, may vary in much smaller limits. For example, if 

A,=31mm,e = 10, ci 2 = 0.5 mm, the radiation coefficient remains practically constant for all 
x (l .in the region where e = l. It was found that the most suitable geometry for fitting (3) is the 
following one: e=16, a 2 =1 mm, d=1.5 mm (see Figure 1). The curve-numbers 1-9 in this 
Figure correspond to the displacements x 0 =l, 2.5, 4, 5, 6, 7, 8, 9, 10.25 mm. It is well seen 
that the electric length of resonance slot diminishes with the slot approaching to the dielectric. 
This effect was discussed in detail in [4], The relative width of curves of |*S^| 2 (X.) is of great 
interest as well. In Figure 2, the relative width AX/X ret of radiation coefficient dependences 
on X (curves plotted in Figure 1) are represented as a function of x 0 . The shifts AX were 
fixed at the level 0.5|,Sy|* v . The curve order numbers correspond to the following cases: 1.- 
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£ = 10,« 2 = lmm,d = 1.5mm, 2.-e=16, a 2 =0.5 mm, d- 1.5 mm. 3.-s=10, a 2 = 1 mm, 
d= 3mm, 4.-£=16, a 2 = 0.5 mm, d =3 mm, 5.-£=16, a 2 = \ mm, d= 1.5 mm., 6 -e = 16, 
a 2 = 1 mm, <7=3 mm.. It is seen that these functions are rather irregular. The average level of 
AX/X rex does not vary significantly from that of the slots in an empty waveguide (about 
15%). The tendency of widening of the functions \S Z \ (A,) is observed in most cases when x 0 
is directly near the dielectric slab. In the middle parts of the curves, the oscillations of 
AX/k mf in the range of (3-4)% take place. Apparently it can be caused by the complicated 
structure of field in the waveguide considered and besides by not very accurate calculations of 
these functions. In order to reveal the real reason of these oscillations it is necessary to 
continue the investigations. 



Figure 1 


Figure 2 


CONCLUSION 

The results obtained make more clear the physical regularities taking place in the 
electromagnetic field radiation by a slot cut in a rectangular waveguide with a dielectric slab 
inside. These results may be used in the design of the scanning waveguide-slot antennas. 
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RECTANGULAR WAVEGUIDE WITH A LAMELLAR GRATING 
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ABSTRACT 

Interest to research and use of slowing-down electromagnetic systems (ES) in waveguides 
with rectangular grooves recently has been revived (see [1]). In the present work, in a rigorous 
manner the spectral problem of infinite rectangular waveguide for the longitudinal electrical 
(LE) waves [2] for ES with periodic slowing-down systems with any number of arbitrary size 
resonators in the period is considered. This work is a generalization of results of paper [3], 
where we considered a lamellar grating with one resonator in the period by using the discrete 
singularities (currents) method, also known as vortex lattice method. 

The spectral problem for a rectangular waveguide with a grating on the wide wall can be 
reduced, by using the technique of [3], to a spectral problem for a two-dimensional (2D) ES 
(Fig. 1), whose cross-section by the plane XoZ is homogeneous along the axis oY and 
coincides with the similar cross-section of the initial structure. Starting from the Maxwell 
equations for 2D problem we obtain the set of singular integral equations (SSIE) with 
additional conditions (1), based on the method published in [5,6]: 

Q by 

Z \[ G ( z ’S) + S pq M p( z ’S)] F ^) d S= 0; ze[a p ,b p ], 

(l=\ci a _ 

. 0) 

Q b % 

I J K(z,g)F(g)dg= 0; 

In the case of Q resonators in the period of slowing-down system, the kernels of the singular 
equations for the LE /n - waves are 


G(z,^) = 


ctg ~g) + i—cth(y 0 b) + 
l ro 


M p (z,g) = -~~{ctg 1 ^-(z-g) + ctg : ^-(z + g-2a p ) + 


2 L n 1 2L, 


"=iL r,r 

and the additional conditions are 


4 Z %yCth(r„6)-l smk[ p) (z-a p )cosk { n p) (g-aA 


= s„ Tctg(^)- (r, l bp tl " ibp ~ g 


-ff) J k zn(a P -c) 
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In these expressions the following notations are used 


yl = k 2 -k 2 \ (yl q) ) 2 =(kl ll) ) 2 -k 2 ] kl q) =j-n\ k„=k :o + ^-n; L q =b q - 


The symbol ^ denotes the sum over 
7 ? =-co...co excluding n = 0 , k is the 
wavenumber in free space. Other notations are 
shown in Fig. 1. The required function F(z) is 
connected to a longitudinal component of electric 
field on the border between the resonator and the 
space of interaction by expressions: 

m = £ ; M a , 0 ; f„(z) = 

F(z) = F q (z),ze[a,,b,V, q = m 
The z-component of the electric field in the space of interaction E+ ,(x> 0) and in resonators 
E~ q ,{x< 0) is presented as 

sh(r„(ft-*)) jk in z. 



E z (x,z) = --t ^c„r„- 


E zq (x,z)='-Y^r^ 

K n=0 


sh (y n b) 
sh ^\ x +h)) ~ 


0 <x<b, 


( 2 ) 


s kj?\z 


and satisfy, together with the other components of electromagnetic field, the boundary 
conditions on the perfectly conducting metal surfaces of ES. Other components of 
electromagnetic field are expressed through the component E z by using the Maxwell 
equations. The factor of decomposition (2) - (3) is determined through the SSEE solution 
F(z) from expressions 

' b a 


c„=^fk)e 

' n < 7-1 a 


' dq \ c„ = - 


ik 




0 


\F(?)dg , 

<>q 

b q 

2 Jf(£-)cos kj t q) (g-a q ),n> 0 


Longitudinal component of the field E and dispersion curves k^ w \k z ) of the 
rectangular waveguide are expressed through the solution of 2D problem as follows: 
E^ v) (x, y, z) = E z (x, z) cos k y y, k (w) (k z ) = -Jk 2 (k z ) + k 2 , where k y =lx/a;a is the width 
of the wall of rectangular waveguide along the axis OY, l is the index of the LE /m - wave. 


Fig. 2a - ES a : ( b = 1.5; ft, = 0; b { = 0.5; h x = 2;); 

Fig. 2b - ES b : (b = 0.75; ft, = 0; b x = 0.25; /z, =1; a 2 = 0.5; b 2 = 0.75; h 2 = 1;); 
Fig. 2c - ES C : ( b = 0.75; a, =0; b,= 0.25; h, = 1; a 2 = 0.5; b 2 = 0.75; h 2 = 0.9). 
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The numbers in figures specify indices of theLFj,, waves. 

The normalized parameters ES a and ES b were chosen so that the geometrical sizes of these 
ES were identical and dispersion curves differed only because of the presence of 
computational mistakes in the matrix elements (of the order of 10 -7 ) and in calculations. For 
ES ES C the height of resonators differs on 10%. Comparison of figures shows that small 
manufacturing errors in slowing-down systems can essentially change the shape of dispersion 
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NEW EXPLICIT SOLUTIONS IN TIME DOMAIN 
FOR WAVEGUIDE SIGNALS 

Oleg A. Tretyakov and Zheng Yu 
Kharkov National University, Kharkov, 61077, Ukraine 


ABSTRACT 

Study of electromagnetic phenomena in Time Domain (TD) within the scope of the classical 
approach has faced the problems of a principal nature [1]. Evolutionary Approach to 
Electromagnetics (EAE) has been proposed as an alternative tool capable to overcome the 
difficulties in the development of Electromagnetics for TD [2]. In this presentation, idea of 
EAE is explained and two examples of its application are demonstrated. 


SCHEME OF EAE 

A system of Maxwell’s equations can be shortly written as an abstract operator equation MX 
(R, t) = F(R,t), where M is Maxwell’s operator, X(R,t) is the sought electromagnetic field, 
F(R,t) is the given function of impressed forces. EAE has been developed [2] starting from 
separation of Maxwell’s operator as M = W + B, where IE is a linear self-adjoint operator 
acting on waveguide transverse coordinates r of the position vector R = r + az, (\z\ = 1) at the 
argument of X(R,t). Operator B can be linear or nonlinear as the constitutive relations 
involved in M dictate it. 

Operator W is self-adjoint due to the boundary conditions over the perfectly conducting 
waveguide surface involved in this definition. It has the eignevectors specified as the 
eigenfunctions of the operator eigenvalue equation WYf r ) = kjYf r ), where re S, S is a 
waveguide cross-section. Spectrum kj is real and discrete. Eigenvector set i Y ; (r ) r’ is 
complete. It originates a basis in the Hilbert space chosen as the space of solution. Projection 
of the solution sought onto the basis elements looks as X(R,t) = ^ (;) c ( .(z,t)Y;. (r) , where the 

scalar coefficients cfzJ) are unknowns. A problems for them can be obtained via projecting of 
Maxwell’s equations themselves onto the same basis elements Y,fR)’s. This procedure results 
in a system of evolutionary (i.e. with time derivative) partial differential equations for Cj(z,t). 
Operator B determines the type of these equations. 


WAVEGUIDE MODES IN TD 

Electromagnetic fields of TM and TE waveguide modes can be presented as 

E. = Aje „ {v;(-,/)vo „(,-)+ *„(*,/>> „ 0-)}, (1 ) 


E m = -fev* (Z , tpW m (r)xz] , (2) 
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where £o ,p 0 are free constants. Potentials O n and are normalized eigenfunctions of well 
studied eigenvalue problems for Laplacian, namely 

(A + ^)0„(r)=O , </<»!,-0 , yJ s K(* = l ; (3) 

(i + ^KW = o . | F 'P.M | 1 =° • yJ s W ! * = ' • 

The above mentioned series X(R,t) -- S (l) c,( Z ,<)r,(r) is equivalent to presentation of 
electromagnetic field sought as a superposition of the waveguide modes. 


EVOLUTIONARY EQUATIONS 

When a waveguide is hollow, the amplitudes of longitudinal field components, i.e. and from 
(1) and (2) are solutions of unidimensional Klein-Gordon Equation (KGE), i.e. 

(al-sl)fM= o, (4) 

where t=v,„ct, t=v,„z while /./>„, and t = k,cI, £ = k„z while /««„ ; c = -is 

the sped of light in the free space. Evolutionary equations for the amplitudes of transverse 
modal fields in the hollow waveguide turn into a set of simple direct formulas 

/'; = 3A, . V m = -3A. . V'' = d z e n ’ 7 « = ~ d « e » (5) 

system of equations (4), (5) should be supplemented by appropriate initial or/and boundary 
(with respect to z variable) conditions. 


EXAMPLE OF EXPLICIT SOLUTION 

Separation of variables in KGE (4) is evident: it results in monochromatic waveguide waves 
[3] Furthermore, it turned out that it is possible to obtain a variety of new explicit solutions in 
the form of product, f[r,£) ^ F[u(t,£)] = U{u)V{v), where u, v are new real variables. The 
problem of finding the functions v{t,C) has been solved by Miller in his study of 

KGE by means of the group theory methods [4]. 

Two examples of such solutions are given below. 

Case 1 : r-^ = ^[u-o) 2 , r + C = ^{u + vf ; -°o < u < oo, 0* w < °o 

These substitutions convert KGE (4) to a pair of equations for parabolic cylinder functions as 
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where variables u, v can be expressed in terms x, C, as follows 

u = (^7\+ \ £ \+J\ t\ - \ £\)/ JT, v = (Vl7T + ICI-Vlrl-ICl)/^, 

provided that Ixl > 1^1. When free parameter a is equal to ±/( 2k + \) where k = 0, 1,2, ..., 
then 

K =^(».v) = e*"H i ,(e"" 4 'K.(«"" 4 -) (7) 

where # 2 * are the Hermite orthogonal polynomials. This solution is valid in two quadrants of 
plane (x, Q where inequality Ixl > \Q holds. In the supplement, where inverse inequality li^l > 
Ixl holds, the folowing substitutions are valid. 

Case 2: £-r = -^(m-v) 2 , ^ + z = -^(u - v) 2 ; -oo<«<oo, 0*v<oo. 

In this case, we have the other forms of equations for parabolic cylinder functions as 

+a)u - 0, -(v 2 + = 0, (8) 

du dv 


529 

( 6 ) 


where 

u = {fc\+\T\+yl\C\-\T\)/j2, v = (/?!+ 1 xI -Vl?I -1 t l)/V2. 


CONCLUSION 

The Scheme of Evolutionary Approach to Electromagnetics is presented for the development 
of waveguide theory in Time Domain. 

The Approach opens a prospect for evolutionary (i.e. with time derivative) partial differential 
equations obtained as a powerful tool for developing Electromagnetics in Time Domain. 

Two examples of explicit solutions are presented for electromagnetic waves in a hollow 
waveguide different from the monochromatic waveguide modes. 
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SPECTRAL PROPERTIES OF A PERIODIC PLASMA WAVEGUIDE 

G.I. Zaginaylov, P.V. Turbin 1 , K. Schuenemann 2 , and J.-Y. Raguin 2 
Kharkov National University, Kharkov, 61077, Ukraine 
‘Scientific Center of Physical Technologies, Kharkov, 61145, Ukraine 
2 Tech. Univ. Hamburg-Harburg, 21071, Hamburg, Germany 


ABSTRACT 

Periodic waveguides have numerous applications in modern microwave technology mostly 
due to their two fundamental properties: support of slow waves; and existence of stop bands. 
These properties are common for a great number of waves in periodic mediums regardless 
from their nature. However, the reliable approach allowing an adequate analysis of dispersion 
properties of the plasma waves in periodic plasma-filled waveguides is addressed here for the 
first time. 

Recently, periodical waveguide structures loaded with a magnetized plasma become a subject 
of intense experimental and theoretical investigations, since they are promising tools for using 
as interaction chambers in high-power microwave (HPM) electronic devices. They provide 
exclusively favorable conditions for enhancement power-handling capabilities, increase of a 
tunability and improvement of some other characteristics of HPM sources. As it is well- 
known, plasma-filled periodic waveguide supports two families of modes. One of them is 
high-frequency electromagnetic (EM) modes. The general dispersion properties of EM modes 
in plasma-filled periodic waveguides are very similar to those in vacuum periodic 
waveguides. They can be successfully analyzed using a conventional approach. Another is the 
family of purely plasma modes which are prototypes of the well-known Trivelpiece-Gould 
(TG) modes in smooth plasma waveguides. They were multiply observed in experiments, 
however, a detailed exploring of their spectral properties is extremely difficult both theoreti¬ 
cally and experimentally. Detailed investigations showed that the dispersion diagrams for TG 
modes can not be analyzed on the basis of the conventional approach since the density of dis¬ 
persion curves infinitely increases in the finite range of frequencies 0 < oa < , where co^ is 

the plasma frequency, producing a fundamentally new kind of spectral behavior, a so-called 
"dense" spectrum [1], The properties of the "dense" spectrum have not been studied yet even 
qualitatively. 

Quite recently, the novel approach to be more suitable for the treatment of the "dense" spec¬ 
trum was suggested in [2], It provides the formulation of the eigenvalue/eigefunction problem 
in terms of full fields avoiding the infinite determinantal dispersion relation. The obtained 
dispersion curves of the first approximation had no stop bands; yet it was unclear whether this 
was the consequence of the idealizations or such a feature is really inherent to the TG modes 
in periodic waveguides. The aim of this work is to develop a more accurate and detailed 
analysis of dispersion properties of TG modes in periodic plasma-filled waveguide based on 
the novel approach proposed in [2], 

For the sake of simplicity consider as in [2] a planar waveguide with periodically varying 
thickness loaded with a uniform, cold, collisionless plasma embedded in a strong axial static 
magnetic field. All wave perturbations are assumed to be of TM polarization 
(E x ,H y ,E z )~ e (co < co ;; ), electrostatic and symmetric with respect to the z-axis 
(E x (x,z) = £ v (-x,z)). Dispersion properties of TG modes in such a structure can be de¬ 
scribed by the functional equation [2]: 


Kharkov, Ukraine, VUI-th International Conference on Mathematical Methods in Electromagnetic Theory 





534 


M M ET* 2 000 Proceedings 


+ «>M)(l + <p'W) + e-'^ (Z V( Z - <p( Z ))(l - ,'(*)) = 0, (1) 

where' f(z) = e ^ zZ E,(o,z), tp(s) = |e(co)| 1/2 X 0 (z), jc = Jf 0 (z) is the equation of the peri- 
odic waveguide boundary: X 0 (z + d) = X 0 (z), d is the period of the structure, k z is the 
wavenumber of perturbations, E z (o,z) = E z (x, z)|. 0 is the axial electric field on the 

waveguide axis, which is assumed to be quasiperiodic E z (o, z + d) = E z (o, z) , the prime 
denotes differentiation about an argument. 

Eq. (1) is correct in a rigorous mathematical sense provided that cp'(z)< 1 and valid in a 
qualitative sense if this condition is slightly broken [3]. 

A direct numerical analysis of (1) is hardly possible, since it describes the "dense" spectrum, 
i.e. each point in the (£>-k z plane inside the range 0 < co < co /( is the solution of (1). Indeed, 
let k { to) be the eigenvalues of (1) with the eigenfunctions v F m (z) where m is a transverse 
index. It is not difficult to see that k mn (a>) = k zm (co) + nk 0 , where k 0 =2n/d are also the ei¬ 
genvalues of (1). They have other eigenfunctions v E,„ l (z) = x V,X^) e ^° Z • The set of curves 
k wm (®) = k m (co) + nk 0 , where wi = l,...,oo, n = 0,± 1,±2,...,±qo, entirely fill the range 
0 < to < co in the co -k z plane [1], Meanwhile it can be easily established that eigenvalues 
k wm (co) and eigefunctions (z) taken at fixed m and different n define the same full field 
E zm ( 0, z ), which is characterized only by transverse index m. So, one can use any of them to 
calculate the full field, others are spurious. Thus, before numerical calculations it would be 
reasonable to transform (1) in such a way as to get rid of spurious solutions. 

For this, introduce a new function F(z) = {E (o ,z')dz'. For f(z) we have the following 


problem: 

Jf(z + <p(z)) + f(z-cp(z)) = 0 
\f(z + d) = e ilc ^ f(z) 

It is expedient to present f(z) in the form f{z)= p{z)e^ zZ+ ^ z K For two new unknown 
real functions p(z) and 0(z) from (3) we can derive two separate problems: 
fp(z + cp(z)) + p(z-cp(z)) = 0 

Ip(^) = pW (4) 

fi[0(z + rp(z))-e(z - ?(-))]=(»! + 1/2 )n-k z tp(z) (5) 

[ d{z +d)=2mik a z + 0{z) 

It can be easily seen that all spectral properties of our structure are defined by the problem (5), 
while the problem (4) has a simple and evident solution p(z) = const. According to the theo¬ 
rem about uniqueness of solution of a value-boundary problem for Maxwell equations, it is 
unique. 
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Now, the index n labeling the axially shifted branches can be omitted what enables us to get 
rid of spurious solutions and consider the problem describing the ordinary spectrum of 
waveguide modes: 

j ^ [0(z + <pM) ~ e (z - <p(z))] = (m +1 / 2)n - k z <p(z) (6) 

|e(z + </) = e(z) 

After that it is convenient to analyze (6) numerically. Numerical calculations have been per¬ 
formed for sinusoidal ripples: Xq(z) = Xq(i + a cos k^z). 

Fig. 1 displays the dispersion curve for the fundamental plasma mode. The locations of stop 
bands are defined by the relation: co_ ( < co < co +( , 

where co ±(/ = co /; /(\ + (nq/x 0 k 0 (\ ± a)) 2 ) , q = 1,2,...,oo. 

As in the case of electromagnetic 
waves, group velocities of plasma 
waves at the boundaries of stop 
bands (co = co ±(? ) tend to zero. 
Meanwhile the wavenumbers of 
plasma waves tend iok^/lq, when 
the frequency approaches to the 
q — th stop band. At increasing q stop 
bands locate more densely and below 
the frequency defined from the condi¬ 
tion ax 0 & 0 |£| >tc/ 2 they begin to 

overlap. Note, that our consideration 
is restricted by the condition 
ajc 0 fc 0 |e|' /2 <1 [3]. No stop bands for 


CONCLUSION 

Revealed distinguishing features of periodic plasma waveguides can provide specific regimes 
of beam - plasma wave interaction as well as specific regimes of acceleration of charged par¬ 
ticles which can not be realized in conventional vacuum periodic waveguides. The approach 
considered can be a gateway to their quantitative analysis. 
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COMPUTING COMPLEX PROPAGATION CONSTANTS OF DIELECTRIC 
WAVEGUIDES 

E. Trifonov, and Y. Karchevskii 

Kazan State University, 18 Kremlevskaya street, 420008, Kazan, Russia 
E-mail: Evgenii.Karchevskii@ksu.ru 

ABSTRACT 

An approach for computing propagation constants of dielectric waveguides with arbitrary circuit of 
cross section is presented. The method is demonstrated by a numerical example of waveguides with 
circular and square cross sections. The convergence of this method is analyzed. 

We shall now consider the propagation of electromagnetic waves in a cylindrical dielectric waveguide 
with constant permittivity £y embedded into a medium with constant permittivity e 2 <Si. The cross 
section of the waveguide Si is an area bounded with twice continuously differentiable circuit C. The 
permeability /u 0 is equal to 1 everywhere. Electromagnetic waves in such a structure satisfy the source- 
free Maxwell equations 

„ dE „ dH 

rotH = s —, rotE = -Ur, -. 

dt dt 

We represent unknown functions in the form of 

E(x,y,z,t)=K^JE{x,y)e'^' ,l ~ fl ^), H(x,y,z,t)=Rt{H(x,y)e l ^ 0}t ~^ z ^. Expressing vector fields 
in terms of longitudinal magnetic and electric components u = E., v = H., we reduce the initial 
problem to the spectral problem (see [1]) of finding such values of parameter p which allow to obtain 
nontrivial solutions of system of the Helmholz equations 

Aw + x ) u = 0, Av + x) v = 0> M = (x, y) € Sj, j = 1,2 that satisfy the condition 
w + -«'=0, v*-v'=0, Mg C, 


1 ( a d\ r du\ 1 ( n dv* diC ) A _ 

and Reichard condition at infinityj= {%2 r ) einr ,r>R. Here, 

Xj = sjElnj - P 2 ,k 0 - co 2 s 0 ju 0 , £ i = e 0 n j , j = 1,2 , d/d^d/dv) is tangential (normal) 

derivative. We search for P in the Riemann surface A of the function InXifP)- If P lies in the main 
“physical” sheet Aq of this surface, which satisfy the conditions and - — < arg^ 2 < , 

then functions E. , H, decrease exponentially in infinity. If p lies in the sheet Aq , which satisfy the 

conditions lmx 2^0 and - — < arg x 2 - ~ < then functions E ., H. increase exponentially in infinity. 

The numerical method of computing the propagation constants /? is presented in [1], We use the 
expressing unknown functions in terms of potential theory basic problem reduced to an equivalent 
system of singular integral equations with nonlinear introducing of spectral parameter P in kernels. 
The Galerkin method with trigonometric basis was suggested for numerical solution of this system. 
This method was used only for finding real dispersion characteristics. 

The aim of present work was to test this method for finding complex propagation constants. First, we 
analyze singularities of kernels of integral operators. It was proved that these singularities can be 
extracted analytically. Integral operators with singularities were represented as a sum of operator 
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without singularities and operator with known eigenfunctions and eigenvalues. We use the Galerkin 
method based on eigenfunctions of singular operators. A program complex for numerical solution of 
this system was developed. 

The method has two parameters, i.e. M-number of the integration point and /V-number of basis 
functions in the Galerkin method. Our experiments show that the method has an interior convergence 
by M and N. 

First, the circular cross section with radius R example was considered. In this case it is possible to 
formulate characteristic equation rigorously for the propagation constant /? (see [2]). The calculations 
was done with £i= 2, e 2 =l, k 0 R=4. The differences A between the exact solution and approximating 
solution and the number of points of integration M for four roots are presented in Figl. Here 
h = p / k 0 . Increasing N does not make effect in this case because Galerkin’s method resulting system 
is equivalent to characteristic equation. Besides, we can see that it is not necessary to take large M to 
obtain a good accuracy. 

To analyze such complex modes we applied 
the method of [2], see Fig.2. The solid 
curves are for characteristic equation, the 
squares denote values computed by our 

method. Here V =k Q R(s j -s 2 )^, £i=61, 
s 2 =l. 



As seen (Fig 2), Re(/?) changes its sign for 4 

V=V 0 . It means that /? moves from Aq to f*\ 
Aq , Numerical experiments for waveguide 
with square cross section were carried out. 

Their result coincidences with [1] are 
presented in Fig3. We specify the square as 




Here p =-, d is the length of square side. The dependence of 

7VC0 


calculation accuracy on the number of basis functions N for p=0.7 is shown in Fig4. As one can see, 
the method is convergent by N. 
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CONDUCTIVE CYLINDER WITH A THIN LONGITUDINAL SLOT 
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ABSTRACT 

In this paper, we consider the problem diffraction of a circularly polarized wave by an 
anisotropically conductive cylinder of small radius with a thin longitudinal slot. It is shown that, 
for a certain relation between the pitch angle of the helical conductive lines and the angular 
dimension of the slot, one can observe a resonance phenomenon that is characterized by a sharp 
increase in the scattering cross-section; for a right-handed helix, this resonance phenomenon 
occurs only when the incident wave is left circularly polarized. At the resonance frequency, the 
scattered field is left-circularly polarized and has a uniform directional pattern. 

It is known that certain cylindrical objects of small cross dimensions have resonance properties. 
These are, for instance, a metal cylinder with a longitudinal slot [1] and anisotropically conductive 
strip where the direction of conductivity makes a small angle with the edges of the strip [2]. The 
fields scattered by these objects are linearly polarized. In [3], a low frequency chiral resonance 
was observed in a hollow cylinder with the pitch angle of the helical conductive lines close to 
n/2 . For right-handed helices, the resonance appears for right circularly polarized wave. The 
scattered field at the resonance is right circularly polarized and its angular directivity can be 
described by cos cp. 



Fig. 1. Anisotropically conductive cylinder with a longitudinal slot. 

In this work, we investigate a new electromagnetic object, which is a non-closed cylindrical 
surface with helical conductivity. We considered the diffraction of a circularly polarized plane 
wave propagating perpendicularly to the z axis by the surface r = a, \(p\ < 6 with the following 
anisotropic-conductivity boundary conditions: 

E* = EZ , E* - E ~, E. sinor + E v cos a = 0, 

(HZ - H~ )sin a + (h+ - H~ )cosor = 0, (1) 

where a is the pitch angle of the helix. The z -components of the incident electromagnetic field 
are given by the formulas 

H°. ~ exp[- ikrcos(<p - <p Q )], E°_ = ±i exp[- ikrcos{(p - (p () )]. (2) 
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Hereinafter, the upper and lower indices correspond to the right and left hand circular polarized 
waves. 

The problem is reduced to a integral-differential equation for the surface current f(tp), which is 
related to the jump in the tangential component of the magnetic field by the formulas 

H + . - H~ = -f{(p)cosa, H* - H~ = f(q>)sma (3) 

The equation for f{q>) is 


dtp 1 J 


J 4<P - <p')f{<p')d<p' + -^-]b{<p- <p')f{<p')d(p' + J C{(p - <p')f(<p')d<p' = F(<p) 


The kernels A, B, and C are determined by the Green’s function for free space, 
G(r,<p,r',<p')=-H {2) {k[r 2 +r' 2 -2/r'cos(p-0>')]^ }. 


(4) 

(5) 


A = —G( a ,(p, a ,<p')c 0 s(<p - <p'), 
ka 

B = C0S .— G(a,<p,a,<p') + a — G(a,(p,a,(p') sin(^-^'), 

ka L dr J 

C = kasrn 1 aG(a,<p,a,<p') +kacos 2 aG{a,(p,a,(p')cos{(p -(p' 
The left-hand side of equation (4) is determined by the expression 

F{cp ) = [/cosa cos(^ - <p 0 ) + sina]exp[- ikacos(tp - %)]. 
The current f[(p ) obeys the conditions 

/(«)■=/t-f) = o. 

For the asymptotic case 

ka « 1, fj. = tga « 1, n - G « 1, 
an analytical solution is derived in the following form: 

f{v)=DfM - 

where 


/. W=H 


f 2 <P 2 0\‘ 
f cos --cos — 

l 2 2) 


-lncos- 


2kc(lca+ 2 ju) 


1 + (ka) 2 \ 2 - i — \kcif + 4// 2 ]llncos— 


( 6 ) 

(7) 

( 8 ) 
(9) 

( 10 ) 

( 11 ) 

( 12 ) 


The total scattering cross-section <r calculated from the current (10) is determined by the formula 

(13) 


kcr = —(ka) 2 \ka) 2 + 4// 2 ]|d| 2 In 2 cos —. 

8 2 
As it follows from (12), similarly to the case of a metal cylinder with a longitudinal slot, the 
resonant frequency is determined by the formula 


ka= 21ncos— ^ ■ 

21 

Note that, at the frequency 
ka = 2^i , 


(14) 

(15) 
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a right circularly polarized wave does not interact with the cylinder. Therefore, a cylinder with the 
geometrical parameters // and 6 related by the formula 
0 \ 




i 


(16) 


demonstrates ideal chiral properties at the resonant frequency (14). It does not interact with a right 
circularly polarized wave and strongly scatters a left circularly polarized wave. Fig.2 shows the 
scattering cross-sections versus the frequency for the left and right circularly polarized waves for 


0 = 175° and Ct = 12°. 



polarized waves for 0 = 175°, CL =■ 12°. 

Thus, an anisotropically conductive cylinder with a longitudinal slot has a strong polarization 
selectivity with respect to left and right circularly polarized waves. This fact makes it possible to 
use such cylinders for the design of artificial chiral media and structures [4]. 

AcknoU’dgement: This work was supported by the Russian Foundation for Basic Research, project 
no. 98-02-16197. 
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ABSTRACT 

WGM cylindrical dielectric resonators deformed from the circular symmetry are of special 
interest for the design of new optoelectronic devices. They provide advantages for integration into 
microwave and optical circuits and obtaining directional emission from the WG-type lasers. The 
effect of increasing the deformation magnitude on the complex resonance frequencies of the WG- 
modes is studied using an efficient algorithm based on the method of analytical regularization. 

INTRODUCTION 

WGM dielectric resonators (DRs) are important elements of microwave, millimetre-wave and 
optical integrated circuits [1-4]. Their high quality factor, simplicity of fabrication, mechanical 
stability, good temperature compensation and suppression of spurious modes make them attractive 
for applications in a wide range of wavelengths and materials. Furthermore, they are also easily 
coupled to various waveguides and transmission lines. The fields of the WG modes are localised 
in the vicinity of the resonator contour, resulting in the high Q-factors of these modes. However, 
this also causes a strong dependence of the Q-factors on the shape and curvature of the contour. 
The intrinsic widths of the WG resonances of undeformed circular cylinders appear due to 
evanescent leakage and absorption losses in the dielectric material, while WGM oscillations in 
azimuthally-inhomogeneous DRs may have considerable radiation losses. However, along with 
inhomogeneities caused by fabrication inaccuracies, i.e., surface roughness or imperfect circular 
shape, deliberately formed inhomogeneities of DR are of special interest for the design of new 
devices. Such inhomogeneities are introduced in order to rarefy the DR spectrum and prevent a 
mode coupling (narrow sectorial cuts or inserts [2]), or obtain a directional emission of the WG- 
type lasers (gratings and small indentations on the circumference or substantial deformations from 
a circular symmetry [3]), and enlarge the coupling interaction length and air gap between a 
resonator and a waveguide (elliptic and racetrack ring resonators [3,4]). It has been demonstrated 
[3] that high-Q WG resonances can be excited in DRs deformed by up to 50% from the circular 
cylindrical symmetry. 

The main goal of this paper is to study the effect of perturbations in the DR cross-section shape on 
the resonant frequencies and Q-factors of the WG modes. As conventional numerical methods can 
fail to give a correct description of the high-Q WG-mode resonances [5], we use the combination 
of two accurate mathematical techniques: the Green's function method to derive the set of the 
boundary integral equations (IE) and the Method of Analytical Regularization (MAR) [6] to 
convert them to a matrix equation with favourable features. Finally, it should be also noted that 
standard perturbation techniques cannot be used as the deformation of the DR cross-section 
causes a drastic shift of the resonant frequencies. 

PROBLEM FORMULATION AND METHOD OF SOLUTION 

Consider a deformed dielectric cylinder of cross-section S bounded by a smooth closed doubly 
continuously differentiable curve L (x = a//i-r(t)cost , y = ar(t)s'mt) (Fig. 1). After presenting 
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the fields inside and outside DR as single-layer surface potentials over the DR contour and 
imposing the boundary conditions, a set of homogeneous singular IEs of the Fredholm first-kind 
can be obtained: 

J <p(r s )G C (r, r s )dl s - J y/ (r s )G(r, r s )dl s =0 (1) 

L L 

—— - + + — f (p{r s )—G c (r, r s )dl s - [ i//(r K )—G(r, r s )dl s = 0 . 

2 a 2 a i dn • ' dn 

Here d/dn is the outer normal derivative to the contour, a = 1 or e h in the case of E or H 
polarization, <p(r s ) and y/(r s ) are the unknown potential densities. Kernel functions G e , G are 
the Green's functions and are known to have the logarithmic singularities at r r s . To handle 
the singular parts of the kernels of the IEs, we use the integral operator regularization (semi¬ 
inversion) based on the diagonalization of the singular part corresponding to a "standard" circular 
cylinder of some radius a s : 

G 0 (t,t s ) = ^H^(2ka s \{sin{t - f,))/ 2|). (2) 

This is advantageous for numerical modelling provided that the contour of the deformed DR is 
smooth and also provides readily the characteristics of the undeformed DR, useful for the 
purposes of comparison. By applying the Galerkin scheme, the problem being considered is 
reduced to a homogeneous Fredholm second-kind infinite-matrix equation: 

AX = (I + B)X = 0, 

where X = }” = _ w , A = {A ((i „ }* i|= _ w , / = [S mn }” n= _ o0 . (3) 

The resonant frequencies of the WG-modes of the resonator are determined as the points on the 
complex frequency plane for which nontrivial solutions of (3) exist. Specifically, we seek the 
values of dimensionless frequency parameter ka that are the singular points of the operator 
A(kci) , i.e., points at which the determinant of the matrix equation vanishes: 

det( A(fca)) = 0. (4) 

The roots of (4) are found by searching in the complex plane with the Powell's hybrid method. 
Although in practice the matrix, which is used in (4), is truncated, the analytical regularization 
procedure reduces the impact of this and the method shows guaranteed and fast convergence with 
increasing the truncation number. Once the complex resonant frequency is determined, the 
resonance Q-factor can be obtained as: 

Q = -Re(ka)/2Im(ka ). (5) 

NUMERICAL RESULTS AND DICUSSION 

We consider elliptical (Fig.la), quadrupolar (Fig.2a) and sinusoidally-corrugated (Fig.3a) 
resonators as examples of deformed circular-cylindrical geometries. Elliptical and quadrupolar 
deformations of DRs are frequently used to achieve a desired level of coupling with a waveguide 
via a wider air gap, which may relax the required fabrication tolerances and substantially improve 
filter characteristics. Circular DRs with periodically corrugated contours find applications when 
directional emissions are required. WG modes in DR are classified as WGEf nn or WGH* m 
depending on polarization and symmetry. The first subscript m denotes the number of the 
azimuthal field variations, the second n denotes the number of the radial variations, index ± 
relates to the even/odd dependence on y. One can see that increasing the aspect ratio of the ellipse 
and quadrupole shifts all the resonances and spoils their Q-factors. Figs. l-3b show that although 
deformed WGM DRs possess the merits of the circular WGM DRs, high Q-factor WG modes can 
only survive in the resonators, which are slightly deformed from the circle. If the deformation is 
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increased further, the Q-factors of the WG-modes decrease dramatically. It should also be noted 
that this effect is much stronger for small resonators, and if the DR size is enlarged, high-Q WG 
modes can still survive even in DRs with severe deformations of the contour. 

CONCLUSIONS 

Natural resonance frequencies of the WG-mode DRs deformed from circular geometry are studied 
by an efficient and numerically accurate method based on the analytical regularization of the 



Fig. I. Deformed resonator geometries, resonant frequencies and Q-factors of the same WGH^ t oscillations, 
a) £ h = 10+ 0.01/,b) s h =10 + 0.01/, \/fi = \,c) s h =10 + 0.01/, v=50 
contour integral equations. It is demonstrated how the resonance characteristics of the deformed 
DRs depart from those of the circular-cylindrical DRs. The method is applicable to various types 
of host media. Its accuracy is the same near and off sharp resonances that makes it an ideal tool 
for investigating practical design issues. 
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ABSTRACT 

In this paper, the existence of eigenoscillations near the mentioned in the title system is 
proven. The number of oscillation modes is determined. Classification by groups of possible 
symmetry is carry out. Infinite matrix equation for the coefficients of corresponding 
expansion is obtained. This equation is investigated numerically. Obtained are the plots of 
eigenvalues versus the length of the cross. Approximate formula for the eigenvalues is found 
and investigated. The theory of the self-adjoint operators, the "Dirichlet-Neumenn bracket" 
and variational methods are used. 

STATEMENT OF THE PROBLEM 


We deal with a system of two identical strips forming a cross in the infinite channel of square 
cross-section. The point of strips’ intersection is in the center of cross. All notations are 
shown in Figure 1. We investigate eigenoscillations with a harmonic time dependence. 



-0.5 -0.5 -0.5 

a) b) c) 


Fig. 1. Geometrical parameters of system of two strips forming a cross: a) front view; b) right 
lateral view c) top view. 

Mathematical statement of problem for potential function u(x,y,z) is: 

A u + A 2 u = 0 in Q / S /W - wave equation 

onSvjW - Neumann condition , (1) 

d n 

In ( m2 + ( Vu ) 2 ) dQ .< < 00 Q 0 c:Q -local energy condition 

Definition. Non trivial solution u(x,y,z) of SP is called eigenfunction of (1), the 
corresponding K is called eigen (value) frequency. 

It is assumed that the oscillations are odd with respect to the axes OY and OZ (the case of the 
even oscillations with respect to one of the axes leads to a problem with one strip in the 


Kharkov , Ukraine, Vlll-th International Conference on Mathematical Methods in Electromagnetic Theory 











MMET*2000 Proceedings 


545 


channel, that was studied in [1]). The system has a mirror symmetry with respect to the plane 
OYZ, so its solution can be presented as a direct sum of even and odd in variable x solutions. 

THE THEOREM OF EXISTENCE 

The self-adjoint extension (-A) has a positive continuous spectrum. The main difficulty is that 
discrete spectrum of problem (1) is imbedded in continuos spectrum of operator (-A). 
Moreover, the Green's function of (1) is not unique [2] and it is necessary to add some 
condition, which provides the uniqueness of solution. On physical grounds we need to add the 
following condition (see more in [1]) (here, S is any cross-section of the channel): 

| e ,Xx u{x,y,z)dQ. = 0 <=> J u(x,y,z)dS -0\/x (2) 

n s 

According to (2), continuos spectrum of the problem (1) starts from gq=7V 2 (sometimes it is 
called cut-off frequency). Thus the solution is unique. By using variational methods and 
theory of self-adjoint operators one can prove 

Theorem 1. Eigenoscillations always exist independently of geometrical parameters of the 
structure. 

Theorem 2. The number of eigenvalues below cut-off of SP, K, satisfies the inequalities: 
if b is integer then max{l, [b]-l}<K <max{], [b]}; 
if b is not integer then max{l, [b]}<K <max{l, [b]+l}, 
where [b] is the integer part of the number b. 

In the proof, the approach based on the "Dirichlet-Neumenn bracket" [3] is used. 


NUMERICAL INVESTIGATION 

The next linear infinite set (3) for the coefficients of solution’s expansion in domain fin 
{x>0.5} is obtained by the mode-matching method: 

+n +co f ball /> ~ ha ' 2 ^ f 1 i X 

Y y a m „ -+ (-1)' - - \ - T +- - 2 - 7 = 0 Vm,, n x , (3) 

ZAto [a x -cc a,+a J ^(2m, +1) 2 - (2m) 2 (2w,+l) 2 -(2 n) 2 J 11 

where / even (odd) corresponds to the even (odd) oscillation in variable x, 

a = a ( m,n ) = ^7r 2 (n 2 + m 2 )-X 2 , a ,= a (2m,+ l,2«, +1). 

This set is investigated numerically with two ways of truncation: 

1) equal truncation of the upper index in every sum (for 0<mi,ni< N). 

YYa [ eha ' 2 i iy e ' han If 1 i 1 

Zo£o a t -a a, +a I ((2m, +1) 2 -(2m) 2 + (2n, +1) 2 ~(2ri) 2 


= 0 ; 


(4) 

2) using Cantor’s numeration of the pair of numbers (see notations in [4]), the double sum in 
(3) simplifies to a single sum and then the latter is truncated (for 0<k/<K ): 

1 1 


-ball \ f 

+ (-!)'- - ■ 

a, +a I ^ 


= 0 , 


( 2 m , + 1) 2 ~(2l(k)) 2 ( 2 «, + 1) 2 ~{2r{k)) 

where a = a ( l(k ), r(k)) = Jx 2 ( l(k ) 2 + r(k ) 2 )- i 2 , a, =a(l(k l ),r(fc,)). 

Based on the above, approximate formulas for the eigenvalues are obtained (6a for the even, 


(5) 


6b for the odd oscillations): 
(Xb 




^2 n 2 -X 2 
= X 


(6a) 




■^2k 2 - X 2 


(6b) 
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From formulas (6a) and (6b), a formula for the relation between the even and odd oscillations 
corresponding to the eigenvalue X is obtained: 

( 7 ) 

where b even and b,M are the lengths of cross for the even and odd oscillations respectively, 
keZ + . 



Fig. 2. Variation of the eigenvalue X with the cross-length b. The solid line is the approximate 
relation (6a), and the dashed line is the approximate relation (6b). In Figure 2a, dependences 
of eigenvalues versus b from the set (4) with N=2 are also plotted, where diamonds and 
circles correspond to even and odd cases, respectively. In Fig. 2b, dependences of eigenvalues 
versus b from the set (5) with K-9 are plotted, where crosses and squares correspond to even 
and odd cases, respectively. 

As we can see in Figure 2, there is a good matching between two different ways of 
calculation. Computations for larger values of N and K do not change this situation, because 
the difference between them is very small. 


RESULTS 

1. It has been proven that eigenoscillations always exist. 

2. It has been found the number of modes of oscillation. 

3. It has been found the approximate formulas for eigenfrequencies, and on its basis the 
formula for the relation between even and odd modes of oscillation has been obtained. 

4. The dependences of the eigenvalues versus the length of cross for even and odd modes of 
oscillation have been obtained in two ways. 

5. Numerical methods of calculation of eigen frequencies have been developed in the three- 
dimensional case. 
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ABSTRACT 

High Q-factor oscillations in a longitudinal anisotropic dielectric resonator with imperfect 
conducting end walls are considered. Using an integral equation, which was derived by the 
authors, the spectral characteristics of such oscillations are studied. 

INTRODUCTION 

As a rule, open cylindrical resonators exited at the lowest oscillation modes and made of a 
material with a large dielectric permittivity are applied to produce stable microwave 
generators and filters. Recently,dielectric resonators with small dielectric permeabilities are 
widely applied. They are excited at higher oscillation modes, that are characterized by large 
values of azimuth indexes. The formed waves are incident on a lateral area at very small 
angles, as a result, a very small part of energy goes out the resonator. Such oscillations are 
known as "whispering gallery" modes. The usage of anisotropic materials, such as uniaxial 
single-crystals of quartz, ruby, sapphire, having small dielectric losses (not more than 
5x1 O' 5 ), allows to increase considerably the Q-factor and apply them in devices of a 
millimetre and optical wave range. These oscillations are also used to study the parameters of 
high-temperature superconductors. Analysing the resonance oscillation spectrum of an 
anisotropic resonator, it is possible to determine the components of dielectric permittivity 
tensor of crystals. In papers [l — 2], spectral characteristics of resonators with perfectly 
conducting end-walls were investigated. The imperfect conductivity of the latter can 
essentially influence the spectral property of resonance oscillations. The restriction of a 
resonator by end high-temperature superconducting films has allowed measurements in a low- 
frequency microwave range of small absolute values of their surface resistance. In [3-4], 
using power reasons, the influence of imperfect conductivity of end-walls was studied 
theoretically. 

INTEGRAL EQUATION. FIELD CHARACTERISTICS OF A DIELECTRIC 
RESONATOR 

A cylindrical dielectric resonator limited from two sides by identical imperfect conducting 
end-walls and made of an anisotropic uniaxial crystal, is considered in this paper. The axes of 
an anisotropy of crystal are parallel to its geometric axes. The electrical parameters of the 
resonator are characterized by a dielectric permittivity tensor s d . The spectral characteristics 
of oscillations are determined by solving the integral equation 

(co - m* q )\(HH* + Es(r)E*)dV = . (1) 
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Here, the left-hand integration is carried out over the whole volume v, and the right-hand one 
over a surface of end-planes S , characterized by a surface impedance Q ; s(r) = e d inside 
and s(r) =1 outside the resonator; the sign * is for the complex conjugation; co,H,E are 
frequency and fields of resonance oscillations in a resonator with imperfect conducting end- 
planes, and co q , H q , E q - with ideally conducting; v is the basis vector of axial resonator 


In a resonator with ideally conducting end-walls, independent EH and HE oscillations exist 
with fields H ,E expressed through the potential functions for EH oscillations 

fcosn^sin k z] 




cosn^sin k 
sinn^cosA 


Uo 




sin n (p cos k z z 
cosn^sin k z z 


for HE oscillations. Here, q stands for a triple index runs - azimuth, radial and axial indexes, 
respectively, and the resonance frequencies are determined by the equation 

t w v nkk z (\-s rr ) 

(a„ -a 0 )(e B a E -a 0 ) = —*—, 


where Xu = ~K > Xf. = ~ K ) are the radial components of wave 

vectors of EH and HE oscillations; k z = —, 21 and r 0 are height and radius of a resonator, 

,v = 0;l;2...; e zz and s xx is a component of a dielectric permittivity tensor in parallel and 
diametrical directions to the axes of uniaxial crystal; 

. 

X/ 0 J n (Xj r o) Xo r o H „(Xo r o) 

The index j has values H and E; J n {x), are the Bessel and Hankel cylindrical 

functions of the first kind. 

The fields of resonance oscillations are orthogonal to a continuous spectrum and satisfy the 
orthogonality condition 

J + E* p eE q )dV = 2 N p S pq , 

where S pq is the Kronecker symbol, and N p = jH p H* p dV = ^E* p eE p dV is a norm for p's 
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For both axial and azimuth-homogeneous oscillations ( k z = n = 0) it is characteristic, that in 
the case of EH oscillations the E z component of the field is equal to zero, and their resonant 
frequencies are determined by the equation a H =a 0 , at HE oscillations H z = 0, the resonant 
frequencies are determined from the equation a E =£ zz a 0 . At k z * 0, n* 0 all of these 
oscillations have all non-zero field components. In fact, the oscillations with parameters 
H » E z for EH oscillations and E z » H z for HE oscillations are selected by an adequate 
methods of generation. 

In a resonator with imperfect conducting end-walls the fields E, H are described through the 
potential functions U and V . The inter-mode interaction occurs if frequencies coincide 
between HE and EH oscillations. Assuming that the frequency degeneracy is absent, we can 
present the solution of equation (1) as 

for EH oscillations and 

for HE oscillations, where P Hq P Eq are the expansion factors. Using expressions for fields 
and integrating over the space coordinates, we obtain an expression defining the displacement 
of resonance frequency under the influence of imperfect conductivity of end-walls. 

CONCLUSION 

The obtained relations allow to determine a surface impedance of end-walls using the 
experimentally measured frequencies and basic Q-factors of resonance oscillations of a 
dielectric resonator with imperfect conducting walls. 
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ABSTRACT 

Reflection and angular-mode transformation of electromagnetic waves propagating in 
medium with small two-dimensional quasi-periodic inhomogeneity are theoretically 
considered. Using a complex form of the asymptotic method of Krylov, Bogoliubov and 
Mitropolsky, expressions for coupling coefficients of propagating waves are derived. 
Existence of “Brewster radius” in Bragg phenomenon is discovered for the case of TE waves 
in a medium with periodic perturbation of permeability. Radial distributions of complex 
amplitudes are numerically computed. 

INTRODUCTION 

Attention to the Bragg structures is to be explained by the variety of physical effects that can 
be observed in them [1], i.e. wave reflection, mode conversion, coupling of surface and space 
waves. Additional variety of effects occurs if parameter perturbation becomes non-periodic 
[ 21 . 

In present work, two-dimensional Bragg structure with nonperiodically inhomogeneous 
permittivity and permeability is considered. The permittivity and permeability of medium are 
assumed to be presented in the form of a sum of spatial nonperiodically oscillating harmonics 
of perturbation. The amplitude and wavenumber of each harmonic smoothly vary along radial 
coordinate. The perturbations as functions of the angular coordinate are expressed in the form 
of the Fourier expansion. In this case, the Floquet method [I] is not applicable because of 
nonperiodicity of the structure and traditional coupled-waves method [1] is failed near cut-off 
radii. Approximate solutions describing Bragg reflection and conversion of angular mode are 
found by a modified asymptotic method of Krylov, Bogoliubov and Mitropolsky (KBM) [3], 
The main feature of the proposed approach is the usage of the Hankel functions in zero-order 
approximation instead of exponential ones. This allowed us to overcome the problem of cut¬ 
off radii. 

METHOD OF ANALYSIS 

We consider a two-dimensional waveguiding structure nonperiodically inhomogeneous along 
radial and angular coordinates. Permittivity and permeability are presented in the form of a 
sum of spatially oscillated harmonics of perturbation as follows: 

s = e{p, (p) = s oo + (/?p)exp[/ y/j {p)+ is<p\ 

(1) 

P = p{p, <p) = p 00 + /?£ Mp (lM ex p[* ¥j (p)+ is<p\ 

where y/j(p) = \xj(fip)&p is the longitudinal phase of perturbation harmonic, amplitude s js and 
Mjs and wavenumber Xj of each harmonic smoothly vary along the radial coordinate. We 
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suppose that smallness of perturbation amplitudes and smoothness of parameter variation are 
determined by the same small parameter (i [3]. Simultaneously with radial coordinate p , we 
introduce "smooth" scale For the case of d/dz = 0 and TE waves all field components 
can be expressed in terms of E z . We introduce the potential function IT (p, (p) by a relation 
E. = p~' l2 Tl(p,<p). For n (p,y>) the following differential equation is obtained: 


d 2 n 
dp 2 H 


d 2 n 


kls{p,<p)p{p,<p)-\ 






0., (2) 


pdp\2p dp) pp 2 
If p = 0, a solution of the unperturbed differential equation is presented as a sum of divergent 
and/or convergent cylindrical waves 

Tl{p, (p) = Ys a m p' n H ( $ m) (k m p)exv[in(m)(p\ = £ a m exp[/<9„, (p) + in(m)(p\ , (3) 


where H n ^{t) are the Hankel functions, n (1) and n( 2) are angular indices of coupling 
waves, 0„,{p) is complex space phase and k m = ±k 03 fe^ are the unperturbed wavenumbers 
(sign “plus” corresponds to divergent waves, sign “minus” corresponds to convergent waves). 
In contradistinction to traditional Bragg structures [1,2] in the considered task unperturbed 
radial wavenumber h m is not constant and real and for divergent waves it is defined in terms 
of the cylindrical functions [4]. At fixed small p there is such a value of the radial coordinate 
A, = Po [fi’ n ( m )] > ^at for p> p 0 values h m and k qo -\n 2 {m)-\/A]/ p 2 can be considered as 
smoothly varying along p. 

A solution of (2) is sought as an asymptotic series on degrees of a parameter /? 

II (p, (p) = a m exp [iO m (p) + in{m)tp\ + /?w, (a, 6,y/, £, y>) + fi 2 u 2 {a, 6,y/, (p) +..., (4) 

where u q (q = 1 , 2 ,...) are sought functions, a m are amplitudes of the cylindrical waves 
propagating in the waveguiding structure. The functions exp (id m ) strictly satisfy the 
unperturbed equation and are defined by (3). 

Bragg wave coupling occurs when the difference of wavenumbers of propagating waves is 
close to the wavenumber of one of the spatial perturbation harmonics ( T] m = h 3 _ m - h m - x p ( m ) 
are wavenumber mismatches). A solution suitable near a space parametrical resonance is 
searched with the aid of the complex form [2] of the asymptotic method of Krylov, 
Bogoliubov and Mitropolsky (KBM) [3], The complex amplitudes a\ and a 2 of cylindrical 
waves are supposed to be functions of p and satisfy to the following equations [ 2 ]: 

^ = pBU{a,C,a m )+p 2 BW{a,C,a m )+..., (m = 1,2) (5) 

dp 

where a m = 6 m -0 3 _ m ~¥ P (m) are phase mismatches from a resonance, B[f (q = 1 , 2 ,...) are 
functions chosen from the condition of absence of infinitely growing members in w q when 
/? -» oo and 7 -> 0. Substituting expansion (4) into (2) using (5) and equating the members 
with identical smallness order, we get succession of equations for « q . In each smallness order 
we search solutions under "frozen" a n and £ They must be valid for both small values of tj 
and not small ones. To ensure single-valued determination of B^ for not small 7 we demand 
absence in « q resonance addends proportional exp( i8 m ) and "potentially" resonance addends 
proportional to exp (i9 m -ia m ). The main distinction of presented modified version of KBM 
method from traditional one [3] is using the Hankel functions in zero-order approximation 
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instead of exponential functions. This allows us to overcome the problem of cut-off radii and 
widen the area of validity of asymptotic method. 

As a first approximation on jB we have following inhomogeneous differential equation for up. 


dp 2 ' 


du, 


h —— r- m, + V - 2 ih m B^ 
4/2 J ^ 


rj m — - -1 exp[/ 6 m {p)+ m(m)<p] + 


da„ 


+ Z fl »-ZA,,/,ex ?[id m + in{ni)(p + i y/j + iscp\ = 0, 


( 6 ) 


where D„ y , = k m 2 £jje m + MjJPooikoo 2 ~ Xj [hm - i/(2p)} + sn(m)lp 2 }. 

Taking into account that 6 m - a m = 6 3 _ m + V p ( m ) we find B®. In the first approximation on /? 


the following system of the linear differential equations for amplitudes a\ and a .2 is obtained: 

= P a $ exp(- ia m ), (m = 1, 2) (7) 

dp 

where G m = - iD 3 _ mp ( m + rj m ). Parameters Gi and G 2 describe spatial coupling 
of the waves propagating in the inhomogeneous medium. If perturbation is homogeneous in 
the angular direction, only waves with the same angular numbers and opposite propagation 
directions can be coupled and Bragg reflection can be observed. If coupled waves have the 
same direction of propagation, a resonance conversion of mode occurs. If the angular numbers 
and propagation directions are different, there is a combination of the reflection and the mode 
conversion in considered waveguiding structure. In two last cases the resonance conditions 
must be satisfied for both radial and angular wavenumbers. Because the value of longitudinal 
wavenumber is not constant and real, the process of Bragg transformation is not periodic even 
if perturbation wavenumber and amplitude are constant. For the case of a periodic 
perturbation of the permeability value of G,„ becomes close to zero at some value of p. Similar 
“Brewster radius” can be observed also for TM waves and a periodic perturbation of 
permittivity. Specific type of Bragg resonator is formed near these radii. 


CONCLUSIONS 

Combination of radial and angular perturbation of the filling provides a reflection or mode 
conversion for waves with different angular indices. A modification of the asymptotic method 
of Krylov, Bogoliubov and Mitropolsky by using the Hankel functions widens its 
possibilities. The found solution can be used to investigate resonator properties of 
waveguiding structures filled with inhomogeneous medium. The obtained results can be 
useful for designing frequency and angular selective reflectors and resonators. 
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ABSTRACT 

A system consisting of three-layered dielectric with semi-transparent film in form of a plane 
logarithmic spiral between two layers and metallic screen on one side of system is considered. A 
dispersion equation for symmetric waves was obtained and computations were curried out for various 
system parameters and dielectric permittivities. Proper and improper slow waves were found and 
influence of the system parameters on their existence was determined. 

INTRODUCTION 

It is known [1] that complex waves (CW) can exist in layered dielectric or in metal-dielectric 
waveguides for some system parameters in some frequency band. The expression «complex» means 
that a wave number is complex for ideal system parameters. The complex waves can be proper, 
improper, fast or slow. They can exist both in open or closed waveguides as well. The improper 
complex waves exist in open systems. They do not satisfy the radiation condition, are called «leaky 
waves» and have a high phase velocity. The slow improper complex waves were also observed in 
open systems in wide frequency band. The introduction of thin dissipative film in layered dielectric 
causes the coupling between waves of various polarization and, as a result, a great variation of CW 
characteristics behavior. The waves became proper in some frequency band, etc. This was observed 
only for a thin film. But the literature presents no data about the existence of CW in layered 
dielectrics with an anisotropic semi-transparent film. So, we investigated a system consisting of three¬ 
layered dielectric with a film in form of plane logarithmic spiral. The aim of such study is to find the 
waves with various physical nature. 

CONSIDERATION 

The system under consideration consists of two planar dielectric layers which thickness are a,d and 
dielectric permittivities 83 , 82 , respectively, and semi-infinite dielectric area with permittivity £|. 
The plane logarithmic spiral is situated between the first and second layers. The whole system is 
situated on a grounded screen. The spiral is described by the curve p = p 0 exp(w / (p), where 
p,(p,Z are cylindrical coordinates, p 0 is starting spiral radius, U — Ctg\\f is spiral parameter, V)/ is 
the twirl angle of the spiral. 

We used the following approximation. 1) All dielectrics are ideal. 2) The spiral is assumed as an 
anisotropy sheet model. 3) The spiral and screen are perfectly conducting, the time dependence is 
exp(/C0f) . 4) We assume that only symmetric waves exist in the spiral. 

The mode matching method has been used for the problem solution. There are three regions 
I-d<z<oo,e = S 1 ,: II-0<Z< d,e = S 2 , m--a< £< 0,8 = 83, The spiral and screen 
ones are situated at z = 0 —a , respectively. The fields in each region are expressed using the electric 
and magnetic Hertz vectors A e ' m (0,0, A*j m ), where j is the region number. Potentials are various 
for each region and expressed as follows: for j=l A*{ m = N ejn H^ (yp)e ~‘ p,z , for j=2,3 
A e J n = Hq^ (yp)(Fj’ m e Pj + Gj’ m e Pj ), where Hq 2) (yp) is the Hankel function, y is the 
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longitudinal (radial) wave number, pj is the transverse wave number, Pj = 


k = (0 / C is a wave number in free space, N ^’ m , P 2 ' 3 , G 2 ’™ are unknown coefficients. 

The boundary conditions are formulated as conjugate conditions at two dielectric boundaries, 
anisotropy sheet model on spiral and zero conditions on metal screen. Substituting the fields from 
each region into boundary conditions, we obtain the algebraic expressions for unknown coefficients 
and dispersion equation in the form 

s 2 k 2 u 2 R 2 A + Bp 2 M 4 =0, (l) 

where 

A= AqM 4 p 2 e 3 / (p 3 s 2 )~ M 4 , B = p 3 AqR 2 - p 2 R\, 

A 0 = [exp(2 p 3 a) + 1] / [vvp(2p 3 a) - 1], 

P~ =P 2 ~P\, P + = Pi + Pi, S\ = exp(2 p 2 d), 

R ] 2 = P~ ±S ] P + , M| 2 = e ,/? 2 + z iP\ > ^ 3,4 = M\ ± S, M 2 . 

We assume that in dispersion equation (1) the radial wave number can be complex y = y' + iy " . 
So, we found the complex roots by means of the computer program. The computations were fulfilled 
for various a,d,U,£j in waveband 6-60cm. We obtained the following results. 1) For the case 
81 = £3 = 83 = 1 the slowing down (SD) of the wave is determined by the spiral parameter u in 
the same way as for usual pure surface wave. 2) In the case of substrate or superstrate presence 
(s I = 1,8 2 > 1,83 > 1) we also have not found the complex waves. 3) The complex waves occur if 
three-layered dielectric exists. And what is more, they exist if the thickness of the air gap between the 
spiral and semi-infinite area is small or the superstrate thickness is small and £2 <£].The 
calculation results are: 

A) Dispersion curves can have two parts: one with y" = 0 and normal dispersion (usual surface 
wave), another one with y " < 0 and anomalous dispersion (this is improper complex wave), but both 
of them are slow waves. B) The complex waves occur in case of a small wave-length X for small £ j 
and in the case of large wave-length for larger £j .C) The increasing of S| causes the increase of the 
surface waves SD, but a decrease of the complex waves SD. D) The increasing of the substrate 
permittivity 83 causes the increasing of the surface and the complex waves SD as well. E) The 
increasing of the spiral parameter U causes the complex wave arise in a larger wave-length. 


CONCLUSION 

It was found that the improper slow waves in layered dielectric with semi-transparent film occur in 
the case of small gap between the spiral and semi-infinite dielectric space. The frequency band of 
these waves existence depends on the system parameters and dielectric permittivities. These results 
can be used in designing of applicators for irradiation of live organisms. 
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Diffraction from a multilayer-coated bisinusoudal grating is analyzed by Yasuura's mode-matching method. 
The diffracted fields over the coating, inside the layers, and below the metal surface are represented in terms of 
finite modal expansions consisting of vector modal functions with unknown coefficients. Since the functions 
satisfy the vector wave equation and the periodicity and radiation condition, the coefficients are determined so 
that the representations meet the boundary condition in the least-squares sense. In the present problem where 
the geometry has several boundaries that are corrugated in two directions, however, the size of the least-squares 
problem becomes so large that we face a trouble of memory deficiency in handling the problem on a computer. 
We, hence, employ the technique of sequential accumulation in solving the problem, the technique which 
considerably decreases the memory demand and enables us to solve the problem on a small-sized computer. 

INTRODUCTION 

We investigate the problem of plane-wave diffraction by a multilayer-coated bisinusoidal 
grating which is a stack of dielectric thin films over a metal grating. Both the films and the 
grating are periodically corrugated in two directions. In the numerical analysis based on the 
Yasuura method [1] we solve a least-squares problem that finds modal coefficients in each 
region: the free space over the grating; inside the layers; and in the metal grating. 

When the number of modal functions in each region or the number of layers is increased, the 
size of the least-squares problem also increases considerably. This causes the problem of 
huge requirement of computer storage. Apparently there is a minimum number of modal 
functions to ensure a desired accuracy of solutions. Hence, if we solve the least-squares 
problem by a conventional algorithm, the number of layers must be limited strongly. 

We, hence, combine a technique called sequential accumulation [2] with the QR decom¬ 
position algorithm in solving the least-squares problem. This reduces the storage requirement 
in the numerical computation. In addition, taking the fact that the Jacobian matrix in the 
problem has a band structure into account, we can attain further reduction of storage demand 
and shortening of computation time. 

FORMULATION AND METHOD OF SOLUTION 

We consider a stack of surfaces S q (q = 1, 2, .... Q) accumulating in the Z-direction. Each 
surface is modulated sinusoidally in the X- and Y-direction with a common period d. The qih. 
surafce is governed by z-H q = ({x, y) = (hi 4) [sin(27t x/d) + sin(27ty/d)], where H q is the mean 
height of the gth surface. The region V 0 above Si is a vacuum; the region Y q between S q and 
S q+ \ (q = 1, 2, ..., Q- 1) is filled with a dielectric whose refractive index n q is real; and the 
region V e below is a metal with a complex index uq. 

Let an incident plane wave be E'(r) = e 0 exp(/k 0 Hr)where k 0 = (a, p, -y) = (k sin 0 cos <j), k sin 
0 sin <j), -k cos 0) with k being the free space wave-number. The e 0 is a unit vector, which can 
be decomposed into the TE (the electric field is perpendicular to the plane of incidence) and 
TM (magnetic field perpendicular) component: e 0 = eo^cos 8 + eo™sin 8, where e 0 TE = k 0 x 
iz /1 k 0 x iz | and e 0 ™ = e 0 TE x k 0 / | e 0 TE x k 0 | are unit vectors in the TE and TM direction. 
Thus the incident field is characterized by the three angles 0, <|), and 8. 

We denote the diffracted fields in each region by E 9 d (r) and H^ d (r) (<? = 0, 1, ..., Q). They 
satisfy (i) the Helmholtz equation in each region; (ii) the periodicity condition in the X- and Y- 
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direction; (iii) the radiation condition for q = 0 and Q; and (iv) the boundary condition that the 
tangential components of the total electric and magnetic field are continuous across S q . 

To find the diffracted field in each region in terms of a finite summation of vector modal 
functions, we first define the scalar modal functions, which are the separated solutions in each 
region satisfying the periodicity condition: 

qVmT(r) = exp( &<,„,* • r) (q = 0, 1,..., Q; m, n = 0, ±1, ±2, ...). (1) 

Here, k^,,,,,* = (a m , (3,„ ±y qm n) is defined by a,„ = a + 2mn/d, P„ = p + 2nn/d, and y qmn 2 = (n q k) 2 
- a,,, 2 - p„ 2 , Re(Y 9 ,„„) > 0, and Im(y 9 ,„ n ) > 0. Note that the superscripts + and -, respectively, 
mean an up- and down-going wave. Note also that we need only up-going waves in Vo and 
down-going waves in V G because of the radiation condition. 

Next we construct TE and TM vector modal functions by 

tp qmn ~ = Gqinn ~ tyqmn (r)> £qmn ~ = k , qnm X iz / | k q m n~ x \ (2) 

and 

IW™* = e qm,i TM± (Pq'Jir), e qmfl TM± = e,,,,,, 11 * X k q J /1 e qm J E± x k, H1 /1. (3) 

The TE and TM are defined with respect to the plane of propagation. 

An approximation to E^ d (r) is given by 

E/(r) = I P =TE,TM Sd= + .- qv„ pd (r), (4) 

where A q ,j\N)'s are unknown coefficients to be determined by the boundary condition. 
Note that: d = + alone in V 0 and d = - in V G because of the radiation condition. 

The coefficients are determined so that the E (/ w d (r) and accompanying magnetic fields 
satisfy the boundary condition in the mean-squares sense. To do this, we first define the 
mean-square error on the boundary 

In = JI v x [E 0N d + E' - E w d ] | 2 dS + w 2 J | v x [H 0/V d + H‘ - H w d ] | 2 dS 

+ £q= 2 Q { 1 1 V X [E ,.,. N d - E qN d ] I 2 dS + w 2 J I v X [H ,-,, N d - H 9 /v d ] | 2 dS, (5) 

where the range of integration is a unit cell on each surface and w is a weight having an 
impedance dimension. Then, we locate JxJ sampling points (x h yj, £(x h yj ) + H q ) on the unit 
cell, where jc, = id/J (/ = 1, 2,..., J) and yjj= jd/J. The number of divisions is given by 7 = 2M 
= 2(2N + 1), i.e., twice as many as the number of modal truncation. Thus we have a 
discretized form of I N : 

1 N s / Afy = ||<DA-b|| 2 . (6) 

Here, A is a 4M 2 <2-dimensional column vector whose elements are the unknown modal 
coefficients; and b is a 24M 2 Q-dimensional column vector consisting of sampled values of 
-vxE' and -wvxH'. The Jacobian matrix <f> has a band structure that 



'^>00 

0 > 0 , • 

0 

0 > = 

0 

«>„ • 

0 


L 0 

0 



The elements of the 2AM 2 x 2M 2 sub-matrix <Doo are sampled values of v x cpo»m TE+ , v x 
<Po«i;i™ + , and the accompanying magnetic fields. Other sub-matrices (<t> qq and q+i ) are 
defined similarly and the size of the sub-matrices are 24M 2 x 4M 2 excepting d> e _i q whose 
size is 2AM 2 x 2 M 2 as well as <I>oo. Hence, the size of the Jacobian is 2AM 2 Q x AM Z Q. 

QR DECOMPOSITION WITH SEQUENTIAL ACCUMULATION 

The QR decomposition algorithm is known widely as an effective method for solving a least- 
squares problem: The Jacobian is decomposed into a product of a unitary matrix Q and an 
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upper triangular matrix R; and the solution is given by solving RA = Q*b. If the Jacobian is 
full rank, there is no essential difficulty in this procedure. Even if this is the case, increment 
of Q and/or M causes a serious problem of the lack of computer storage. For example, if we 
set M = 11 (N = 5: quite few) and <2 = 5 (the number of coating layers is 4), then the matrix 
size is 13,420 x 2420, which is beyond the capacity of a desktop computer. 

This difficulty can be removed by the use of the sequential accumulation. We first 
decompose <P and b into <2 segments as 




'b m ' 

• 

, b = 


<E> (e) j 


b (Q) 


Here, = (0-0 <F qq <F qq+1 0-0) are 24 M 2 x 4 M 2 Q (actually 24M 2 x 4M 2 ) matrices, and b iq) 
are corresponding parts of the driving vector b. Decomposing the first segment, we obtain 



(9) 


Appending the segment [<P (2) b (2) ] to [ R {1) g (I) ] and decomposing the result, we have 


Q(2)* 


( 10 ) 


Repeating the same procedure Q times, we finally obtain 


RiQ-9 

$< 0 ) 


8 " 

b {Q) 


q(0* 

The solution is obtained by solving 

R (Q) A = g {Q) 

and the mean-square error is given by faj = [ e (Q) ] 2 . 


( 11 ) 

( 12 ) 


NUMERICAL RESULTS 

Here we show some numerical results that prove the effectiveness of the present algorithm. 
The diffraction of a plane wave by a coated silver grating is taken as an example. Because of 
the limitation in space, we confine ourselves to comparison of the methods of solution: the 
conventional QR decomposition (C-QRD) and the QR decomposition with the sequential 
accumulation (SA-QRD). 

Setting Q = 3, we examined the size of required memory for M =1,9, and 11. In C-QRD 
they are 33 and 55 MB for M = 7 and 9; but the computation for M = 11 could not be executed 
on a desktop computer with a 64 MB memory. While in SA-QRD the memory size are 10, 
29, and 45 MB. There is a complete agreement between the solutions obtained by the two 
methods while C-QRD works. Further, the memory demand in SA-QRD, in contrast to that 
of C-QRD, almost does not depend on <2- This means that we can handle the problem with 
many layers at the cost of CPU time increment alone. 

The CPU time also is reduced by the use of sequential accumulation. For example, for Q = 2 
and M = 4, C-QRD and SA-QRD, respectively, need 642 s and 474 s to obtain the solution. 
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e-mail: s.volkova@mailexcite.com 


ABSTRACT 

Nonlinear systems under periodic pulsed excitation are considered. Solutions of the 
differential equations of motion are represented in a special form with contains a standard pair 
of non-smooth periodic functions and possesses a convenient structure. 


INTRODUCTION 

A problem of the stationary wave propagation in a periodic structure can be reduced to the 
analysis of differential equations with periodic coefficients. Periodic structures with localized 
singularities (inserts) are widely employed in various optical and electromagnetic systems. 
The localized singularities are customarily simulated by using one of two methods: by 
subjecting the variables to be determined to additional conditions in the neighborhoods of the 
points of localization of the inserts [1] or by introducing singular terms of the Dirac function 
type into the equations. The principal merit of the first approach is the fact that the 
differential equations describing the system are the same as when no singularities are present. 
However, there equations are treated separately in each of the spatial intervals between the 
inserts, and hence, instead of a single set, a whole sequence of sets are analyzed. The second 
method yields a single set of equations over the whole spatial domain without introducing the 
above-mentioned conditions imposed on the variables. However, to be correct, the analysis 
should be carried out within the framework of the theory of distributions [2] that requires 
additional mathematical proofs in non-linear cases. A method is presented in this paper that 
enables one, on the one hand, to eliminate the singular terms in the equations and, on the other 
hand, to obtain solutions by analyzing a boundary-value problem on a standard interval, in 
the form of a single analytic expression over the whole spatial interval [3-6]. The technique is 
based on a special representation for a periodic solution using a pair of (non-smooth) 
functions that have relatively simple forms associated with the translation and reflection 
subgroups in the group of Euclidean motions. These functions are termed the saw-tooth sine 
and right-angled cosine respectively. The mechanical model that generates these functions is 
the vibration-impact oscillator moving with constant velocity between two rigid barriers. The 
representation includes the two components and possesses an algebraic structure. This 
essentially simplifies all analytical transformations with equations. 


NON-SMOOTH TRANSFORMATION OF TIME 

Ours system modeling with localized temporal singularities will be based on the fact that any 
periodic function x(t) with period T=4 can be represented in the form 

x(t) = X(T) + Y(r)e, {t->r}, (1) 
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where r = r(7;0) is the saw-tooth piecewise-smooth function of argument £, 



T(0 = 


j-^+2, 1<£<3, 


t(0=t(C+4),VC. 


e = e(t;0 ) 


dr(t;Q) 

Ft 


0 (-]< 0 <1) is a parameter which characterizes the 
slope of the “saw” (Fig.l). If 0^0, function zf t; 0) is not 
symmetrical, pulses act two by two. If 0=0, the 
function r(t;0) is symmetrical, and 
pulses act through the equal gap of time. 


FORMULATION OF THE PROBLEM 

Many problems of nonlinear optoelectronics and electromagnetics are reduced to the 
following equation 

L(y,f)+V Y(y,t)+p\f/(yjf = 0, (2) 

1 I 

where c is the velocity of wave. The function yz depends on the spatial coordinates and time t. 
Suppose that 


' 1 d 2 d 2 
c 2 dt 2 dy 2 


y/(y,t) = x(t) cos(coy+(p), 


(3) 


where co is the frequency, q> is the initial phase. 

Substitute expression (3) in (2). By using Galerkin’s method we obtain a nonlinear differential 
equation of the second order (the Duffing equation) with periodic pulsed excitation: 
de(f;0)l 




= 0 , 


(4) 


where x=— ,p and q are the parameters, s is the parameter of nonlinearity. 
The following problem will be studied: 


♦ for 0=0, obtain an asymptotic solution, 

♦ for 0?tO, obtain an exact solution in elliptical functions. In this case, the y- component 
is zero, 

♦ for large values of the nonlinearity s , solve the equation by numerical-analytical 
method. 
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ANALYTICAL STUDY 

Non-vanishing solution of (4) is build in the way borrowed from [1]. Obtain differential 
equation system 


(1-0 2 )X"- 20Y"+(]-€?) 2 pX = -s(l-€?) 2 Rf (5) 

(!+3€?)Y"- 20X"+(l-G?fpY = -sU-tfflf 

with the boundary conditions 

(X'+qX) [20Y + €?(X +qX)] 

Y /^0 ( 6 ) 

The set (5)-(6) does not contain singular terms. This is its main advantage. Pulsed influence 
reveals itself in the boundary conditions with parameter q. Under q=0, pulsed excitation does 
not act to the system. 

CONCLUSIONS 

A standard pair of non-smooth periodic functions which join small sections of the solution (in 
the intervals between the pulses) into a single analytic expression over the whole time interval 
plays an important role in the proposed method. 
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ABSTRACT 

The problem of the plane electromagnetic wave diffraction by a multielement grating which is 
imbedded in a half-space is considered. A system of singular integral equations is obtained by 
satisfying the necessary boundary conditions. The numerical results describing the resonance 
characteristics of the cascaded grating imbedded into a half-space are presented in the paper. 

STATEMENT OF THE PROBLEM 
Our goal was to investigate the diffraction of plane 
electromagnetic wave with an oblique angle of incidence 
by a multielement grating with arbitrary-shaped elements 
imbedded into a half-space. We considered the next 
problem: let each period d of the grating contain a 
boundary (contour L 0 ) which separate the media: the 
upper S\ (Zj = (Oyjs^u 7) and lower S 2 (% 2 = )■ 

The lower half-space contains N perfectly conducting 
screens with contours L, (Fig.l). The source of primary 
electromagnetic field E* (TM-polarized plane electro¬ 
magnetic wave with exp(-iar) time factor) is located in Ug.l. Geometry of the problem. 

Si. 

The sought for potential of the field E can be found from the next boundary problem: to solve 
the Helmholtz equation A E + % 2 E = 0 which satisfies the following conditions: 


-junction conditions on contour Lq (z=x+iy): 


II 

3M- 

: 

1 

A) 

(i) 

- boundary condition on contours L,-: 




= 0, i =IjV; 

(2) 


- Sommerfeld’s radiation conditions and Meixner’s edge condition at the screen L, ribs. 

SYSTEM OF SINGULAR INTEGRAL EQUATIONS 

The satisfying of the junction conditions (1) leads to the next integral equations: 

J A) 0i° ( 5 ) G 2 (?) - jl fcX?! (r))fc -LJ a ii (s)G 2 (r)ds = -E*(z), ZeLq. (3) 
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- — EL Ji( s )4~ g 2 = ~—~i~ E o fe)■ 

fJ-i ,=i Lt foo M\ 

The satisfying of the boundary condition leads to the last integral equation of the desired ones: 

J2{sp 2 {r)ds + ii{sp 2 ^ s = 0 , zeL i ,i = \,N . ( 5 ) 

Here G 1,2 (r) = G(r)(^ = ^ is the Green’s function which should be calculated by a special 
algorithm [1]. 

Thus, we obtained a system of N+2 integral equations for N+2 unknowns jf 2 , Ji , i = 1, N . 

SYSTEM OF LINEAR ALGEBRAIC EQUATIONS 

After normalization of the system (3)-(5) and by applying the specially constructed quadrature 
formulae [2] to its singular elements, the ordinary Gauss-type ones and to the non-singular 
elements, we obtained the system of linear algebraic equations: 

*=1 

+ £« f te)*2fe.£i)W-E'fe). <ofe)e£o, l = (6) 

(=1 J * 

Z {?0 {4k Ml {4k >£/) +< ?0 {4k ) A 2 {4k '4l) + 

k =1 

+—= <ofc)®io. i = (7) 

/^2 i=l J n 

Z (?o (4 M 2 (& ’£/)+ <k {4k )\?(4k ’4i)+ R 2 (4 ’ £/)]+ 


+ Z<?,„feM 2 "fe.ft)| = 0, t 0 {^)eLi, i = \,N, l = \,n. 

^i,2t^o)=^u(^^o)+l n | r - r o| + ^i,2fr^o), r*T 0 , t(r)6 Lq, 
^2( r ’ r o)=^2( r > r o) +5 2(^ r o)> K r )eL 0 , 
^l,2( r ’ r o) = ^u( r ’ r o) + ^lf2( r ’ r o)’ r * r 0> K 7 ) g ^0> 

Sfe )= In 2 + 2 S-r„,fe )T„fe ), 


\2fe.#/)=—^-/’ufc.ft). 

Z^l.2 z^l.2 

^ = cosf———-;r\ k = \,n, T m (r) = cos(m arccos r). 
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The super-index i denotes t{r) e L ( , E ' • The expressions (9) in the case of geometric 
singularity (t = r 0 for the same contour) should be calculated by special formulae. 

NUMERICAL RESULTS 

The software in Visual FORTRAN 6.0 programming language has been developed and some 
numerical results for the far field approximation have been obtained for the cascaded grating 
imbedded into a half-space. The grating elements have been treated as parabolic arcs: 

t k (r) = a(r + ie( 1 - r 2 )) + ih(k -1) - ih Q , t = [-l;l], s = b/a , k = 1,2 ; (10) 

where ho is the imbedding depth; h is the distance between layers; s is the arc curvature 
(Fig. 2). Fig.3 shows the “incident angle - imbedding depth ho” dependencies (/? runs 
through 2°...88°; ho runs through 0.05... 1.00) in 3-D and topographic forms for different 
screens curvatures. 



d £ = 0-0 

Fig. 2. The cascaded grating 



Fig. 3. The grating parameters: %\ = ^ > Xi = > a=0.5, h= 1.0, d= 1.0. 
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ABSTRACT 

The problem of electromagnetic wave scattering by a double-periodic magneto-dielectric layer 
is solved by the new method based on the rigorous integro-differential equations. The 
Galerkin method is applied to reduce these equations to a set of second-order differential ones 
with constant coefficients in functionals. The general moments of the solution are given. 
Scattering by some magnetodielectric structures including perfectly conducting ones are 
studied. Numerical results for transmission and reflection coefficients are presented. 

INTRODUCTION 

3-D models are best matched to the real scattering process. Basically, the 3-D scattering 
problems were investigated to study the properties of composite structures with double- 
periodic inserts made from perfect metal, for the problem of designing electromagnetic wave 
absorbers based on the double-periodic lossy structures and for the vector problems of 
scattering by so-called photonic crystal. 

In this paper, a vector problem of the wave scattering by a double-periodic layer composed of 
magnetodielectric parallelepipeds is solved. This paper is conceptually analogous to paper [1] 
devoted to the scattering by single-periodic layers and it is an extension of paper [2], where 
double-periodic gratings were investigated with the use of the volume integral equations. 



Figure 1 Geometry of the scattering problem 
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METHOD 

Formulation of the problem is as follows: from the half-space z<0, a linearly-polarized plane 
electromagnetic wave is incident at an arbitrary angle cp on the double-periodic infinite layer 
(Fig.l). We suppose that the incident wave is TE-polarized and a is the angle between the x 
axis and the electric field vector £ lying in the plane of the layer. The layer consists of 
rectangular parallelepipeds of arbitrary sizes along the x axis and the y axis, L x and L y are 
periodicities of the layer in the x and y direction, respectively. The parallelepipeds are 
characterized by the complex relative permittivity s and permeability p and have the thickness 
h. We consider the field components in the ( 77 , £ z) coordinate system connected with the 
incident field polarization and rotated at the angle a about the (jc, y, z) coordinate system. We 
have to obtain the transmitted and reflected fields in the immediate vicinity of the layer. 
Integral equations [3] can be transformed to the equations for the field components in the 
scalar form: 

E n (r) = E 0n (r)e i{k ^ k - l) + ^j(fc 2 + - \}E„(r')G(r,r’)dr' + 

+-f-\ [£(r') - l]Ef(r')G(r ,r')dr' +-£-( [e(r') - \]E z (r')G(r,r')dr'\+ (1) 

drjdgi drjdz ' J 

+ £; J [ju(r') ~ 1 ]H Z (r')G(r,r')dr' -jj [/r(r') - W 4 (r')G(r,r')dr^, 

Here the Green’s function is presented in the integral form, V is the scatterer volume, i.e. the 
layer. For the other field components, E ? , E t , H I; , H 4 ,H Z , equations can be written in a 
similar manner. 


For each period segment numbered (k,l) we can write the notations 6*" 1 <x[ <b k , 
K' < y'i < K v £«, ) = £«> MiK, ) = Mu • 

Following the algorithm given in [2] we present the field in each period segment as an 
expansion in terms of the spatial harmonics and act on the equation for these fields by the 
linear operator 


A“ v F(x',y\z') = 


1 

LX 


1 






F(x',y',z')dx'dy'. 


Thus, we can obtain the set of linear differential equations for the field functionals. By 
summing these equations over all segments we can express the fields and field functionals for 
individual segment through the ones for another segment, e.g.: 

E m - I K-r b" , 

where 


j ix 2 *P I h ' 

oxj = — je L ‘ dx , ayj = — j e L * dy. 

Next we solve the equation set for the field functionals and thus for the field components (the 
procedure in paper[2]). Using the extinction theorem at the last stage we obtain coefficients C } 


Kharkov, Ukraine, Vlll-th International Conference on Mathematical Methods in Electromagnetic Theory 


568 


MMET*2000 Proceedings 


and the expressions for the scattered fields. To take an example, for the transmitted E- 
components 

1 ' (Vmpl+BmpS+Xnplt-M') 

- 'E c /‘‘u, +ix„ P m-v'l l ,wi, ir - 

^ "i P %mp j 

-V mp e mp W2 mp -0 nip W5 mp + Xmp W4 mp - r mpXmp W6 mp }, 



Figure 2. Reflection coefficient versus frequency parameter UX when a normally incident 
plane wave illuminates a structure with parameters: { L x = L v = 1, a = 0, (p = 0.001"}; for 
a) { n = 1, s wmlic =10, e slah = 2, h = 0.3 L }; for b) { £ = 250 + 2500000/, // = 1 / e , 

/i = 0.001} 


A are the eigen values and Wl,..., W6 are the corresponding eigen vectors of the structure. 

The considerations are illustrated by two graphics. In Fig. 2(b) the reflection coefficient of 
the magnetodielectric periodic layer closely approximating the perfectly conducting cross- 
perforated screen is shown, and the data are compared with results of paper [4]. In Fig. 2(a) 
the reflection coefficient of the structure composed of periodically disposed dielectric 
swastikas in a dielectric slab is shown as well. 
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1. Introduction 

Dielectric gratings have found applications in various areas such as integrated optics 111 and acousto¬ 
optics, optical filters, and holography. Recently, the refractive index can easily be controlled to make 
the periodic structures such as fiber grating and photonic crystal waveguide by the development of 
manufacturing technology of optical devices. Thus, the scattering and guiding problems of the inho¬ 
mogeneous gratings have been considerable interest, and many analytical and numerical methods 
which are applicable to the dielectric gratings having an arbitrarily periodic structures have been pro¬ 
posed. 

In this paper, the scattering of electromagnetic waves by dielectric gratings with elliptically layered 
media are analyzed using the combination of improved Fourier series expansion method 121 and the 
multilayer method 131 . 

Numerical results are given for the transmitted scattered characteristics for the case of incident an¬ 
gle and frequency by dielectric gratings whose shape of grating is an elliptic cylinder, and whose inte¬ 
rior distribution of permittivity is an elliptically layered medium for both TM and TE waves. The in¬ 
fluences of the incident angle and frequency of the transmitted power are compared between circular 
cylinder and elliptic cylinder. 

2. Method of Analysis 

We consider the dielectric grating with elliptically layered media as shown in Fig. 1(a). The grating 
is uniform in the y-direction and the permittivity e(x,z) is an arbitrary periodic function of z with 
period p. Fig.l(a) shows the configuration whose shape of the grating is an elliptic cylinder with the 
cross section of a xd/ 2 , and whose interior distribution of permittivity e(x,z) is elliptically layered 
medium. The permeability is assumed to be ju Q . The time dependence is exp (-icot) and suppressed 
throughout. In the formulation, the TM (the magnetic field has only the y-component) case is dis¬ 
cussed. For the TE (the electric field has only the y-component) case, only numerical results are pre¬ 
sented. When the plane wave is assumed to be incident from x > 0 at the angle $ 0 , the magnetic 
fields in the regions 5, (x a 0) and S 3 (x a-d) are expressed 121 as 



Fig.l Structure of the dielectric grating with elliptically layered media, (a) Coordinate system, 
(b) Approximated inhomogeneous layers. 


Kharkov, Ukraine, VHI-tli International Conference on Mathematical Methods in Electromagnetic Theory 




570 


MMET*2000 Proceedings 


S 3 (x a -d) : H™ - e ikM J , (3) 

k[‘ ] =ijkg£j/£ 0 ~(k 1 s'm6 a +2xn/p) 2 ; A, = 0 , k 0 = 2r/A , d & = d/M , l = 1 ~ M 

where A is the wavelength in free space, /t (,) is the propagation constant in the ^-direction and r n (1) , 
A^ l) , Bl' ] and f 4 3) are unknown coefficients to be determined from boundary conditions. /z (,) must 
satisfy the following eigenvalue equation 121 

AjU (,) = { /i (,) ] 2 A 2 U (,) ; Aj ± ] > Ai a ^(0 ], / „i _ m , (4) 

where 


= -<] T > T : transpose, £ V) (z) = f m (z)/g m (z), 

f»!» = *0^ - rH* { YnWJ.l +2a(n-m jp - <p l n n m }, 




C = -/o'i/' 0 ^)} 2 e i2 ' ( "'" )z/ Vz, /<'> = (*, sin0 o + 2t#i/.p), m,n = (-A,---,0,---A ). 




In inhomogeneous grating region S 2 (-</ < x < 0), the elliptic cylinder is divided into thin layers 
d^d/M), as shown in Fig.l(b). The dielectric distribution of thin layer is approximated to step 
index profile E V) (z)[=E((l+05)d s ,z) ;/*=l~A/] . Therefore, / (,) (z) or g (0 (z) contain discontinuity 
such as the step function, (n-m)Tj^ m does not converge, because rj ( n n m is O (l/|n — m|; n * m) as 
\n -m\ -* » [|»7^ |is less than K/\n -m |, where AT is independent of |n -m |], so that the solution 
of the Eq.(4) also does not converge to the correct value. To solve this difficulty, the function contain¬ 
ing the discontinuity is approximated by a Fourier series of Nj terms 141 . We have experienced that 
N = \.5N f is sufficient when N f is related to the modal truncation number A 141 . 

From the boundary conditions at x = 0, x - -/ • d A (/ = 1 ~ M - 1) , and x = -d , we get the fol¬ 
lowing homogeneous matrix equation in regard to A (M) by matrix algebra 151 . 

W-A (A ° «* F, W = [QjSj + Q 2 S 3 - (Q,Sj + Q 2 S 4 )Q 4 ' 1 Q 3 ], (5) 

where the elements of matrix W and F are obtained by reference 151 
The mode power transmission coefficients | T n ( ™ ) | 2 is given by 

|T„ (m) | 2 ^ Re| *«} |z< 3> | 2 /(£ 3 A 0 (1) ), (6) 

where superscript (TM) indicates TM wave case. 

3. Numerical Analysis 

We consider the following structure of grating: 

(1) Grating shape ; elliptic cylinder 

[(* + d/2)/(d/2)f + (z/a) 2 ■= 1 (7) 

(2) Distribution of permittivity f(x,z); elliptically layered media 

t f f 2[l - ^{(2(^ + ^/2)/rf) 2 +(z/fl) 2 }] ■,b~l-E 1 /e 2 : inside of elliptic cylinder 

£\x,z) — 7 (8) 

I £, : outside of elliptic cylinder 

For the above case, we put g (n (z) = 1 and / (,) (z) = e(x,z), and the values of parameters chosen are 
^ = £ 3 =£ 0 , £ z /e 0 =3 and rf/p = 2/3. For the TM wave, the results to check the validity of our 
method are computed with N -9 ( N f =6) and M =30. For the TE wave, the results are computed 
with N = 10 and M = 20. In this case, the relative error are less than about 0.1% and the energy 
error is less than about 10' 3 for both TM and TE waves. 

Figures 2(a) and 2(b) show |T 0 (rw) | 2 and |T 0 (r£) | z for various values of incident angle d 0 at 
2a/d - 0.8,1.0 and 1.2 for p/k -1.0. The case of circular cylinder is 2a/d -1.0 . From in Figs.2(a), 
the effect of grating shape is seen clearly at the minimum of coupling resonance | T^ m) | 2 s 0, and it 
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moves toward larger 6 0 as 2 a/d increases. On the other hand, for TE case, |r o (rc) | 2 has a symmetric 
shape around 0 O = 30°. Therefore, we note that the 6 0 dependence at coupling resonance is more sig¬ 
nificant for the TE case than for the TM case. It is interest the peak of |T 0 (r£) | 2 at 2 a/d -1.0 moves 
toward at 8 0 s 90°. 

Figures 3(a) and 3(b) show | T 0 (m) f and |r o (T£) | 2 for various values of normalized frequency 
(p/2.) at 0 O = 30° with the same parameters as in Fig.2. Comparing the TM case with the TE case, 
we note that the characteristic tendencies for the effect of grating shape are approximately same at 
p/k< 0.7, but for about p/k > 0.7, the effect of the grating shape is more significant for TE case. 

4. Conclusions 

In this paper, we have analyzed the scattering of electromagnetic waves by dielectric gratings with 
elliptically layered media using improved Fourier series expansion method and multilayer method. 
Numerical results are given for the transmitted scattered characteristics for the case of incident angle 
and frequency for both TM and TE cases. The influences of the incident angle, and the frequency on 
the transmitted power for grating shape are discussed. Finally, the authors would like to thank Mr. 
Ryuji Terada at graduate student of Nihon University for help with drawing graphics in this work. 
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RESONANCE EFFECTS FOR THE DIFFRACTION BY HIGH 
REFLECTING GRATINGS IN THE DOUBLE RESONANCES CASE 
N. A. Balakhonova, A. V. Kats, I. S. Spevak 

Kharkiv Military University, P.O. Box 8847, 

61002 Kharkiv, Ukraine, e-mail avkats@akfirst.kharkiv.com 
Natasha.Balakhonova@ukrpost.net 

The light diffraction by high reflecting grating is under is considered under the double 
resonance conditions. This means that two diffracted spectra are grazing waves, i.e., condition 
|k t +mg|«k is fulfilled for two integers m = r,r' simultaneously. Here g is the grating 

wavevector, d = 27t/g is its period, k t presents tangential component of the incident wave 
wavevector. In the simplest geometry case (the plane of incidence is perpendicular to the 
grating groove) double resonances arise near the ‘magic’ angles of incidence, 
0 mag = arcsin(jr + r'|/|r| + jr'|), integers r and r' are of opposite sign. The structure of the 
double resonance strongly depends on the ‘resonance’ Fourier amplitudes, £ r , £ r « of the 
grating, and on the ‘inter-resonance’ harmonics, C±(r-r')- The l atter causes interaction 
between resonance waves via the first order scattering process [1-3]. 

GENERAL SETUP 

Let a plane monochromatic p-polarized electromagnetic wave 

H'(r,t) = e y Hexp[i(kr - cot)] (1) 

is incident on the surface z = £(x) = exp(imgx). Here k = (k x ,0,k z ) is the wave 

vector of the incident wave, H presents the amplitude of the magnetic field. The total field H 
above the surface (in the framework of Rayleigh hypothesis) may be presented as a sum of the 
incident wave (1) and scattered outgoing ones: 

H' = e y f;H m exp[i(k mx x + k mz z-cot)], (2) 

where k mx = k x + mg , k mz = — Jk 2 -k^ x , k = —, Re(k mz ), Im(k mz ) <0, k x = ksinG, 0 

c 

is the angle of incidence. Assuming the surface impedance £ = + i^", (> 0, ^" < 0) to be 

small, |^|«1, and making use of the impedance boundary conditions at the surface z = C ,, 
one arrives to the infinite set of linear equations for the amplitudes H m . One can present the 
solution of these equations in explicit form as the ratios of power series in the grating Fourier 
amplitudes £ m , cf. [1-3]. For instance, in the main approximation the normalized amplitudes 
h n = H n /H of the resonance and specular reflected waves are 

h r = (V r M rV - Vr'M^/D, h 0 = R 0 + i£rv f h r , (3) 

r 

R 0 = (Po - ^)/(po + % ) presents Fresnel reflection coefficient, and 

D = M rr M rV -M rr -M rV , V r =2irp 0 v r /b 0 + o(v 2 )+O(^v), 

M rr' = b A,r' + sgn(r)(r - r')v r _ r - + Z(N - r)(N - r')v r _ N v N _ r -/b N + o(v 3 )+ o(^v 2 ). 

N 
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ABC 
Fig. 2. Plots I 0 against 5k and 80 for the gratings with W] =1 and w 2 =0.5, y = rc/2 

(A); w 2 =2, y = rc/2 (5); w 2 = 2, y = n/4 (C). 

Here P n =-k nz /k, b n =p n +^, v n = g^ n , n = -n, index N corresponds to nonresonance 
spectra. 


CLOSE TO NORMAL INCIDENCE 

The explicit form of the solution (3) allows carrying out complete examination of the double 
resonance diffraction. Moreover, in the close vicinity of the resonance extrema it may be done 
analytically. Let us present here, for instance, the case of double resonance for close to normal 
incidence. Let the normalized wavenumber of the grating k = g/k be close to the value 

K = ^/l + (^") 2 , k = K + Ak, Ak « 1 (the values k = K , 0 = 0 correspond to the position 
of the resonance extrema for infinitesimal grating height). Expanding normalized z- 
components of the resonance spectra wavenumbers, P ±1 , in 0 and Ak with first order terms 
accuracy (in other terms of (3) it is sufficient to put 0 = 0, Ak = 0 ), one obtains simplified 
expressions, cf. [3-4]. For instance, for the specular reflected wave we have 


hfi - 


l-2w?-| 

8k- wf/Vl) 

f + 80 2 +4w 2 +2i( 

8k-w 2 /V3) 

(l - w 2 )- 4iw 2 w 2 cos y 

l + 2wf-( 

8k- wf/Vij 

f +50 2 +4w 2 + 2i( 

pK-wf/S) 

(l + w 2 )+ 4iw 2 w 2 cosy 


(4) 


For simplicity, we presented the result for biharmonic grating (the role of high order grating 
Fourier amplitudes consists in the shift and broadening of the resonance, but these amplitudes 
do not influence essentially the double resonance structure). Here the grating amplitudes 

va-Vfwie*", 

v ±2 = %'w 2 e ±1V|/2 , and 

50 = 0B , 8k = AkB , 

B = K/lfc1?). T = 2V|-V2- 

Note that h 0 depends on the 
renormalized grating 

amplitudes W| and w 2 , and 


-1-1-1- 

40 

— T -j-1— 

: z < r\ - 

20 


\ / G -\ 1 

0 

t L _\ i 

V A "" 

-20 

B — \J- 

_1_1_1_ 

-40 

_1_ \ _l_ 


-0.5 0.0 0.5 7Jd -0.5 0.0 0.5 A7d 

Fig. 1. The difference between the pure harmonic renormalized variables 50 and 
grating with W[ =1, (G), and the gratings (A), (B), (C) of 5 K an( j j n these terms presents 
Fig. 1 forthe Au (X = 632.8nm , s = -10 + 1.5i ). universal result that does not 

depend on the impedance of the boundary. The latter determines only the scaling factor 
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B »1. Note also that the scaling factor for the second harmonic (£,') is much smaller than 
for the first harmonic ). This means that the second harmonic affects the resonance 
essentially if its magnitude is small in comparison with the first harmonic amplitude, 
| v 2 | « |v,|. This limiting case is of special interest. 

Examination of the representation (4) enables one to find all features of the double 
resonance diffraction analytically; in particular, one can define parameters of the grating 
corresponding to the total suppression of specular reflection (TSSR), Ref. [5]. For the 
harmonic grating (w 2 =0) with small amplitude, Wj<l/V2, the intensity I 0 =|h 0 | 2 
possesses minimal value at the point 80 = 0, 8 k = w 2 /\/3 . With Wj increasing, the minimal 
value decreases and tends to zero if w t = l/V2. For Wj > l/V2 , Wj # 1 this point becomes a 
saddle one, zero value of I 0 corresponds to the point 80 = -y/2w 2 -1, 8 k = w 2 /V3 . The 
special case presents Wj =1. TSSR for this grating exists for one-parametric set of 
parameters, namely, at hyperbolas 8 k = i/-v/ 3 ±-\/50 2 -1. Note that the surface I o (80,Sk) is 
symmetrical relative to the plane 8 k = w 2 /v 3. This property takes place also for non¬ 
harmonic grating (w 2 *■ 0) if cosy = 0. 

In the case Wj =1, cosy = 0, and w 2 * 0, TSSR exists at the modified hyperbolas 
8 k = ±^4w 2 -1 + 80 2 + l/V3 , cf. Fig. 1, (B). For the special magnitude of the second 
harmonic, w 2 = 0.5, the hyperbolas transform to two intersecting straight lines. The point of 
the intersections© = 0 , 8k = i/V3 , corresponds to the extremely wide I 0 minimum, Fig. 1 , 
(A). For the phase shift, y^+tt/2 the exact TSSR is impossible, but there exists regions 
corresponding to rather small I 0 values, cf. Fig. 1, (C). 

CONCLUSION 

The results presented show high efficiency of the modified perturbation method [ 1 -4] in the 
analysis of the resonance diffraction. In spite of simplicity, they are in a very good 
correspondence with existing experimental data [6]. Moreover, the simplicity enables one to 
find the cases of special interest both for further experimental investigations and for solving 
the problem of high-accuracy measurements of gratings and media parameters, and for 
designing the unique optical devices. 
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THE DIFFRACTION OF THE NORMALLY INCIDENT PLANE 
WAVE BY A GRATING OVER A CHIRAL MEDIUM 
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A rigorous solution was sought at normal incidence of a plane electromagnetic wave on a 
planar strip grating placed over a chiral medium. The approach consists in drawing up the 
coupled systems of dual series functional equations for the Fourier coefficients describing the 
field in the chiral medium and in the following application of the analytical regularization 
procedure based on the Riemann-Hilbert boundary-value problem method. 

The present development of UHF-techniques is characterized by the widespread application of 
the composite materials, thereat the perspectives of the chiral media use is particularly 
interested [1]. 

1. Let the XOY plane separate chiral (z<0) and nonchiral (z>0) media. A simply periodic 
grating composed by infinitely thin and perfectly conducting strips extending infinitely along 
the OX axis lies in a plane z=h>0. The strip separation is d, the grating period is 1. 

A plane electromagnetic wave E? =E^exp(-/fe), Hf =H,exp(-/fe) (let E o =(<T,0,0); 
H 0 = {h ,0,0) where e, h eC) are normally incident on the grating from z>h. The time 
dependence assumed to be exp(- ico t) is dropped. The diffracted field is to be found. 

2. An isotropic chiral medium is described by the following constitutive relations [1] 

T> = £QsE + ir^£ Q ^ 0 H, B = /^H -iyjsQjUQE, ( 1 ) 

where £2 and is, respectively, the permittivity and permeability , y represents the 
chirality parameter which characterizes the magnetic-electric interaction. 

Taking into account that the incident field does not depend on the x-coordinate and the grating 
is uniform and extends infinitely along the OX axis, the sought field will not have any x 
variations. So the considered problem is two-dimensional. For this problem, (1) yield the 
following relationships governing the field in a homogeneous chiral medium 

Ay- u ± +k ±2 u ± =0, 

E±=tr{y,z), Ez =+ \r~~ , Ez=±\^-, E=E + +E~, H=H f (e + -E~), 

J k~ dz krdy PE 1 

where /c 1 = -/c 2 (l±77),& 2 = ^P0P2/ £ 0 £ 2- So the electric field 

is described by the sum of the so called “wave” fields E* and is that through which all 
the rest field components can be presented. 

It is worth noting that notwithstanding the problem is two-dimensional, all the components of 
the fields are kept. Thus the vector problem is considered. 

3. The sought physical solution has to fit the following conditions: Maxwell’s equations; 
radiation condition at infinity; boundary conditions; periodicity condition; finiteness of the 
field energy. In this formulation, the problem solution exists and is unique. 
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Let us seek the solution in the form of the Fourier series expansion. Using the boundary 
conditions on the z=0, z=h surfaces one can obtain the two systems of functional equations: 


n-+oo 

Z X n M exp(m<p) = F , 


\n =-oo 
(n^O) 


\4< S 


| Z^exp (in<p) = 0, 8<\(/\<n 

JI — —CO 


Z Y n exp (intp) = 0, \cp\ < 8 

n =-oo 


| M=+0 ° _ 

I Z Y n \n\ex^intp) = F, 


\n=~o o 

[(«* 0 ) 


^ < \q\ < n 


( 2 ) 


where (p-lny/Ud- nd/l and F(X,Y), F{X,Y)\ X(x,y), Y(x,y) are determined by 
analogy with [3]; x„ ,y n are the Fourier coefficients describing the field in the chiral medium 
and give all the unknown values. Coupled systems (2) of dual series equations with the 
trigonometric kernels are systems of the first kind. These systems are ill-conditioned and do 
not allow developing an efficient numerical algorithm. The analytical regularization can help 
us to get rid of this ill-conditioning and arrive at the form admitting efficient numerical and 
analytical treatment [2]. 

4.1t was proved that these systems can be simplified by the method of Rieman-Hilbert 
boundary value problem. Applying this method to each system individually we arrive at the 
following infinite system of linear inhomogeneous algebraic equations: 


= "Z "Vmn («){«« + fin Y„ } + b m , 

m = 0,±1,... (3) 

Y m = Z Vmn (u){a„ X n + fi n Y n } + b m , 


bo = 2i%\ W{>(u)^e exp(- ik x h) + ^~^ex^(ik { h)j,b in = -2i%\ V nio {u)^e< ex^-ik^h) + exp(ifci/i)j, 

bo H (w)[^ e xp(- ik \h )+^ exp(z7c,fc)j, b m = 2pjlx\ V, m (w)^exp(- ik x h)+^- exp(//c, /z)j , 

where all the unknown values can be found in [3]. The asymptotic estimates oc n ,fi n 
~co«5/|«|exp(- £|h|) ; a n , p n ~ const/\n\ and the V tm , V /m behavior at \n\, |n|—>oo allow one 


to say that (3) is the Fredholm system of the second kind. Using this system, various 
diffraction values can be calculated by the reduction method in any necessary accuracy. 
Having chosen the smallness parameter an analytical solution can be found by the method of 
successive approximations. 


5.For example, seek the reflection coefficients. Let the coefficients a% and a% determine the 
reflection ( z>h ) of the x- and y- electric field components, which establish, respectively, 
the grating-period averaged field in E- and H-polarizations. It is supposed, that the incident 
field has the only polarization e = 1 ,h =0. The reflection coefficients magnitudes |( 7 q| and 

|«0 | as a function of j = ljX§ indicating the excitation field frequency are plotted in Fig. 1,2. 
The jap | ,|«oj as a functional of the chirality parameter tj are plotted in Fig.3: 


Kharkov, Ukraine, VIII-th International Conference on Mathematical Methods in Electromagnetic Theory 





MMET*2000 Proceedings 


577 



Fig. 1. Reflection coefficient |« 0 V | versus 
frequency 1 / A^: £-, = 1 ; //, = 1 ; = 1 ; 

d/l = 0,5 \h/l = 0.05 . Solid curves correspond 
to 7 = 0,f 2 = 4; the dash curve corresponds 
7 = 0.3. 



Fig.2. Reflection coefficient |« 5 V | versus 
frequency 1 /^, for different hfl. 
Solid curves correspond to the left 
axis, dotted line to the right axis: 
£•, =1 ;e 2 =4;//, =\;jj=034/l =0.5. 




Fig.3. Reflection coefficients |fl 0 v | (solid line, left axis) and |a^| (dash line, right axis) versus 
chirality parameter 7 at ^=0.71 (a) and ^=038 (b):q =1; ^ = 1 ; <%=4; = 1; d/l =0.5; h // = 0.05. 

The obtained solution describe the field in two polarization states, while the incident wave has 
single polarization. The appearance of additional polarization is attributed to the fact that the 
chiral medium eigenwaves represent circularly polarized waves produced by the superposition 
of E-and H-polarized fields. 

The given approach permits to consider the following problems: the wave oblique incidence; 
the involvement of optional layers, the more complicated grating geometry, etc. 
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THE VORTEX LATTICE METHOD IN THE ELECTROMAGNETIC 
WAVE DIFFRACTION ON THE METHOD GRADING WITH 
GYROTROPIC LAYER 
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ABSTRACT 

A mathematical model of diffraction of plane linear polarized monochromatic wave on the 
band grating located on the one side of the planar gyrotropic layer is suggested. It is based on 
the reducing of the problem under consideration in its exact formulation to a singular integral 
equation and its numerical solution by the method of discrete singularities. 

This approach is interesting both by the possibility of the discretization of the considered 
problem by the direct numerical method and its possibility to be extended to the 
corresponding problem with a multielement grating. 



Denote by £ 2 , and £ 2 3 the half-spaces z > 0 and z<-a, respectively; also let Cl 2 be the 
layer - a < z < 0 . 

The domain a 2 is occupied by a gyrotropic layer of thickness a with the tensors of dielectric 
and magnetic permittivity [1,2] 

£■,, 0 0 
£ = 0 £ - i£ u 
0 i£ u £ 



~Mu 0 0 

> M = 

0 M 


.0 iju a /d 


Infinitely thin and ideally conducing grating with a period l and the thickness of aperture d 
is on the upper base of the layer. 
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The half-spaces £2, (above the gyrotropic layer) and fi 3 (under that) are occupied by 
gomogeneous isotropic magneto-dielectrics with parameters £\, fl x and £ 3 , /7 3 , respectively. 
Plane monochromatic E-polarized (with an angle q to the normal to the plane of the grating) 
wave having only one non-zero component of the electric field of the form e~ imt E\ , where 


E G x -e ,r °' z e lh ° y , y 0i =^ktnf -sin 2 ^ , y 0l > 0 ; h 0 = &„«,sin g, k 0 = y, n x =<js i ft i , 

is incident on the grating from the upper half-space. 

We consider the case when the complete electromagnetic field has the form 
e- ,m '(E x (y,z), 0,0), e~ im (0,H } .(y,z),H : (y,z)), 
and as it follows from the Maxwell equations, H v and H. can be represented with the help of 


E x , in particular, 




dE r . 

+ iK —- 

dy J 


, where M = - 


, K = - 




Here we use the notations of [5]. For non-gyrotropic media, K= 0. 

We seek the unique non-zero component of the electric field that satisfies the Maxwell 
equations in the form: 


in the domain Q, 




y ,z>0 


in the domain n 2 


e x2 = 


-a <z. < 0 


in the domain £2 3 E x 3 = ^£ j d n e~' rni(:+a) e ,h " y , z<-a , 

where y nj - sjk*n 2 3 -h] , j = 1,3 ; y n2 = ^k 2 £ n /j jL -h] , ju x =M~ k , Re y n] > 0, 

Im y nj < 0, j = 1,2,3; in accordance to the Snell law h n] = h n2 = h ll3 = h n , 

where h nJ = k a n j sin g + ^y~, j = 1,2,3 , n j is the refraction coefficient of the media. 

Further, using the boundary conditions on the boundaries of the media for the tangential 
components of the electric field E x and magnetic field H y and expressing coefficients b n , 
c n and d n in the representations of the field by a n one comes to the dual summator equations 

in the dimensionless coordinates (p = -j-y ; 6 = y ^ 

1 + a 0 + '£ j a n e i,up = 0, 0 < \cp\ < n (SH) 


(B + D 0 )a 0 + Y j lin + Ai^- + B + D l \e inp =f((p), \p\<0, 

/ISO” 

where A, B, D n , neZ are known where D n = n -> 00 . 

The limiting cases of the problem under consideration were researched in [3,4,5]. 
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Using the method [6] developed by one of the authors of the paper, we introduce a new 
unknown function 

F(q>) = Y J ina n e inv ’, 

that, as follows from (SH), has the following properties 

F(q>) = 0, 9 < \tp\ < n ; (AC) 

e 

^F(y/)dy/ = 0; 

-e 

and by the conditions on the edge we seek F(<p) in the form 

where V(p) is a bounded function. 

It is shown that F(cp ), \<p\<6 satisfies a singular integral equation of the second kind 

F{<p) + A | + B )F{ ¥ )d W + fQ(<p,y/)F{y/)dy/ = f(<p), \<p\ < 9, (SE) 

where for constants A, B and smooth functions Q{<p,y/), \(p\ < 9, \y/\ < 9 ; f(cp), \<p\^0 the 
explicit expressions are found. 

The discretization of (SE) with additional condition (ac) was done via discrete singularity 
method [6,7,4] with the help of the interpolation with the Chebyshev points. 

The used method can also be applied to the numerical solution of the problem with 
multielement grating with m bands on a period. 

In this case the problem is reduced to the analogous singular integral equation on the system 
of m intervals with m additional conditions. 
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SOLUTIOIN OF THE DIRECT AND INVERSE PROBLEMS OF THE 
WAVE REFLECTION FROM THE WAVEGUIDE FRAGMENT FILLED 
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ABSTRACT 

In this paper various math method application for solving the transcendential equation system 

\f\(a,b) - A = 0 

< is considered. 

\f2(a,b) - B = 0 

This system appears when a problem of determination of the complex permittivity from the 
known coefficient of reflection from the short ended rectangular waveguide fragment filled 
with a lossy dielectric is solved. 

Different types of the direct problem formulation which determine the variety of functions 
fl(a,b) , f2(a,b) are considered. 

The comparison of the obtained results in dependence on the direct problem formulation is 
presented. 

INTRODUCTION 

A waveguide method of the complex permittivity measurement is based on the interaction 
between electromagnetic wave directed by the transmission line and researched substance. 

A rectangular waveguide fragment is filled with a substance under the test. Information about 
the complex reflection coefficient (or waveguide fragment impedance) is obtained by the 
measuring device which is turned on to the other end of the waveguide.[l] 

The H w wave is used for measurement. 

The direct problem 

The 1-st formulation uses the transmission line theory. In this case 



The 2-nd formulation uses the partial wave conception. In this case, the reflected wave is 
considered as a superposition of waves after numerous reflections from different waveguide 
regions boundaries. The H\ 0 wave can be considered as a sum of two TEM waves (incident 
on and reflected from the narrow wall). This approach is illustrated in Fig 1. 
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When the TEM wave is incident on the 
lossy dielectric surface [ 2 ] at an angle tp , 
the reflection coefficient is 
W\ cos<p-fVQ cos# 

01 W\ cos^ + Wq cos# ’ 
tC _ fc 0-sin 9 

Re^Jk 2 — Icq -sin 2 Vj 

Taking into account the boundary 
conditions on the waveguide walls we 
obtain 


*01 ~ 


-y/l - {c/2af ) 2 -Js-cosO 
^jb^c/2qff + 4s • cos 9 


Taking into account the enormous reflections from the short end and the dielectric boundary 

[ 3 ] we obtain R = -expU^VTcosg/d (2) 

1 — /?oi ■exp\^i-4nfdy/£cos0/c) 

Comparison of the obtained results for coal powder with e = 5 - 0.2 • i is shown in Fig.3, and 
Fig.4. 



The inverse problem 

The inverse problem consists in the determination of the complex permittivity from the 
known reflection coefficient. 

The 1 -st formulation. From (1) we obtain the following equations 

— = A + iB ; A and B are constants; yd = a + ib, 
yd 

a-sh(2a) + b-s\n{2b) ^_o a-sm(2b)-b-sh(2a) g-Q 

(a 2 +b 2 )-[ch(2a) + cos(2b)] ' (a 2 +b 2 )-[ch(2a) + cos(2b)\ 
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There are some methods of the similar system solving. The following methods were used: The 
Newton method: 

n(a M . a J2^- f 2(a n ,K) aJ ^ 1 

n _ n _ db _ db 


b „+1 =b n 


dfl(a n ,b n ) df2(a n ,b n) dfl(a n ,b n ) df2(a n ,b n ) 

dq db db dq 

l \ bfl(a n ,b n ) d/2(a n ,b n ) 

f2(a n ,b n ) -—- Jl(a n ,b n ) -—- 


df\{q n ,b n ) bf2.(q n ,b n ) df\{a n ,b n ) df2{a n ,b n ) 
dq db db da 

The optimisation approach: The problem of solving the system of equations is transformed 
into the problem of two variable function 

F(a,b) = ( f\(a,b) - A) 2 + ( f2(a,b ) - B) 2 minimum searching. The descent 
method with the alternation step was used. - 

The extension by the parameter [4], Parameter t is introduced into the initial system thus when 


thjyd) 

yd 


-A-iB = 0 


Then 


assuming 


that 


t=0 the solution can be obtained easily: 
a = a(t), and b = b(t), the following system of the differential equations is solved by the 


numerical methods 


da 

Tt~~ 


-bM 


'^1 d[2_df\ df2_' 
da db db da 

The solution of the initial system is obtained if t =1. 


db_ 

dt 


bM 

da 


3/1 J /2 ’ 

da db db da 


The obtained results for several substances are listed in the followinj 

table. 


The 1-st formulation 

The 2-nd 


Newton method 

Optimisation 

Extension 

Optimisation 

Toluene 

e’=2.375 

e”=0.0178 

e’=2.368 

e”=0.0183 

e’=2.64 

e”=0.02 

e’=2.397 

e”=0.022 

Ethanol 

e’=35.7 

e”=4.1 

e’=35.7 

e”=4.1 

e’=35.85 

e”=3.91 

e’=33.65 

e”=1.32 
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AN ANALYTICAL NUMERICAL SOLUTION METHOD 
OF THE REFRACTION INVERSE PROBLEMS 

G.A. Alekseev, A.P. Kusaykin, and A.Y. Poyedinchuk 
Usikov Institute of Radiophysics and Electronics of NASU 


ABSTRACT 

An analytical numerical method with the usage of ground measurements of the refraction an¬ 
gle is suggested for reconstructing the refractive index profile of spherical layered tropo¬ 
spheric environments. In this method, the original refraction inverse problem is reduced to the 
integral equation of the first kind with the self-adjoint positive definite compact operator. A 
numerical algorithm of solving this equation has been developed on the basis of the Lav¬ 
rent’ev a-regularization method and tested on standard and biexponential tropospheric mod¬ 
els. 


From different methods for diagnosing radio-wave propagation conditions of the earth tropo¬ 
sphere, we decided on the analysis of the interference structure of a signal when sent by a 
space-borne SHF transmitter over sea and recorded with an earth-detached receiver while the 
signal source moves close to the radiohorizon, as if it was in “radiosetting” [1], No less then 
seven of ten observations of the signal interference structure correspond to the radio-wave 
propagation under subcritical refraction and with the reflection layers absent (normal 
“radiosetting”). This enables us to calculate the refraction angle from the shift of the interfer¬ 
ence minima depending on the radiosource apparent elevation (refraction direct problem). 
When in geometrical optical terms, the refraction direct problem admits of setting up the in¬ 
verse problem consisting in the reconstruction of the refractive index of the earth troposphere 
from the elevation dependence of the refraction angle along the path from the space-borne 
transmitter to the ground-based observer. Solution of this problem would be a contribution 
toward the end of the operative determination of radio-wave propagation characteristics (first 
of all, radiohorizon distance) along desired intratropospheric paths to more reliability than it 
follows from the earth effective radius concept. 

In geometrical optical terms and under the assumption that the earth troposphere is spherical 
layered, the refraction inverse problem, or problem of the reconstruction of earth troposphere 
refractive index profile n(r) in terms of ground-measured refraction angle ^ at a radiosource 
positive apparent elevation s is formulated as follows 

0-pT — /vv Y> (» 

I n(r)Vn 2 (r)r 2 -p 2 

where p = n o acos(e) is the beam aiming parameter (n o = n(a), a is the earth radius) and h s is the 
height of the space-borne radiosource. 


Given £,(e) function, (1) is a nonlinear integral equation for n(r), and by the change of variable 
u = [r 2 n 2 (r)-n o 2 a 2 ][(a+h s ) 2 n 2 (a+h s )-n o 2 a 2 ]“ ,/2 it is transformed to the linear integral equation 



cos(8)F(u)du 
-y/u 2 c 2 +sin 2 (e) 


( 2 ) 
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for a new unknown function F(u) which is associated with n(r) profile via the parametric rela¬ 
tions 

n(u) = n 0 exp -JF(u)du 
v o 

[r(u) = n 0 a(u 2 c 2 +l) /2 /n(u) 
where c = [(a+h s ) 2 n 2 (a+h s )-n o 2 a 2 ] 1/2 /n o a. 

A straightforward discretization of (2), i.e. the transformation of the integral with proper 
quadrature formulae gives the ill-conditioned system of linear algebraic equations (SLAE) 
whose computer solution is sensitive to any small variations of the SLAE matrix and the 
right-hand side. Besides, as seen from (2), the functions from the range of the considered in¬ 
tegral operator are indefinitely differentiable. Hence, when experimentally obtained, function 
£(e) may have no derivatives at some e. In this case, equation (2) does not have solution in 
classical sense. 

The aforesaid makes us refine the refraction inverse problem formulation. Let instead of exact 
^(e) = ^ e (e), its approximation £ a (e) be known and 

'jfMO-S.WfdeS*! ' 

where 5. is the upper bound of the refraction angle measuring accuracy. Given input data 
^ a (s), s e [£,,e 2 ], the problem reduces to finding such an approximate solution F A (u) of (2) 
that is stable to relatively small £ a (s) variations and converges in the norm of space L 2 ([0,1]) 
toward the exact solution F E (u) as 8^ -> 0 [2]. 



The trouble with the interferometric method for measuring refraction angle is large error 5. 
and s discreteness which is caused by the interference minima determination. To escape the 
discreteness, we reduce the initial equation (2) to the integral equation whose right-hand side 
represents an indefinitely differentiable function. To this end, rewrite (2) as 

f(sM(eW^ = {^^^.KF(e) (4) 


and introduce an integral operator K*: L 2 ([£ |5 £ 2 ]) —» L 2 ([0,1]) of the form 
* / x _ V 2 V0.5sin (2fi)f (s)d6 


Evidently, the equation K*f = 0 possesses only a trivial solution. Acting on both sides of (4) 
by operator K* yields 


AF = I A(u, u)F(u)du = <D(o), 
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where 


./ ■> 'f £(e)sin(e)de \ , Va 2 + o 2 + Va 2 + u 2 ■ ( \, . , • / ->, 

<D(o) = I - j =j = =4=j=g== , A(u, u ) = In - p == — ■===, a = sin(e 2 )/c, and b = sin(e,)/c. 
/.^/oV + sin 2 (e) Vb 2 +o 2 +Vb 2 + u 2 

A direct calculation reveals that operator A: L 2 ([e,,e 2 ]) —> L 2 ([0,1]) given by the left- hand 
side of (6) is self-adjoint and positive definite. 

Compared to (2), equation (6) offers the following benefits: 


• function O(o) with the weight function given by the kernel of operator K* somewhat 
smoothes the refraction angle measuring error on interval [e,,e 2 ], so it acts as a filter; 

• with the interferometric method in which the refraction angle is discretely measured, 
the employment of operator K* provides the indefinitely differentiable function suit¬ 
able for the numerical work; 

• for approximate solution, equation (6) admits the Lavrent’ev a-regularization method 
[3] in which the aim is to convert (6) to the Fredholm equation of the second kind 

where a > 0 is the regularization parameter. 

aF A (u)+ jA(u,u)F A (o)do = <D(u) , (7) 


As shown in [3], the solution of (7) is insensitive to small in the L 2 ([0,1]) norm perturbations 
(||0—O s j| < 8) of the right-hand side. And as 8,a -4 0 with 8/a -> 0, it converges in the 
L 2 ([0,1]) norm toward the solution of (6) to be readily obtained by the numerical methods. 

The computer modeling has shown that the suggested method of the refraction inverse prob¬ 
lem numerical solution based on the conversion of the refraction integral equation into the 
equation with a self-adjoint positive definite operator with the following employment of the 
Lavrent’ev a-regularization method is capable of reconstructing the earth troposphere refrac¬ 
tive index profile from the elevation dependence of the refraction angle with high potential 
accuracy 0.3N units. 

Being determined by the refraction angle measuring accuracy, which in the interferometric 
method is of order 0.1°, the reconstructing accuracy reaches 20N units and permits a large- 
scale prediction of the refractive index profile. 
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SOLUTION OF LIGHTNING INTENSITY DISTANCE DISTRIBUTION 
RECONSTRUCTION PROBLEM BY USING THE SCHUMANN RESO¬ 
NANCE SIGNAL 

A.V. Shvets 

Institute of Radiophysics and Electronics, National Academy of Sciences of Ukraine 
12 Ak. Proskury St., Kharkov, 61085, Ukraine; E-mail: larisa.nipi@ugp.viaduk.net 

The inverse problem solution for revealing total worldwide lightning intensity and its distance distri¬ 
bution based on decomposition of average background Schumann Resonance (SR) spectra is consid¬ 
ered. The developed one-site technique can be applied without invoking any preliminary knowledge 
about spatial structure of the world thunderstorm activity. The technique allows reducing the influence 
of additive interference occurring in experimental measurements. Apart from average electric and 
magnetic field power spectra for the inverse problem solution it is suggested to use their linear combi¬ 
nations emphasizing distance dependence and basic SR peaks. The influence of errors in source spec¬ 
tra and propagation parameters on recovered lightning intensity and its distance profile has been stud¬ 
ied numerically. 

Radio waves in the lower end of ELF band propagating within the Earth-ionosphere wave¬ 
guide exhibit a very low attenuation. In the result of interference between radio waves repeat¬ 
edly passing the globe circumference, a phenomenon known as Schumann Resonance (SR) is 
observed in spectra of natural electromagnetic emissions. SR are excited by lightning dis¬ 
charges and carry information both on sources and propagation parameters determined by the 
lower ionosphere properties [1]. SR are considered also as electromagnetic background for a 
problem of extracting signals of emissions e.g. of seismic or cosmic origin. 

Interest to the study of the SR was recommenced last years by Williams [2] who suggested an 
idea of a global tropical Earth thermometer based on SR measurement from a single receiving 
station. Apart from total level of worldwide lightning intensity and then average tropical tem¬ 
perature SRs also carry information on spatial distribution of sources over the Earth surface. 
This information is useful for study of spatial dynamics of global lightning. An account for 
distances to sources inhomogeneously distributed over the globe is necessary for a correct es¬ 
timation of the total lightning intensity by SR observations. 

A simplified consideration employing a point source model placed on the Earth surface at 
some distance from an observer determines two characteristic ranges. The first is the globe 
circumference that determines basic SR frequencies. The second is a difference between di¬ 
rect and passed trough the antipodal to an observer point path lengths. Direct and antipodal 
waves come to an observation point with the phase difference determined by the source- 
observer range and interfere "pure" SR producing a distance signature in field spectra. 

Such distance signatures are observed as 
quasi-hyperbolic structures in shaded re¬ 
lieves shown in Fig.l representing the 
frequency-distance dependencies of 
electric and magnetic field amplitudes 
squared. 

These spectral features are employed by 
various methods of distance detection to 
discharges producing so-called Q-bursts 
in ELF signal [3,4]. Q-bursts amplitudes 
exceed background level by few times 


lei 2 IAI 2 



10 20 30 10 20 30 


Fig. 1. Shaded relieves of distance-frequency dependen¬ 
cies for electric and magnetic field amplitude squared. 
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and can be analyzed as isolated events. 

More sophisticated situation occurs with the analysis of background SR signal formed by to¬ 
tality of lightning discharges happening on the Earth [5-8]. In this case a simplified model 
which implies three world thunderstorm continental centers placed in Asia, Africa and South 
America is employed. But still essential problems remain with determination of parameters of 
this model such as effective sizes of the world thunderstorm centers and dynamics of redistri¬ 
bution of activity between them from experimental SR data. 

We propose a new technique for solving the inverse problem for decomposition of distance 
distribution of the world thunderstorm activity from average SR spectra. The solution is based 
on supposition on incoherent summing of pulse energies produced by totality of lightning dis¬ 
charges forming SR background signal at input of a receiver. We suppose also spherical 
symmetry of the Earth-ionosphere waveguide. In this case the next similar equations for elec¬ 
tric and full magnetic field amplitudes squared can be written: 

| E r (<o)[ 2 = m(co) S i \e(a>,D i ) i 2 (1) 

\ H A® f = |*,H 2 + |*vH a = «(<»)•£ 5,1 h(a>,D,f (2) 

1=1 

where S, is an effective number of discharges with mean dipole current moment squared 
m{cof occurred within i"' distance interval, e(co,Dj), h(co,Di) are frequency responses of the 
Earth-ionosphere waveguide on vertical lightning discharge with unit current dipole moment 
placed at the distance Z), from a receiver. 

Equations (1), (2) represent expansions of average spectra by series of non-orthogonal base 
functions \e(co,Dj)\ 2 and \h(a),DJI 2 and solutions of these ill-posed problems can be obtained in 
terms of regularized least squares method. To improve conditionality of the linear equation 
systems obtained we can require base functions to be closer to orthogonality. For this aim we 
constructed the next linear combination of electric and magnetic field amplitudes squared, 
emphasizing the distance signature as is seen from Fig. 2: 

g~(co,D,r)=\e(o),D)\ 2 -y\h(a>,D)f , (3) 

where /= 530 is fitted to commensurate electric and magnetic components. Another function: 

g + (ct), D, y) = | e(co, D) f + y\h(co, Df , (4) 

vise versa, suppresses distance signature and emphasizes basic SR peaks. This property of 
g + (a>,D) can be used for solving the inverse problem for propagation parameters determina¬ 
tion. 

Inevitable for experimental measurements interference from pulse static and induction fields 

radiated by nearest lightning discharges, at¬ 
mospheric (wind and rain or snowj) and mi¬ 
croseisms influencing field sensors being 
situated in the Earth’s magnetic field and 
fair weather electric field frequently spoil 
acquired data. Such interference is observed 
usually as ascent of lower frequencies in 
measured spectra. To compensate these 
noises and extend data ensemble admissible 
for analysis, a set of functions of 1//" - type 
(n=l,2..) is added to system of base func- 




,.r,| 


Fig. 2. Shaded relieves of g (w,D) and g + (o),D) 
in distance-freouencv coordinates 
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tions. 

Base functions describing spectra of emissions 



20 

f, Hz 


Fig. 3. Lightning distance profile recon¬ 
struction by model average SR spectra inter¬ 
fered with 1 //"—type additive noise. 
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of possibly seismic or cosmic origin falling 
into the SR frequency range might be added 
for their detection on the SR background. 
Results of reconstruction of model mean 
spectra superposed with low frequency 
noise shown in Fig. 3 demonstrate advan¬ 
tages of the proposed technique for separa¬ 
tion of interference. 

The results of this study are summarized 
below. 

1. A one-site technique for recovering of a 
total level and distance profile of the global 
lightning activity based on decomposition 
of average field spectra of the natural SR 
electromagnetic background has been de¬ 
veloped and tested by numerical simulation. 

2. The technique allows reducing the influ¬ 
ence of different types additive noises oc¬ 
curring in experimental measurements, ex¬ 
tending data ensemble acceptable for analy¬ 
sis. 

3. Together with the average power, elec¬ 
tric and magnetic field spectra for the in¬ 
verse problem solution is suggested, using 
their difference and sum that emphasize 
distance dependence and basic SR peaks, 
respectively. 

4. The influence of errors in model average 
source and propagation parameters on re¬ 
covered values of total lightning intensity 
and its distance profile have been studied 
numerically. 
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NEAR-FIELD EFFECTS IN THERMAL RADIO EMISSION 1 
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Phone: 8312 327920, Fax: 8312 675553, E-mail: gai@ipm.sci-nnov.ru 

ABSTRACT 

Our research is related with a new idea in the area of subsurface radiometry. This idea is based 
on a specific character of the quasi-stationary part of a thermal emission field (evanescent 
modes at interface). It is formed in media in another way in comparison with the wave (propa¬ 
gating) component. At first, the problem of the detection of the quasi-stationary field near the 
media surface has been formulated by S.M.Rytov (see, for example [1]), where it was shown 
that the energy density of this component enhances drastically with the decreasing of the dis¬ 
tance above the surface whereas the energy density of the wave component is unchanged in 
the whole space. But till the present time this problem remained experimentally unsolved. The 
difficulty of these measurements is related to the strong influence of the media on antenna pa¬ 
rameters, because the quasi-stationary field could be measured only at a small distance above 
the surface and only using electrically-small antennas (much less than wavelength in a me¬ 
dium) [2]. The theoretical analysis [2] shows that the effective depth of the formation of 
quasi-stationary component depends on the height of antenna above the surface of a medium 
and on the antenna size. At the surface, this skin-depth could be very small (for small anten¬ 
nas); it increases with the antenna height, and at the height comparable to wavelength in the 
medium it converges to skin-depth for the wave component of thermal emission. So, it is pos¬ 
sible to discover the influence of the quasi-stationary field by measurements of the tempera¬ 
ture-stratified medium using for the calibration the same medium at two different constant 
temperatures. Two near-field effects could be detected: (i) the effective radiobrightness de¬ 
pendence on the height of the small antenna and (ii) radiobrightness dependence on the aper¬ 
ture size at small distance above the surface. These effects lead to new one-wavelength meth¬ 
ods of non-invasive temperature sounding of absorbing media, such as water and living tissue 
[3]. 

THE INTEGRAL EQUATION AND EFFECTIVE RADIOBRIGHTNESS 

The well-known solution of the emission transfer equation for radiobrightness is inapplicable 
for the case of quasi-stationary field measurements. The solution of this problem of electrody¬ 
namics has been obtained in [2] on the base of wave approach, and the expression for the ef¬ 
fective radiobrightness temperature at given wavelength X could be written in compact form 
as: 

T h (h,D)=]T(z)K(h,D,z)dz, (1) 


where h is the height of antenna above the surface of the half-space, D is the effective antenna 
diameter. It is possible to represent the kernel K of (2) as a sum of quasi-stationary field and 
wave field parts. The quasi-stationary component dominates, if D « X and h « X. In this 
case the depth of layer which gives the main contribution in the value of measured thermal 
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emission in (2) (the effective depth of radiobrightness formation) d e/f = JJ zK(h, D, 2)dz | is 

much less than the absorption skin-depth = 1/y (y is the absorption coefficient). The wave 
field component dominates if D > X and h > X, and d e ff-» d^. In any case because of near-field 
effect d tff should be less than d sk . Integral equation (1) has been applied in [3] for near-field 
effect calculations and for the statement and numerical simulation of the inverse problems of 
the temperature profile retrieval from the known dependence T^(D) or T^(h). It is used below 
for the comparison with the experimental results. 

MEASUREMENTS. NEAR-FIELD EFFECTS 

The measurements have been carried out using the high-sensitivity (0.05 K) radiometer at the 
frequency of 950 MHz with the spectral band 200 MHz. On the first stage of measurements, 
we use the temperature-stratified water as a media with well-known dielectric parameters. A 
special device has been worked out to create a stationary linear temperature profile in the wa¬ 
ter with the large gradient dT/dz = 2.5 K/cm and to manage the precise height h of the antenna 
above the water surface. The main technical problem was to develop the electrically-small 
antenna with high enough efficiency. The first examples of the stripline planar dipole antennas 
with the effective size about 1 cm have been developed [4] and applied in experiments. These 
copper antennas include the resonant circuit to achieve the antenna-water matching. In [4] the 
reflection coefficient R, efficiency r| and sensitivity dTb of the developed dipole antennas have 
been investigated. These parameters appeared practically independent on the temperature and 
the salinity of water in radiometer frequency band. The achieved antenna parameters permit to 
solve the main problem, i.e. to detect both the above mentioned effects at large temperature 
gradients in the temperature-stratified water. 

Measurements have been carried out for the temperature-stratified water at three different val¬ 
ues of salinity: 5 = 0, 1.8-10' 3 and 5.0-10' 3 g/cm 3 . At the water salinity 5 = 1.8 g/litre the skin- 
depth at the given frequency is temperature independent and the medium can be considered as 
a homogeneous dielectric. The results for the first two values of salinity are shown in Fig. 1,2. 
The measured temperature profile in the water is given in Fig.3. At S = 0 the temperature T{z 
- -d) at the skin-depth was used to calculate the dielectric parameters. 
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Fig. 1. Measured dependence of radiobrightness on the Fig.2. The same as in Fig. 1, but at water salinity 
antenna height at antenna sizes D= lcm and S= 1.8-10' 3 . 

D = 4 cm for the distilled (deionized) water (5=0). 

Circles-measurements, dashed line - calculation. 
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One can see in Fig. 1,2 that the measurements and the results of calculation of T b from the in¬ 
tegral (1) are in a very good agreement. So, the dependencies of radiobrightness on the an¬ 
tenna height and size are successfully detected. More strong effects have been observed in 
distilled water, but in this case the dielectric parameters are temperature-dependent and it is 
difficult to get a high accuracy. 

The calculated and the measured dependence of the effective depth d c(( of radiobrightness 
formation on water salinity at contact measurements (h = 0) along with the same dependence 
for the absorption skin-depth d sb is presented in Fig.4. The well-detected difference between 
J ef f and J S k is a demonstration of the near-field effect. 



METHODS OF SUBSURFACE RADIOTHERMOMETRY 

It is possible to use the dependencies T b {h ) and Tb(D) for the retrieval of the temperature pro¬ 
file T(z) from the solution of the integral equation (1). This possibility has been theoretically 
studied in [3] on the basis of numerical modeling of retrieval from the solution of ill-posed 
Fredholm integral equation of the 1-st kind (1) using the Tichonoff method. The first exam¬ 
ples of the temperature retrieval by 7b(D) are obtained. To use the height dependence T b (h) for 
temperature diagnostic it is necessary to work out the tunable antenna for matching at arbitrary 
height level h (in our measurements the antenna was matched for h = 0 only). 
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MATCHING OF THE NORMALLY INCIDENT H-POLARIZED PLANE WAVE WITH 
A LAYERED HALF-SPACE 

Viktor Naidenko 1 , and Elena Guseva 2 

' Kyiv State University of Trade and Economics, 19 Kioto street, Kyiv, 02156, Ukraine 
2 National Technical University of Ukraine «Kyiv Polytechnic Institutes, 37 Prospect Peremogy, Kyiv, 03056, Ukraine 

The plane 7=0 divides the whole volume into two regions 1 and 2 (Fig. 1). An emitter from region 
1 forms a plane unit wave with components H y , E x , which is normally incident on a stratified half¬ 
space (SH). Planes x=0, ±a,..., x=±al 2 are electrical walls. It conforms to the zero phase shift on a 
structure spacing in the x-direction of the SH [1], Permittivity of region 2 strata is considered to be 
a diagonal tensor with components s„ s v , s z . The dependence on t is 
exp(jcot). 

Fields in region 1 are represented as a sum of incident and reflected 
waves 

H yl =e~' r ° ! +R 0 e jTaZ +^R„ cos(2nnx/a)e ir " z , 

(O£ 0 £ xl E x =T 0 (e~ ir ° z - V' T,)Z )- r « cos(2tc nxla)e jr "\ 

where T 2 = £ x] [k 2 ~(2nn/a) 2 /e,, ], R„ - amplitudes of reflected 
waves, n = 0,1. 

Region 2 is divided into two subregions 2.1 and 2.2, separated by the boundary x=±t /2 within the 
limits of one period of the SH. Fields in region 2 are represented as a sum of transmitted waves 

H y2 = jr B m x V m (x)e~ jy ”' z , (O£ 0 E x2 = B m y ( „'F* {x)e ~ hmZ , 

where y m is ’ ™=i »«=i 

determined, as follows 

from the wave equations, by one of the equalities 

y 2 = k 2 £ x2] ~qlfi xlA /s z2 ] = k 2 s x22 -h 2 t £ x22 /£ z22 , 

—cos2 v m x/t, x<t/ 2, 

S,2.2 

COSV,„ 

- - —cos u m 

e x2 , cos u m 

Other parameters are known, u m and v,„ is derived from the equations 

S, 22 M m tgM„, -{llt)£, 2 .i v „,tgV,„, M 2 =(b ?2 ] /S^2.iX^ /, 0 2 [ V ,h 8 a2.2 ^ Z zll ~{ktl2) 2 (£ x22 ~£ x2A )]• 

On the region 1 and 2 boundary z=0 the boundary conditions should be satisfied 

U 0 . 

Substituting field expressions into these conditions, one gets a system of functional equations: 

1 + R 0 + fx cos— = (la) 

a 

S-(i - * r, cos—=f b„y„X( 4 (lb) 

8 tl s d a ^ 

This system can be reduced to the system of linear algebraic equations (SLAE) of the first or 
second kind for R„ or B m . In order to do this, every equation (1) is multiplied by a system of the 
same or different functions that are full and orthogonal on interval 0<x<a/2 and integrated with 
respect to x between 0 and a !2 (the task is even about plane x = 0). In the given problem the 



(2x-a)/l,t/2<x<a/2. 


cos2v m x/t, 


x<t/ 2, 


- cos« m (2x - a)/1, t / 2 < x < a / 2, 


Q 


Fig.l 
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system of functions {cos(27t#x/a)|" =0 with weight 1, (jc)| " = , with weight 1 ls x 

and { 4 ^ (x)| " =l with weight e x are full and orthogonal on interval 0<x<a/2. Hereinafter one needs 
the following integrals 

a /2 [2, n-q = 0, a/2 

— [cos(27rnx/<3)cos(27t^x/a)rfx = |l, n = q* 0, J mn = 1 fcos^^Oc )dx, 
a y I a a a 

0 [0, n*q, 

- K (;c) x F E (x)dx = — f v F (jt>F E (x)dx =-P m ’ m q ', 7 E „ = — f cos ¥ E . 

« o J a t 10, m*q, a 0 J a 

Applying the system of functions {cos(27t^x/a)|" =0 to (1), one gets the following SLAE: 
f4.(S„ + *,) = |;».y_. n = 0 . (2, n = 0, „ fl, n = q, _ 


-ft- " 

Eliminating from SLAE (2) R 0 and R n , one gets a system of the first kind for B m : 

ji».^+e*r./r.)=4S.„, 

SLAE (3) being solved, amplitudes R„ is derived from one of subsystems (2). 

Applying system of functions { v F E (;c))|" =1 to (la) and {*F 9 (^)|* = | - to (lb), one gets 

J m 0 + Z = B >" I n ,. rn = 1,... 

, n=0 

r 0 7 m0 = B m y m I m e xl , m = 1,... 

#1=0 

B m can be eliminated from this SLAE. One gets SLAE of the first kind for R„: 

Z R n (Ox. + J n,n^n 1 Ym )= J n.O^O > Y„, “ Oxl, W = 1,... 

11=0 

Applying system {cos(27tgx/a)}|” =0 to (la) and { x F (? (jc)]|" = 1 - to (lb), one gets SLAE 
A „( 8 ,,o+tf«) = Z 5 <n / m,,> n = 0,.... 

, m=l 

B m y m I m z xl = r 0 J m0 - £ r„/?„7 m „, m = 1,.... 

n=0 

SLAE of the second kind for 5,„ or /?„ can be derived by eliminating R„ or B,„ from (6): 

+gr B J„/„/A.j = 2V, 1() , m = 1,... 

Z R ,[ 8 ^ A A' +r ,Z y ~^/(v. / .)] = r oE^^/(y./J-28.oe,„ » = «,. 

Applying system {HHJ(jc) j|“ =1 to (la) and {cos(27t#x/a)|" =0 -to (lb), one gets SLAE 
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■Co+iX-c™=u 

|A,(8„-fiJr,= Ell |:s.T./., * = 0,... 

Eliminating amplitudes /?„ or 5„, from (9), one gets SLAE of the second kind for B m or R n 
IXfv. + /(A.rjj = 2J1 0 , m = 1,... 

= n = 0,... 


(9) 


( 10 ) 

(ID 


Comparison of the obtained systems of the second kind shows that SLAE (8) and (10) are the best 
from the point of view of convergence of the coefficients of unknown amplitudes. 

The presented results of computations are obtained by 
SLAE (8). The data in table 1 allow to make 
conclusions about the accuracy of calculations as a 
function of SLAE order M, relative permittivity s' 

(s' x 2 . 2 = s'z 2 . 2 = e '> e'x 2 . 2 = e'z 2 . 2 = 1) and thickness t/a, ( l/a 
= const). 


Table 1 



g' 

value 

M=5 

M= 10 

M= 20 

M= 4i 

2 

\R 0 \ 

0.033964 

0.033965 

0.033965 

0.033E 

arq(flo), * 

4.81338 

4.91077 

4.93382 

4.937 

6 

Iflol 

0.059584 

0.059587 

0.059589 

0.0595 

arg(flo), s 

11.5367 

11.8328 

11.9055 

11.91. 

10 

Iflol 

0.063381 

0.063360 

0.063366 

0.0635 

arg(Ro), s 

14.7730 

15.1788 

15.2768 

15.28' 

_2_ 

\Rd 

0.13577 

0.13578 

0.13578 

0.1357 

arg (R 0 ), 5 

1.94421 

1.96517 

1.97255 

1.9741 

_ 5 _ 

\Ra\ 

0.29841 

0.29841 

0.29844 

0.298. 

arq(flo), 5 

7.42772 

7.4624 

7.47427 

7.478: 

10 

1 Rd 

0.39326 

0.39302 

0.39301 

0.3931 

a MBsLl 

3.01915 

3.05608 

3.07333 

3.0801 


Reflectance magnitude li?ol and phase 
arg(R 0 ) (further index 0 is omitted) as 
functions of s' and relative dimensions 
a/X, t/X, l/X are computed. With every 
next higher mode, new points of 
inflection appear on curves. Fig. 2 
shows IRI and arg(R ) as a function of 
t/X for several values of s' ( a/X = 1). 
Fig. 3 shows IRI as a plot of l/X for 
several values of s' ( t/X = 0.5). Fig. 4 
shows the dependency of I/? I from l/X 
for several values of t/X (s' = 5). 


Fig. 2 
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NEAR-FIELD AND FAR-FIELD IMAGE RECONSTRUCTION FOR AN 
IMPERFECTLY CONDUCTING CYLINDER 

Wei-Ting Chen and Chien-Ching Chiu 
Electrical Engineering Department, Tamkang University 
Tamsui, Taiwan, R.O.C. 

ABSTRACT 

Comparison of image reconstruction by using near-field and far-field data for an 
imperfectly conducting cylinder is investigated. A conducting cylinder of unknown shape and 
conductivity scatters the incident wave in free space and the scattered near and far fields are 
measured. By using measured fields, the imaging problem is reformulated into an 
optimization problem and solved by the genetic algorithm. Numerical results show that the 
convergence speed and final reconstructed results by using near-field data are better than 
those obtained by using far-field data. Finally, it is worth noting that the present work 
provides not only comparative information but also quantitative information. 
INTRODUCTION 

The electromagnetic inverse scattering problem of conductors has been a subject of 
considerable importance in remote sensing and noninvasive measurement. In the past twenty 
years, many rigorous methods have been developed to solve the exact equation. However, 
inverse problem of this type are difficult to solve because they are ill-posed and nonlinear. As 
a result, many inverse problems are reformulated as optimization problems. General speaking, 
two main kinds of approaches have been developed. The first is based on gradient search 
approach such as the Newton-Kantorovitch method [1], [2], the Levenberg-Marguart 
algorithm [3]. Since these approaches apply the gradient search method to find the extreme of 
the cost function. This method is highly dependent on the initial guess and tends to get 
trapped in a local extreme. In contrast, the second approach is based on the genetic algorithm 
[4], [5]. The genetic algorithm is a well known algorithm that uses the stochastic random 
choice to search through a coding of a parameter space. Compared to gradient search 
optimization techniques, the genetic algorithm is less prone to convergence to a local 
minimum, which in turn renders it an ideal candidate for global optimization. 

In this paper, comparison of image reconstruction by using near-field and far-field 
data for an imperfectly conducting cylinder is presented. The genetic algorithm is used to 
reconstruct the shape and conductivity of a scatterer. 

THEORETICAL FORMULATION 

Let us consider an imperfectly conducting cylinder with cross section described in 
polar coordinates in the X y plane by the equation p - p (#) located in free space. An incident 
plane wave whose electric field vector is parallel to the z axis is illuminated upon the metallic 
cylinder. By using the induced current concept, the scattered field can be expressed as the 
integral of the two-dimensional Green functions multiply the induced surface current density, 
which is proportional to the normal derivative of the electric field on the conductor surface 
[2], [4], Besides, for an imperfectly conducting scatterer with finite conductivity, the 
boundary condition can be approximated by assuming that the total tangential electric field on 
the scatterer surface is related to surface current density through a surface impedance [2]. As a 
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result, for the direct problem, given the shape and the conductivity of the object, we can use 
the boundary condition to solve the surface current density, then calculate the scattered field 
by using the Green function. Let us consider the following inverse problem: given the 
scattered field, determine the shape and the conductivity of the object. The genetic algorithm 
is used to minimize the root mean square error of the measured scattered field and the 
calculated scattered field, through three genetic operators: reproduction, crossover and 
mutation. When the root mean square error changes by less than 1% in two successive 
generations, the genetic algorithm will be terminated and a solution is then obtained, i.e., the 
shape and the conductivity is obtained. 

NUMERICAL RESULTS 

By a numerical simulation we compare the image reconstruction by using near-field 
and far-field data. Let us consider an imperfectly conducting cylinder in free space and a 
plane wave of unit amplitude incident upon the object. The frequency of the incident wave is 
chosen to be 3 GHz. In our calculation three examples are considered. To reconstruct the 
shape and conductivity of the cylinder, the object is illuminated by four incident waves with 
incident angles (f) =0°, 90°, 180°, and 270°, and eight measurement points is taken on a 
circle of radius R' at equal spacing. In our cases, R' is chosen much smaller than or larger 
than 2 D' 2 /X, corresponding to the near-field or far-field measurement, where D' is the 
largest dimension of the scatterer. Here R'= 0.06m for near-field measurement and R'=lm 
for far-field measurement. The number of unknowns is set to 10, to save computing time. The 
population size is chosen as 300. The search range for unknown coefficient of the shape 

function is chosen to be from 0 to 0.1. The 
search range for unknown conductivity is 
chosen from 3xl0 7 to 7xl0 7 . The 
extreme value of the coefficient of the 
shape function and conductivity can be 
determined by the prior knowledge of the 
objects. The crossover probability and 
mutation probability are set to be 0.8 and 
0.04 respectively. 

In the first example, the shape 
function is chosen to be 
F{0) = (0.02 + 0.004 sin 26 + 0.008 sin 36) m 
with copper material (cr = 5.8x10 7 s/m). 
The reconstructed relative root mean 
square error for the shape and conductivity 
(ES and EC) by using the near-field and 
far-field data are plotted in Fig. 1. Here the 
shape function is also plotted for reference. 
From Fig. 1, it is clear the convergence speed and final rms error by using the near-field data 
are better than those obtained by using far-field data. The final rms errors for conductivity by 



Fig. 1 Shape function errors and conductivity 
errors for example 1 in each generation by using 
near-field and far-field data 
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using the near-field and far-field data are 1.7x10 2 and 2.4x1 O' 2 respectively. Note that the 
convergence is achieved at the 130th generation by near-field measurement. However, for far- 
field measurement, the convergence is not achieved until the generation is 200. This is due to 
the fact that the kernel of integral for far-field measurement is more smooth (less singular) 
than that for near-field measurement. As a result, the near-field measurement is less illposed 

than the far-field measurement. 

In the second example, we 
selected the peanut shape function 
F(<9) = (0.026 + 0.009cos 26) m with 
silver material (o- = 6.17xl0 7 s/m). The 
purpose of this example is to show that 
different shape and conductivity has 
similar results. Reconstructed results are 
shown in Fig. 2. 

CONCLUSIONS 

We have compared the image 
reconstruction results for an imperfectly 
conducting cylinder by using near-field 
and far-field data. It is found that the 
reconstructed results for near-field 
measurement are better than those 
obtained by the far-field measurement. 
The can be explained by the fact that the near-field measurement is less illposed than the far 
field measurement. Finally, it is worth noting that in these cases the present work provides not 
only comparative information but also quantitative information. 
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Fig. 2 Shape function errors and 
conductivity errors for the example 2 in each 
generation by using near-field and far-field 
data 
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SHEET CURRENTS RETRIEVAL IN HIGH-r c 
SUPERCONDUCTOR FILMS 1 

A.V. Zhilin, K.P. Gaikovich, Y.N. Nozdrin, and A.N. Reznik 
Institute for Physics of Microstructures RAS, GSP-105, Nizhny Novgorod, 603600, Russia 
Phone: 8312 327920, Fax: 8312 675553, E-mail: gai@ipm.sci-nnov.ru 


ABSTRACT 

Investigations of 2-D sheet current distributions based on measurements of magnetic field 
above the type-II high-temperature superconductor (HTSC) YBaCuO films in a remanent 
magnetization state have been carried out. Using the Biot-Savart law and continuity equation, 
integral equations (of the 2-D convolution type) for two components of the current have been 
obtained. These equations have been solved on the basis of Tikhonov’s method of generalized 
discrepancy. Sheet current pattern in superconductors has been retrieved as well as the 
magnetic field distribution on the film surface. The current peculiarities related to the laser 
pulse effect have been retrieved from measurements. A new physical effect of the 
redistribution of currents after the laser pulse impact without the change of the total vortices 
number has been observed. 


MEASUREMENTS 

The method of measuring the perpendicular component of magnetic field H z (x,y ) at arbitrary 
height level z above the film surface uses a Hall scanning probe. A normally-directed external 
magnetic field was generated by a solenoid coil, which is cooled with liquid nitrogen and 
produces a maximum field of 500 gauss. The magnetic field increases linearly up to its 
maximum value during 20 seconds, and then decreases in the same way down to zero value. 
Thin film (about 0.1pm) with a diameter of 20 mm was chosen for measurements. A Hall 
probe with the sizes 100 x 50 pm in the x-y plane and 10 pm in the z-direction was applied in 
experiments. The height z of measurements was chosen in 200-300 pm interval to ensure non- 
invasive conditions. The lateral resolution of measurements (pixel size) was chosen 250 pm 
(comparable with the Hall probe size). The time of the one-pixel integration was 0.25 s at the 
integration time constant To= Is. The noise level was about 0.1 gauss, and it was uncorrelated 
at the adjacent pixels. 


INVERSE PROBLEMS 

The integral equations (of the 2-D convolution type) for two components of current for the 
inverse problem formulation have been obtained in [1] using the Biot-Savart law and the 
continuity equation: 

, i rr „ y\z\x 2 + y 2 + 2z 2 )-x\x 2 + y 2 )} jjj , 

H. (x, y, z) = - II y,(V, y ) — L -- v --, --- -7 , ■ v — —dx!dy , (1) 

c JJ (X 2 + Y 2 + z 2 y i2 [X 2 + z 2 J 


, l f f., 7 ,, X[z 2 (X 2 + Y 2 + 2z 2 )-Y 2 (X 2 + Y 2 ,,, , 

H.(x,y, z) = - -II j y (X,y) 1 --- v — ^dXdy\ 

• (X 2 + Y 2 + z 2 f l 2 (Y 2 + z 2 f 


( 2 ) 
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where / x , j y are the components of the sheet current j , X = x-x', Y = y-y'. Deconvolution of 
(3) and (4) yields a solution of the inverse problem of 2-D current pattern retrieval from 
a 2-D magnetic-field distribution measured in the x-y plane at some arbitrary vertical distance 
z. Special regularization methods should be applied in this case. Convolution equations (3) 
and (4) have been solved by using Tikhonov’s method of generalized discrepancy [1]. Our 
numerical simulation gave the following results. The rms of random errors of retrieval related 
to the random “data” noise with the rms of 0.1 gauss changes from 0.1 A/cm for the low 
current values (about 2 A/cm) up to 0.5 A/cm for the strong currents (about 20 A/cm). 

To reduce the measurements time to about 3 hours instead of 48 hours, the retrieval of 
the true magnetic field H(t) from the measured time dependence H m (t) has been carried out 
from the deconvolution of the equation 

H(t) = — [ t H(x)e~ Xo dx, (3) 

x 0 J -” 

where t 0 is the integration time constant. The equation (2) has the exact solution 

H(t)= H m (t) + r 0 —■(*). (4) 

at 

but this solution of ill-posed equation (2) has a property to amplify the random noise. To 
solve the problem, the Tikhonov method for the initial convolution equation (2) has been used 
as a preliminary data processing shown in Figs.l, 2. 


H, gauss 



Fig.l. Numerical simulation. Retrieval of the step- 
function. 



Fig.2. Retrieval of the measured magnetic field. 


EFFECT OF LASER PULSE IRRADIATION 

In Fig.l, initial state of the magnetic field of a circular disk film with a diameter of 20 mm 
after the above magnetization process is shown (height of measurement was z = 225 pm). The 
current perturbation due to a laser pulse (with the beam footprint of 2 mm at the power 
density about 10 kW/cm 2 ) leads to a new distribution of currents and, hence, to a new 
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magnetic field distribution shown in Fig.2. The pulse duration t = 10' 7 s was chosen 
comparable to the time of film-substrate heat exchange. 



Fig.3. Initial magnetic field at z = 250 pm. FigA After a laser P ulse ' 


The retrieved current patterns before and after laser pulse are presented in Figs.5, 6. One can 
see that the strong counterclockwise current rotation region near the center of the film (Fig.6) 
has disappeared. The magnetic field distributions before and after the laser pulse were 
calculated using the retrieved currents. The most unexpected result is that the mean (over the 
film surface) value of the change of the surface magnetic field is equal to zero within the 
limits of measurement error (see in Fig.7). It means that in the considered case the laser pulse 
redistributes the currents significantly without a change in the total number of current vortices 
in the film. So, the well-known Bean theory appears inapplicable in this case. 



Fig.7. Calculated change of the 
surface magnetic field because of 
the laser pulse. 


Thus, this effect gives a possibility to change the magnetization in the HTSC films by using 
the optical emission. Besides, it enables one to switch or to change the polarization of the 
optical signal reflected from the film (by the same transmitted signal) using a magneto-optical 
coating of the film. 
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SYNTHESIS OF A WAVEGUIDE ARRAY WITH DUE REGARD FOR 
THE MUTUAL COUPLING OF RADIATORS 
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Institute of Applied Problems of Mechanics & Mathematics of NASU 
3"B" Naukova St., Lvov, 79601, Ukraine 
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ABSTRACT 

The approach for solving the nonlinear synthesis problems of radiating systems according to 
the prescribed amplitude radiation pattern with due regard for the mutual coupling of separate 
radiators is proposed by an example of synthesis of a linear waveguide array. The variational 
statement of the problem is considered. The goal functional takes into account both the mean- 
square deviation of modules of the prescribed and synthesized radiation patterns and 
restriction on a norm of the excitation sources. The investigation of the problem solutions and 
their numerical determination is based on a research of solutions of the Euler equation of the 
used functional. This equation is a nonlinear integral equation of the Hammerstein type. 
Algorithms of the direct minimization of functional by gradient methods are also constructed. 


THE PROBLEM STATEMENT 

The considered two-dimensional waveguide array present the system of N = 2M +1 plane 
semiinfinite waveguides of width l located equidistantly at the distance d .The boundaries of 
waveguides and the boundary of the half-space are perfectly conducting. It is supposed that in 
this system of waveguides an H - polarized electromagnetic wave 
(# = {0,tf r 0}, E = {E X $,E Z }) is propagating. In this case components E of the 


electrical field are expressed through H as follows: 


i dH y (x,z ) 


E dH y ( x ' z ) 

* /' cos dz 


. Electromagnetic field at any point of space can be calculated, if the 


distribution functions of the fields in the apertures of the waveguides J A q ) = ———-— , 
_ dx 

( n = —M ,M ) are known. If the nth waveguide is exited by a normal wave with a unit 
amplitude, the problem of determination of the functions (q) with due regard for the 
mutual coupling is reduced to solution of a system of linear integral equations [1]: 
in M m 

j (p=~m+m\ ( i ) 

-1/2 j=~M -112 

where 

= T7 + y Z— cos ^ cos ^, (2) 

kl l u„ l l 


-H"\k\T J -C + (p-j)d I), 
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FmpW = 


0 ,p * m 

2cos r ~-r],p = m' 


(4) 


The radiation pattern (RP) of array, in accordance with the solution of (1), can be presented as 
/«) = Aa = f>,„/„(#), (5) 


M m 

where /,„(£)= ^ e ikjd ^ J (t)e lkl ^dt is RP of the mth radiator in the case of its 

j=-M -U2 

excitation by the normal wave with a unit amplitude, a m are the complex factors which 
characterize the excitation of the array elements, k is the wavenumber. 


THE METHOD OF SOLUTION 

We formulate the synthesis problem according to the prescribed amplitude RP F(£) of the 
waveguide array as a minimization problem of the smoothing functional [2]: 

O’, (a) = |F ■- \f( H/ + 4C - \ F - Mil*, + • (6) 

We obtain the following Euler equation 

cm = A* Af + A* (fe- iars f ) (7) 

from a condition of vanishing of the Gateaux derivative of cr a . 

For the analysis of quantitative and qualitative properties of existing solutions it is reasonable 
to use an equation equivalent to (7) with respect to the synthesized RP /: 

of = AA* f + AA*(Fe iarsf ). (8) 

In the extended form the equation (8) has the following form 

nil nil 

cf{c)+ J jK({,oF(e'y mnr> <i‘v. w 

-nil -nil 


M _ 

where the kernel function is which is degenerate and positive, 

n=-M 

and by virtue of the condition /_,„(£) = /,„(£) it is real. 

We write the equation (7) for a numerical determination of solutions as follows 

M _ 

aa n + ^d nm a,„ = b n (8) (n = -M, M ), (10) 

m=-M 


where 


nil nil 

d nm = lf K (&7j&dS. b n (a)= \F{&e iw z f Wjj£)dZ. (11) 

-nil -nil 

The solution of (10) is calculated using the iterative process 

a a { n p+X) + =b n (a ip) ), (n = -M,M), (12) 

m=-M 

built by an implicit scheme of the method of successive approximations. Here, p = 0,1,2,... is 
the number of iteration. Thus, on each step of iteration the system of linear algebraic 
equations with the matrix (aE + D ), where E is the unit matrix is solved. From functional 
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entry of the equation (10), it follows that matrix D is positively semi-defined. In accordance 
with [3] ||(aE + £>) -1 || < 1 for arbitrary a> 0. Inverting the matrix ( ccE + D ) once, we can 
reduce the iterative process (12) to the form 

a { „ p+l) ={aE + D)~ l 5 n (a (p) ), (p = 0,1,2,...). (13) 

The theorem of local convergence of the iterative processes (12), (13) is proved. 

We mark some properties of solutions of equation (9): 

1. If /(£) is a solution of (9), then complex conjugate function /(£) is also a solution of 
(9). 

2. If /(£) is a solution of (9), then e' y f(g), where yis an arbitrary real constant, is also a 
solution of (9). 

3. Linear and nonlinear operators in (9) are invariant with respect to the properties of parity 
of the phase RP, arg /(£), by virtue of symmetry of the system of radiators in the case of 
symmetrically prescribed RP F(£). 

The last property enables one to carry out an investigation of solutions of equation (8) 
separately in the classes of even and odd phase RPs. 

Equation (8) may have non-unique solution and these solutions can branch depending 
on the value of parameter C = Mc = Mkd characterizing electrical size of array. 

Algorithms of direct numerical minimization of the functional a a (a) by the 
method of conjugate gradients [4] have been also constructed. 

CONCLUSIONS 

Computer codes for solving the problems of synthesis of a wavegiude array according to the 
prescribed amplitude RP by using the proposed approach have been developed. These codes 
enable one to realize numerical simulation of the wavegiude arrays of various types in a wide 
range of variation of their geometrical and electro-physical parameters. In the presentation, 
the examples of synthesis of narrow one- and two-beam RPs will be presented. 

In summary, we mark, that the mentioned above solution technique of the nonlinear synthesis 
problem of a waveguide array can be simply generalized for the synthesis problems of the 
other types of arrays with due regard of the mutual coupling of separate elements. 
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ABSTRACT 

A method of regularization of the reconstructed image in electromagnetic geotomography is 
proposed. The Wiener filter for attenuating noise disturbance in reconstructed images is used 
with the Landweber iterations. The results of the reconstruction from measured data both with 
and without filtration are shown. The efficiency of the proposed regularization technique is 
discussed. 

INTRODUCTION 

Electromagnetic geotomography [1] makes it possible to investigate a distribution of the 
attenuation coefficient of electromagnetic waves inside a given earth section, usually between 
two bore-holes. 

Measurement data may be obtained by measuring the attenuation of the electromagnetic field 
strength along conventional rays, which are chosen in such a way as to cover the investigated 
area. Each ray may be described by a linear equation and, therefore, the set of linear equations 
matches the investigated area. 

The problems of reconstructing the image of the electromagnetic wave attenuation coefficient 
are related to the problems of solving a set of linear equations. This apparently easy-to-use set 
of equations has many disadvantageous features: it is ill-conditioned, has not one solution and 
its coefficient matrix is very sparse and very large. Because of this, many easy methods of 
solving linear equations cannot be used with this set. 

Measurement errors of any kind make the set of equations inconsistent. Moreover, ill- 
conditioning means that the reconstructed image is affected by inaccurate data. This leads us 
to the question of how to choose the right solution to this set of equations. 

Regularization is a technique which deals with the solving of such a problem. It is usually a 
compromise between the solution which corresponds most closely to the result of the 
reconstruction from data with interference and an a priori solution, often adopted by default 
on the basis of measurements obtained using different methods. One of the many methods of 
regularization [2] is a filtration of the reconstructed image. 

There are also a lot of image reconstruction methods that may be used. Iteration methods, 
based on the Landweber iterations, are the most commonly-used methods. Through some 
modifications of the Landweber iterations, especially the implementation of the regularization 
method, the right reconstruction method may be found. 

The SIRT algorithm based on the Landweber iterations has been described in this paper. 
Then, the method of usage of the Wiener adaptive filter in the Landweber scheme was 
described. The results of reconstruction by means of the SIRT algorithm of the least squares, 
both with and without using the Wiener filter, were shown. Measurement data of the 
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attenuation of the electromagnetic field strength in the earth were used in the reconstruction. 
The efficiency of this regularization method was discussed. 

PROPOSED METHOD OF REGULARIZATION IN ELECTROMAGNETIC 
GEOTOMOGRAPHY 

The Landweber [3] iteration scheme is used in many iteration methods of solving the sets of 
linear equations. In this scheme, the image vector X q+I is updated in the current iteration step 
q. This is shown by the following formula: 

X‘ l+l =X‘ I +a‘ l -A T -( y-A-X 11 ) (1) 

where A is the coefficient matrix and Y is the measurement vector. 

The oldest method based on the Landweber iteration scheme representative is the Richardson 
algorithm, also called the SIRT algorithm of the least squares. In this method, the coefficient 
a q does not change during succeeding iteration steps. Its value only defines a radius of 
convergence of iteration process. 

In the SIRT algorithm, no additional a priori information was introduced concerning the 
distribution of pixel values in the image. Thus, the iteration process is convergent to an 
accurate solution, i.e. the one which faithfully corresponds to the measurement data. 
Unfortunately, the real data are corrupted by measurement errors and the image reconstructed 
“accurately” may be strongly degraded, mainly because the system of equations is ill- 
conditioned and its matrix of coefficients is sparse. Measurement errors show white Gaussian 
noise. Therefore, interference shown by the reconstructed image is also a form of noise, i.e. 
“salt and pepper” effect may be seen. 

One of the most effective tools for attenuating this effect is the Wiener adaptive filter which is 
used in many applications of image processing. Therefore, it seems reasonable to improve the 
process of reconstruction through the use of appropriate filtration of the reconstructed image 
used in the process of iteration. 

The typical Wiener filter from the MATLAB “Image Processing” toolbox [4] was used for 
this purpose. It is designed to filter noise disturbances from the 2-dimentional image 
consisting of pixels. The adaptive Wiener method is based on statistical estimation of the 
local mean and variance from the local neighbourhood of each pixel. The size of this 
neighbourhood can be defined in different ways, but here it is limited to the nearest 
neighbourhood because of the small size of the filtered image. Used filters also have the 
ability to force the filtration of a given noise power. On the basis of many tests of 
reconstruction of an original image and reconstruction from real data, it may be stated that 
the best results can be obtained if the level of noise is equal to 0.001. 

The different ways of using the Wiener filter in the Landweber iteration scheme were 
investigated. The best results were obtained when the reconstructed image was filtered at 
every 5 th step of the iterations. At the appropriate step of the iterations, the image vector X 
was transformed to an image matrix whose elements strictly correspond to the pixels of the 
image. In order to improve the filtration of pixels on the edges of the reconstructed area, the 
image matrix was expanded by additional edge elements (edge pixels) to which the mean 
value (the value of the background) of the reconstructed image was attributed. The expanded 
image was filtered and then the appropriate part of the image matrix was re-transformed to the 
image vector X and the process of iteration was gone on. 


Kharkov, Ukraine, VUI-th International Conference on Mathematical Methods in Electromagnetic Theory 




M M ET*2000 Proceedings 

RECONSTRUCTION RESULTS 


609 


Measurement data of the attenuation of the electromagnetic field strength in the earth were 
used for the reconstruction. These measurements were carried out in Upper Silesia in southern 
Poland. The result of the reconstruction presented in Fig. la was obtained by using the SIRT 
algorithm without filtration. However, in Fig. lb it is shown after using filtration. 



3 4 o) 5 6 7 8 ° ' 2 3 4 (b> 5 


Fig. 1. The result of reconstruction by means of the SIRT algorithm: 

a) without filtration 

b) after implementing filtration 

CONCLUSIONS 

Regularization through the use of the Wiener filter used in the Landweber iterations allows 
considerable attenuation of the reconstructed image disturbance (the “salt and pepper” effect). 
The image presented in Fig. lb is smoother than the image in Fig. la. For the reconstruction 
of geotomographical images, it is assumed that the attenuation coefficient does not change 
abruptly. Thus, a smooth reconstructed image is desirable. In many iterative reconstruction 
methods, regularization by means of interrupting the process of iteration earlier is used. When 
the Wiener filter was used, it was noticed that the convergent solution was already obtained 
after a few iterations and the reconstructed image did not change considerably during further 
iterations. Therefore, an acceleration of the reconstruction process was obtained. 

Summing up, the usage of the Wiener filter in the reconstruction process enhances the results 
of the reconstruction. Moreover, this method can be applied in many areas of tomography. 

REFERENCES 

[ 1 ] A. Pralat, R. Zdunek, The Use of Electromagnetic Geotomography for The Investigation of 
Mining Damage Areas, Pubis. Inst. Geophys. Pol. Acad. Sc., M-22 (310), 1999, pp. 301-311. 

[2] G. Demoment, Image Reconstruction and Restoration: Overview of Common Estimation 
Structures and Problems, IEEE Trans, on Acoustics, Speech and Signal Processing, Vol. 
37, No. 12, December 1989, pp. 2024 - 2036. 

[3] N. H. Clinthorne, T. S. Pan, P. Ch. Chiao, W. L. Rogers, J. A. Stamos, Preconditioning 
Methods for Improved Convergence Rates in Iterative Reconstruction, IEEE Trans, on 
Medical Imaging, Vol. 12, No. 1, March 1993, pp. 78 - 83. 

[4] Image Processing Toolbox for MATLAB 5.2 


Kharkov, Ukraine, VIII-th International Conference on Mathematical Methods in Electromagnetic Theory 




610 


MMET*2 000 Proceedings 


TOLERANCE OF THE SOLUTION TO THE PROBLEM OF A BURIED 
WAVEGUIDE SYNTHESIS 

N.E.Nikolaev, and V.V.Shevchenko 
Russian Peoples’ Friendship University 
Mikluho-Maklaya, 6, Moscow, 117198, Russia 
E-mail: nnikolaev@sci.pfu.edu.ru 


ABSTRACT 

The problem of finding the permittivity profile of graded-index single-mode planar 
waveguide after the given mode parameters is considered. For solving this inverse problem 
some universal mathematical model of profile is implemented. It has the form of a double 
truncated exponential-power function. Each set of function parameters corresponds to a 
particular distribution of permittivity in the waveguide. Multiply repeated numerical solution 
of direct problem by special algorithm using the least-square method enables to select the 
function parameters for a certain set of mode parameters. For solving the inverse problem a 
knowledge of the propagation constants is required. Exact reconstruction of the waveguide 
parameters can be obtained by using four criteria. Nevertheless, there are always some errors 
in determination of the propagation constants. The tolerance of the solution to these errors is 
investigated. 


1. For describing the permittivity profile in a waveguide, the authors propose a 
reasonably universal function [1,2]. It has the following form: 

s( y) = s g [\-2Ajfj( y)1, (1) 


[ l -expqj<pj( y/ j />y 
{ 1 -expqj 


( 2 ) 


y=l, when 0 <y<r ; j=2 , when r < y < 1 , 


1 =1-- ’ P 2 =1—7—^ 
r 1 - r 


(3) 


Here £(>>) = e h , ify=0 ; s{y) = s g , ify=r ; e(y) = e s ,ify=l. 

This model can be used for the studies of the waveguides of vastly different types. The 
process of solving the direct problem becomes easier when compared with other methods, 
such as, for example, the WKB-method [3-6]. Besides, those methods cannot be used in the 
case of a single-mode waveguide. The usage of the Shift Formula Method (SFM) [7] makes 
such a solution possible. 

The SFM is based on the representation of permittivity profile using the double truncated 
exponential-power function (1). This method is convenient to solve direct problem for a 
single-mode waveguide. Besides, it performs very well in solving the inverse problem [2, 8]. 
The advantage of SFM over other methods lies in the fact that it uses the mathematical model 
(1) to represent the permittivity profile of a waveguide. 
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According to this model the permittivity distribution in the waveguide is determined by 9 
parameters. Usually some of them can be specified beforehand considering the implantation 
process of fabricating the buried waveguides [9]. So the problem of profile reconstruction 
reduces to finding the parameters pi ,qi ,P 2 , q 2 (see formula (1)). The form of the profile can 
be easily changed by setting the values of these four parameters. Over methods (for example, 
method of stratification) require much more parameters to describe the profile. The direct 
problem consists in finding the values of cut-off frequencies and dispersion characteristics of 
the waveguide with the known profile. In this case methods differ slightly, because one needs 
to describe the profile only once. However, the situation changes drastically when solving the 
inverse problem. The aim of the inverse problem consists just in finding the permittivity 
profile. In this case it is much more easy to find no more than four parameters. Besides, it 
needs less time. 

2. The process of a waveguide profile reconstruction consists of several steps [2], Firstly, it 
should be noted that to solve the problem one has to know two values of propagation 
constants within the limits of single-mode operating regime, i.e. it is suggested that for some 
waveguide the normalized propagation constants By, B2 at two normalized frequencies Vj, V 2 
[10] are known. Then some arbitrary profile parameters p, q are chosen. For the waveguide 
with such parameters the propagation constants are calculated at two frequencies Vi, V 2 . Then 
they are compared with propagation constants By, B 2 of the studied waveguide. The difference 
between the values of propagation constants are estimated using several criteria. The first one 
is the least-square method, the second is the closeness of the values (By - 5 2 )/(V r 2 - Vi) 
calculated for the modes of both waveguides. 

These operations are repeated many times till both criteria become close with some preset 
accuracy. 

Such a process was described in [2], and it yielded good accuracy in the selection of profile 
parameters. The application of two criteria enables one to find a waveguide which has the 
same propagation constants By, B 2 as the studied waveguide. 

The main demerit of such a process lies in the fact that the found waveguide is not unique: 
there are many waveguides having the same normalized propagation constants By, B 2 at two 
normalized frequencies V/, V2. 

3. In order to reduce the number of the waveguides with the same propagation constants, two 
more criteria were implemented. These criteria are the following: the closeness of the tangents 
to dispersion curve at two normalized frequencies V h V 2 for the studied waveguide and the 
waveguide under consideration. 

Simultaneous application of all four criteria allows to find the parameters pj , q t , p 2 , <? 2 that 
characterise some waveguide. The important thing to state is that the found waveguide is the 
only one which satisfies all four criteria. 

At the very beginning of the process the studied waveguide was not chosen arbitrary. In order 
to test, at the end of the process, what profile parameters have been found, the normalised 
propagation constants By, B 2 were calculated for the waveguide with preset parameters. 

It is significant to note that the profile parameters of the waveguide found at the process 
coincide with preset parameters. It means that the process has resulted in exact reconstruction 
of the waveguide profile. 

Figure 1. illustrates the obtained result. Here, the curves show the correspondence between 
parameters qt and q 2 for some correlation between parameters pi and /? 2 — at the figure 
symbol a p means: a p =arctg( p 2 / p { ). The curves (a) were obtained using only two 
criteria [2, 8]. The curves (b) and (c) are the result of application of two more criteria. One 
can see that the curves (b) and (c) intersect at the point which corresponds to the unique 
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correlation between all four parameters pi, qi, p 2 , <72 • At the figure these parameters are: qi = 
-3.0, q 2 = -2.0, pi=p 2 = 4.0 ; and they coincide with the preset parameters. 

4. It is important to study the tolerance of the solution. On this question some notes can be 
made. The normalized propagation constants B h B 2 serve as the basis values for finding the 
profile parameters. However, they can be determined with some mistakes. In order to test the 
influence of these mistakes on the values of profile parameters found at the process, some 
analysis was held. The essence of it is as follows. It was supposed that the propagation 
constants B t , B 2 were not determined exactly, i.e. instead of exact values the values with some 
deviation were used. Then the obtained parameters were compared with the parameters 
obtained from the exact values of propagation constants. The conclusion is the following: the 
mistakes in determining the values of propagation constants have some influence on the 
resulting parameters, but it is not considerable. 



Figure 1. 


The same studies were held on the influence of mistakes in determining the values e h , , 

£ s ,r. They showed the same thing as for mistakes in determining the propagation constants, 
i.e. these mistakes must be taken into account only if they are considerable. 
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Theoretical study of polarization properties of scattered microwave signals depending on 
vertical variations of soil moisture content is of great interest [1]. Distribution of moisture in 
soil can be different: the upper layer is dry and the lower is wet and vice versa, other details of 
the distribution are also of interest. Naturally the question arises: what information about the 
distribution of moisture in soil can be obtained using microwave polarization measurements? 
Permittivity of soil varies with variations of moisture content. For studying this problem we 
must solve problems of microwave scatter from terrains with different permittivity profiles. In 
[1], numerical solutions of equations for horizontally polarized electromagnetic waves (H- 
waves) and vertically polarized waves (V-waves) in the region of variation of the permittivity 
were used. However, analytic solutions of the problems are also of interest, since they allow 
more readily to study the dependence of solution from parameters. Analytic solutions for H- 
waves for exponential permittivity profile were presented in [2]. Equations for H- and V- 
waves are different. Usually (for a particular permittivity profile) we have an analytic solution 
for H-waves and no such a solution for V-waves. 

In the present paper we consider two model permittivity profiles for which we obtain joint 
analytic solutions for H- and V-waves: hyperbolic and square hyperbolic profiles. For the case 
of hyperbolic profile solutions for H- and V-waves are confluent hypergeometric functions 
with the integral second indices. For the case of square hyperbolic profile we have confluent 
hypergeometric functions with non-integral second indices. The first profile can model 
transition layer, and the second - region with the permittivity maximum. Solutions obtained 
can be used for testing of computer programs, for modelling of soil moisture distribution 
influence on the polarization properties of scattered microwave signals. 

Let us divide all the system into three regions: 

regionX .: z > 0£'(z) = 1 ( 1 ) 

region2. :-d<z<< 0 s(z) = \ - ( 2 ) 

[s 2 -e ] \zld )+£ 2 

region?).: z < -ds{z) = s 2 (3) 


For the region 2 we have the following equation for v-waves: 

d 2 H y s'dH |V / x ,"1 

K=° 


( 4 ) 
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Its solution is: 


H y = C l e KxTlk F(a u ,1, 7 ) + C 2 e K * Tlk G(a v ,1, rj) 


(5) 


where a„ =1/2-r—— , e n - e,e 2 , k = A/d , As-e, - e , , K r is the x-componentof 

" 2 c 2 kK x 0 1 2 

the wave vector, co is the frequency, c 2 = (s 0 ju , r = kz + s 2 , rj = 2 K x tI k . 

Equation for H-waves is 

d 2 E y /dz 2 +(m 2 lc 2 e(z)-K 2 x )E y =0 (6) 

and has the following solution: 

E y = C^" 1 F{a h ,0,Tj)+C 2 e K ‘ Tlk G{a h ,0,ij) (7) 


where a h ■ 


2 c 2 kK x 


Using boundary conditions E t = const , H t = const we can 


determine 5 constants for solution of the equations in all three regions and find the reflection 
coefficient for H- and V-waves: 

1 + N,,„ 

(8) 


1 - N uh 


where 


N uh =(-2 K x /is l K zl )- 


l ^ \ _ Sr] 

L r F aJI {0)- /,.G f (0i 


(9) 


where 

/ x / x <9F„ A-d) 

L F ={iK z ,-K x )F uh {-d)+ - - J 2K X (10) 

dt] 

L 0 - (tX„ - K,yj OJ ,(-d)+ ^ 2K, (11) 

_ 

here F uh (~d)= F uh {a uh ,y uh ,z = -d ) and so on, K z3 = -yjtzf 2 s 2 lc 2 - K 2 . 

From equation (14) we can find the dependence of the reflection coefficient on the angle of 
the incidence having fixed 3 parameters of the non-uniform layer ej, S 2 and d. If the 
permitivity increases (decreases) with -z we have e 2 > e i (s i > s 2 ). Hypergeometric functions 
in (14) are different for H- and V-waves. So we have different angular dependence of the 
reflection coefficient for these waves. Thus, using details of the angular dependence of the 
reflection coefficient we can, as the matter of principle, determine relations between 3 
parameters of the non-uniform permittivity layer. 

Similar solutions are obtained for the layer s(z) - s 0 /(kz + fi) 2 . 
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ABSTRACT 

The technique of imaging of “illuminated” part of convex perfectly conducting electrically 
large object is proposed. The technique is based on a relationship between the scatterer 
geometry and high-frequency approximation of its transient characteristic. 

INTRODUCTION 

For consideration of a number of applied problems there is a need to determine the scatterer 
geometrical shape from radar information. In this paper, a technique of imaging of 
“illuminated” part of a convex perfectly conducting electrically large object is proposed. This 
technique is based on a relationship between the object geometry and its transient 
characteristic (TC). From full polarization receiver data it is possible to determine principal 
curvatures of the object surface at the bright point. This information allows us to build a fitted 
paraboloid with vertex at the bright point. This paraboloid is taken as initial approximation of 
object surface near the bright point. Then a series of steps in time is carried out. On each step 
at first the imaged surface is approximated by mentioned surface and then it is improved with 
a correction determined from the difference between the values of real TC and TC calculated 
from already imaged surface part. The procedure is continued till moment when the boundary 
of “illuminated” part is reached. 


DETERMINATION OF PRINCIPAL CURVATURES AT THE BRIGHT POINT 


Obtaining of principal curvatures and principal directions at the bright point is based on the 
iterations of Fock’s equation. The technique developed in [1] enables us to evaluate two terms 
of beam series in the general bistatic case. For magnetic vector of diffracted field one can 
obtain: 


where function D. 0 (t) describes time structure of sounding signal, 0,(0 = JQ 0 (r)r/r, A 

are the vector coefficients of factorization that in the special case of monostatic radar system 
can be written as: 


A> = 


2d^K\K 2 


p\ A = 


- f, (k 2 -k x )cos J3 + t 1 ( k: 2 ~ K \) sin+ K \ ) 


where d is distance to object, k,,k 2 are principal curvatures at bright point, f, ,r 2 are unit 
vectors of principal directions at bright point, p° is the unit vector of polarization 
corresponding to the direction of magnetic field vector of the sounding wave, (3 is the angle 
between the unit vectors p° and r,, (0 < /? < n ). 
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However, taking into account the type of the A^ and A x coefficient vector dependence for 
finding the surface parameters k x ,k 2 and J3 , it is necessary to receive the signals on two 
orthogonal polarizations, p° h p° ± . After discretization and some transformations it is 
possible to obtain the expression for k x , k 2 and /?. 

ALGORITHM OF IMAGING OF “ILLUMINATED” OBJECT SURFACE PART 

Imaging of surface is performed in the coordinate system related to the object. Its center is 
located at the bright point, z axis coincides with the sounding direction. Time of wave 
propagation and longitudinal coordinate in light meters are counted along the z-axis. The x- 
and y-axes form a right-hand triplet of orthogonal vectors with the z -axis. These vectors are 
directed along the principal axes of surface at the bright point. The imaged surface is 
described by polar coordinates p, (p in each time section z = t. 

Suppose that unknown surface near the bright point is approximated well by a fitted 
paraboloid with equation z = ax 1 +by 2 , where a and b are principal curvatures at the bright 
point. Denote the contour that terminates this paraboloid at z = t Q as r h . At each point of this 
contour the normal unit vector to the paraboloidal surface n 0 (<p) and unit vector of the 
tangent to r i(i contour f 0 (tp) are determined. The vector p is built from these vectors as 
p = n 0 xf 0 . Then straight lines with directing vectors p are built till crossing the plane 
z = t 0 + At. The set of points of crossing of these lines with the plane z = t 0 + At forms 
contour/j o+A/ . However, actual values of p(<p,t 0 + At) function will differ from the 
calculated ones. To take into account corrections, the a(<p ) function is introduced which 
modifies the p vector as p x = p + a(<p)(p x ? 0 ). 

In [2] it has been shown that projection of perfectly conducting object TC onto the direction 
perpendicular to sounding direction in the physical-optics approximation may be represented 
as a contour integral: '?(/) = R° J f(n)dl, 
r, 

where R° is the unit vector of sounding direction, /(n) = - . . — , n is the unit vectors 

vi -&■*) 

of outer normal to scatterer surface at points of F, contour. 

Taking into account this correction, the expression for TC at the moment t 0 + At can be 
written as: 

T,. ( t 0 + At) = J a((p)®(<p)d(p + T 0 (t + At), (2) 

o 

where x ¥ l (t 0 + At) is the value of the TC projection on the direction of the z'-th polarization of 
receiving antenna, 0{<p) is the function determined from the parameters of improved surface, 

y°(*o+Af) = R° j- j —” 0(^0 + At ) + At) + p 2 {(p,to +At)d<p, p is the 

angular derivative of the radius-vector p. 
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Thus for determining a correction we have the equation: J a{(p)Q>((p)d(p = AT 7 ,-, 

o 

where AT,. = V F / -T°. This equation has an infinite set of solutions. However, taking into 
account smoothing character and small value of a{(p) function, we shall find a solution with 

AT,. sgnd>(^>) 


the minimum norm. It can be written, in the case of metric C, as a 0 ( 


- and 


in the case of L 2 -metric as a 0 (tp) = . 

J<I> 2 ((p)dq) 

0 

Moreover, this value is chosen as a 0 {(p) for which |A V P, | is the smallest. 

After finding the improved p vector we build new ruled surface with generating rays parallel 
to the p vector and then find points of crossing of this surface with the plane z = t 0 +At. So, 
the contour r, j+A , is corrected. After that the next iteration in the contour r io+Al improving is 
carried out. This procedure is performed until the value of the difference |A'F,. | is greater than 


any small s specified before. Then the next step in time is carried out and contour r, o+2A , is 
determined. This contour is improved as it has been described above. 

The procedure of surface imaging is continued till the moment when the boundary of 
“illuminated” part is reached. 

For testing the algorithm, the imaging of “illuminated” parts of several simple surfaces 
sounded along one of the axes of symmetry was carried out. In Figures 1 and 2, the results of 
imaging for a sphere with radius of 3 m (Fig. 1) and an ellipsoid with semi-axes of 3, 2 and 
lm at the sounding along the smallest semi-axis (Fig. 2) are presented. 
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ABSTRACT 

A numerical solution method of the synthesis problems of radiating systems after the given power 
directivity pattern (DP) is presented. On the operational level the variational statement of the 
problems that takes into account a mean-square discrepancy between the given and synthesized 
DPs, and also weighed restriction on norm the extrinsic sources of excitation is considered. The 
existence theorems of quasi-solutions are proved. It is shown that the problem has nonunique 
solution. Numerical algorithms of their determining are built and discussed. 

STATEMENT OF THE SYNTHESIS PROBLEM, EXISTENCE OF QUASI-SOLUTIONS 
As known [1], a problem of excitation of electromagnetic field in the unlimited homogeneous 
isotropic space by the driving sources, which are localized in some domain V G i? 3 and vary in 
time as e l(0t ( here, 6) is the frequency of oscillations) is reduced to the set of the Maxwell 
equations with respect to the vectors E, H of the complex amplitudes of electrical and magnetic 
field. Asymptotic of solutions of this set for r —> oo in the spherical coordinate system has the 
following form: 

-ikr , , 

E(r,9,tp) = -icoju-j— { 0 , f 9 (9, <p\ f p (9, q>)), 

H(r,9,<p) = ik —— {o,f p (9,p),-f s (9,q>)}, ( 1 ) 

4 jzr 

where fg(9,<p), f (p (9,<p) are components of the vector field DP of radiating system. Abstracting 
from a concrete type of radiating system, the functions f${9,<p\ {9, (p) can be represented 

with the aid of linear operator A = {A^, A v ): 

f=AI (/„ = A V I, v = 9,<p), ( 2 ) 

which acts from the complex Gilbert space H t — Z?[V ]©L 2 [v ]© L 2 jy ] of square integrable 
vector-valued functions I - [i X ,I y ,I z \e Hj into the complex space of the vector-valued 
continuous on the compact Q e R 2 (orD. e R ] ) functions of real arguments 
Cy 2] =c[q]©C[q]. The form and the properties of operators A^ depend on the type and 

geometry of radiating system. The power DP of the radiating system is determined by the 
expression 

w(M-|/(M j =I/s(M 2 + VM’vf- ® 
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In the elementary aspect, this problem can be formulated as a problem of determination of 
solutions to the nonlinear operational equation of the first kind 

M 2 =M 2 +|v| 2 =w o. to 

where N 0 (i9,(p) is a real nonnegative continuous on the compact fl e R z (or fie R l ) function, 

which cannot belong to the space of values of nonlinear operator |A/| 2 . The problem (4) is 
essentially ill-posed [2], In view of this, the problem of determination of quasi-solutions to 
equation (4), as a problem of minimization of a functional is formulated as 

v'HK-mC, + p\ i i, (5 > 

in the space H l , where j3 > 0 is a real weight parameter. 

Theorem 1. Suppose that a linear operator A injectively maps the space Hj into and is 

completely continuous, N 0 (3,(p) is a given non-negative continuous on fl function, and 

ma x_N 0 (3,<p) = 1. Then in Hj at any value J3 (0< j3 < +oo) there exists only one point of 
{9,<p)eQ 

absolute minimum of the functional <7p(I), and from any minimizing sequence it is possible to 
select a subsequence converging weakly to one of the points of absolute minimum. 

Since H } = L 2 [V ] © L 2 [V ] © L 2 [V ] is a reflexive Banach space, to prove the theorem it 
is enough to show [3] the realization of the following conditions: 1) CTp(I) is a semicontinuous 
lower functional; 2) - lim ap(I)=+ oo. 

I'll///-* 

2. The Euler equation of functional <7 p. For a numerical determination of valleys and study of 
their qualitative characteristics, we shall use the Euler equation, which is determined from the 
necessary condition for a functional minimum [3] D<jp(I,y/) = 0: 

<HI4,> <«> 

in the space H /. The equation obtained is a nonlinear operational equation of the Hammerstein 
type. Acting on both parts of equality (6) by the operator A and taking into account that A 
realizes an injective mapping from Hj into , we obtain an equivalent to (6) equation with 
respect to the synthesized DP in the space : 

f = B V' , ‘jt AA ‘( N ofh-^ AA '{f\ 2 -f)- (7) 

Corollary 1. Since the functional crp is differentiable in the Gateaux sense on H l , it has only 
one valley and posses the m — property (the valley is an interior point of some convex set, 
inhering H,), the equation (6) in the space Hj and equation (7) in the space Hp have, at least, 
one solution each. 

Lemma 1. Under conditions of the theorem I, for limited values of parameters /?, V: 
0 < pv < +00 B(f) is a completely continuous operator in space . 
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Corollary 2. Since for the elements of relatively compact subset of normed space the strong and 
weak convergence coincide [4], then from the theorem 1 and lemma 1 it follows that, if {l n } is a 
minunizing sequence of functional <Jp(I), which weakly converges to a valley /*, then the 
sequence [f n = AI n ) e converges uniformly in dp to /* = A7*. 

3. Numerical solution of the problem 

The equations (6), (7) are solved numerically by the method of successive approximation. The 
iterative process is built as follows: 

In^=~A‘(N a -f„)-~ A '{f n \ 2 -f n ) /„,=A /„ +1 (71 = 0,1,2,...).( 8 ) 

pv n pv n N ' 

Parameter v n on each step of iteration is determined by the formula 

v„ =ex/^ln(o(/„)|| H; //?|, where ®(/„) = /t*(w 0 -\Alf\ AI„ = A*(v 0 -|/„| 2 )- /„ . 

For the convergence of sequential approximations (8) it is enough to show [5] the fulfillment of the 
following two conditions: 1). The operator B(f ) (Eq. (7)) transforms some closed convex set 
Wrf = {f : ]|f -f*|) < d < l} of the Banach space dp into itself. 2). The operator B{f ) is 

differentiable at each point of the set W d in the Frechet sense and sup | B'(f )(L = 8 < 1. 

f^d 

The fulfillment of the condition 1) approves 

Lemma 2. If {/*, v} is a solution of the equation (7), fiv > ||AA* j|, \N 0 l c = 1, then the operator 
jB(f ) transforms a full-sphere Cl into itself 

The condition 2) substantially depends on the type of radiating system and form of the operators 
A, A .Its fulfillment by an example of a problem of synthesis of a flat rectangular antenna array 
is easy to show. 

A numerical example of the synthesis of rectangular array consisting from 11x11 radiators, 
placed in the plane XOY , will be presented. 

CONCLUSION 

In summary, we shall note that iterative process (8) can be simply generalized to the synthesis of 
various types of radiating systems. For this purpose it is necessary to determine the type and 
properties of the operator A t which with required accuracy characterizes DP of radiating system. 
Thus only conditions of convergence of iterative process are depended on the properties of the 
operators A and A* . 
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ABSTRACT 

We are concerned with the practical application of a new approach to the inverse problems of 
electromagnetic wave scattering. Our main goal is retrieval of an unknown permittivity 
distribution. Within the framework of such a statement the problem is reduced to 
minimization of some smoothing functional. Further minimization is carried out with the use 
of Pontryagin’s principle of maximum, instead of approaches which are based on the Newton- 
Kantorovich iterative technique and Euler’s equations. 

PROBLEM STATEMENT 

Suppose that it is required to estimate (i.e., to find approximately) a distribution of s (z) in the 
structure shown in Fig. 1. Inhomogeneous only by coordinate z layer lays on a homogeneous 
substrate, whose permittivity is supposed to be known and equal e c . Investigated layer lies 
between the planes z = -H and z = 0. Thus, layer’s thickness is supposed to be known and 
equal H. The upper half space is supposed to be a free one. 


*>1 

k z 

... . .. . .. . ^ 

1st- layer 

w 

Si X 



N-th layer 

£n 

Sc 

-H 

homogeneous subatrate 


Fig. 1. 

Besides, anisotropy and dispersion are neglected, and e (z) does not depend on x and y. 
Permeability everywhere is supposed to be equal 1. 

To obtain the information about electromagnetic properties of investigated structure it is 
irradiated with a known electromagnetic field and some properties of the scattered field are 
measured. The sources of monochromatic (~exp (-ico t)) waves are located within the free 
half-space either at a finite distance from the layer or at infinity. They generate a primary 
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electromagnetic wave with complex amplitude ^(r). This wave is scattered by the layer and 
generates internal and scattered fields. 

In our investigation, it is considered an important from the practical viewpoint case when 
experimentally registered quantity is the power of the scattered field instead of the earlier 
discussed case when the complex amplitude was registered. 

Thus, suppose that we know, from N experiments, the corresponding values of informative 
parameter ak, k=l, 2..., N. Besides, it is supposed that we know the permittivity profile of 
eaux(z) of some auxiliary planar layered structure, which occupies the same volume that the 
probed structure and lies on the same homogeneouss substrate with e c . It is supposed that the 
unknown profile in some sense differs little from saux(z). 

As described earlier [1], one can obtain the following approximate equation for E aux (z'): 

0 

£(*)»£«,(*)+ (1) 

-D 

Here, the unknown function is: 

Tl(z)s£(z)-E a „x(z). (2) 

Introduce the notations as 

h = E k {z\ g k = 4S(4 J G e {z,z')E^) x (z')n{z')dz' = J L k {z']n{z')dz', (3) 

-H -H 

Then the relation (1) takes the form as 

o 

K a S k + \ k{ z Wz)dr, (4) 

-D 

As it was shown earlier the problem of solving (4) may be reduced to the minimization of a 
corresponding smoothing functional: 

b 

O = O M444] = J F{x(z\7 1 (z\z)dz . (5) 

a 

Here, X (z) is some vector function satisfying to the vector differential equation (i.e., to a set 
of scalar equations) 

=/M4444 (6) 

As it was shown in [2,3], it is possible to introduce an auxiliary vector function 'F(z), which 
is called conjugate to X (z), and also Hamilton’s function 

H[x(z\ x V(z\ri{z\z\ = -F + £^44/4^(4444 (7) 


Thus the vector function 'F(z) satisfies so-called conjugate set of equations: 


cW 

dz 


M d Wk 
dx dz 


dx k 


,k = \,2,...,N. 


( 8 ) 


Pontryagin’s principle of maximum [1,2] states that the function -q(z) supplies a minimum to a 
functional (5) in the only case when it supplies a maximum to Hamilton’s function (7). 
Hence, to find the unknown function e(z) it is necessary to make the following steps: 

1) Proceed from set (6) and form a functional (5) to find Hamilton’s function by the formula 
(7). 
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2) Find the derivative of Hamilton’s function (7) on x k , k=l, 2, ...,N and obtain conjugate set 

( 8 ). 

3) Find analytically, from the condition — = 0, a required "optimum guidance" 

dr] 

>^(4=*.*.(44444 w 

4) Substitute (9) into the basic and conjugate sets of differential equations (6), (8) and, thus, 
obtain a closed form of the set of equations for X(z) and 'F(z): 

=A (44 ^ (44444*) *= 

' d Vt <ar(4444 <? w (44444d . (10) 

r/z dx k 

5) . Solve the boundary-value problem for set (10) numerically and substitute the obtained 
vector functions X (z) and ¥(z) into (9). Find the “optimum guidance” r) op t(z) and finally 
obtain s(z) from (2). 

CONCLUSION 

Thus, the proposed numerical algorithm is an efficient tool for solving the one-dimensional 
inverse scattering problems that occur in a variety of contexts [1]. Its performance will be 
demonstrated via the results of several numerical experiments. 
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ABSTRACT 

A new mechanism of the electron relaxation cooling in the mesosphere due to disturbances in 
tropospheric conductivity is discussed. 

INTRODUCTION 

The study of electrical coupling between the troposphere and the mesosphere is an important 
problem related to atmospheric electrodynamics [1]. Observations have revealed strong 
electric fields up to 10 V/m (see, for example, [2, 3]), which suggests that the mesosphere 
should not be treated as a passive element but as an active one in the atmospheric circuit. The 
occurrence of transient optical emissions in the mesosphere and lower ionosphere called 
sprites also supports the concept of strong mesospheric electric fields (see, for example, the 
recent review [4]). All this requires a search for new electrodynamic mechanisms for the 
effects of disturbances in tropospheric conductivity on the state of the lower ionosphere; one 
such mechanism has been discussed in [5, 6] where it has been found that the subionospheric 
VLF propagation anomaly is related to earthquakes and nuclear accidents. In this paper, 
troposphere-mesosphere coupling features are considered in the case when the effect of strong 
mesospheric electric fields are allowed for, and electron relaxation cooling in the mesosphere 
due to disturbances in the tropospheric conductivity is discussed. The effects of these 
processes on the ionospheric conductivity are considered. 

THE TROPOSPHERE-MESOSPHERE ELECTRIC CIRCUIT 

The electrodynamic troposphere-ionosphere coupling is treated using the following model of a 
troposphere-mesosphere electric circuit which consists of a localized or global-scale powerful 
source of the mesospheric current j m ~10 -8 -10~ 9 A/m 2 , a local near-ground (or troposphere- 
stratosphere) resistance R t , a local mesospheric load resistance R m for the mesospheric 
source, and the resistance of the global atmospheric layer between the ground and the lower 
boundary of the ionosphere R a « 200 Ohm. Since the electric current discharge density in the 

global capacitor j a ~10“ 12 A/m 2 under undisturbed conditions (fair-weather current, see, for 
example, [7]), and j g ~10" 12 , the j a can be neglected. Also during undisturbed conditions, 
R t » R m »R n . Then during undisturbed conditions, the integral mesospheric source 
loading isR = R m R f /{R„, + R,)~R m , i- e -’ electrical troposphere-mesosphere coupling 
does not appear. 
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During disturbed conditions, the resistance R can decrease by an order of magnitude and 
more due to, for example, an increase in the level of near-earth radiation in the vicinity of 
strong earthquakes or during accidents at nuclear plants with the emission of radioactive 
materials (see, for example, [5, 6]). As a consequence, the ratio between R t and R m changes, 
which leads to a change in R. For example, a decrease in R f of up to two orders of magnitude 
results in the inequality R t «R m , and R « R r Then, the potential difference U in the 
mesosphere, which depends on the strong electric field intensity E, becomes dependable on 
R t . Because of an increase in the tropospheric conductivity, the decrease in R and R t , in turn, 
results in a corresponding decrease in E and the electron temperature T in the mesosphere: 
the ionospheric electron cooling "law" under the influence of disturbances in tropospheric 
conductivity when strong mesospheric electric fields occur. Thus, strong mesospheric electric 
fields result in a new additional electrodynamic troposphere-mesosphere coupling during 
disturbed conditions. 

DISTURBANCES IN LOWER IONOSPHERE PARAMETERS 

To estimate the effect of the decrease in the mesospheric electric field intensity E on changes 
in lower ionosphere parameters, we have used the well known system of equations, the energy 
balance equation (in terms of the electron temperature T), the two continuity equations in the 

electron density N and the positive-ion density N + in the stratified inhomogeneous weakly- 
ionized plasma, and the condition of quasi-neutrality. The initial values of T were taken as 
the solutions to the above equations in quasi-steady state (£=1-10 V/m, z=60-75 km, daytime 
conditions) when there occur strong electric fields in the mesosphere and conductivity 
disturbances are absent in the troposphere. 

Numerical simulations for highly disturbed tropospheric conditions, R f « R m , show that, for 
example, at z=60 km decreases of AE, = 1 V/m and AE 2 = 10 V/m in mesospheric electric 
field intensity result in decreases of a factor of 2.3 and 12, respectively, in T,. Again, this 
causes the corresponding decrease in the effective electron collision frequency v by a factor 
of 2 and 8, as well as an increase in the electron number density N by a factor of 1.1 for 
AE, = 1 V/m and in a decrease by a factor of 2 for AE 2 = 10 V/m. As a result, the low- 
frequency electron conductivity at the mesospheric heights increases, which results in a 
decrease in the low-frequency electron conductivity contours by approximately Az, < 5 km 
and Az 2 < 10 km, respectively. 

Numerical simulations show that the resulting decrease in the effective electron collision 
frequency v £ plays the key role. A similar lowering of the lower boundary of the ionosphere 
was observed, for example, in [5, 6] in VLF signals propagated over nuclear plants during 
accidents with the emission of radioactive materials into the atmosphere. 
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DISCUSSION AND CONCLUSIONS 

Thus, strong electric fields occurring naturally in the mesosphere can result in new 
troposphere-ionosphere electromagnetic links, the manifestations of which are observed most 
clearly during strong disturbances of different nature in atmospheric conductivity. The 
atmosphere can be affected by strong earthquakes, volcano eruptions, rocket launch (see, for 
example, [8, 9]), accidents at nuclear plants with the discharge of radioactive materials, and 
other natural and anthropogenic disturbances. 

Under such conditions, a decrease in the strong mesospheric electric field intensity is to be 
expected, and as a consequence, a relaxation electron cooling at the mesospheric heights and 
essential conductivity changes in the ionospheric D region occur. The latter enables radio 
wave techniques to be used for remotely probing these poorly understood physical processes. 
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THE ATTENUATION OF A SPECULAR COMPONENT OF HF 
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194 Stachky Ave., 344104 Rostov-on-Don, Russia 
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ABSTRACT 

The turbidity of the ionosphere for a passing electromagnetic radiation is described by the 
signal-to-noise ratio f} 1 = / 0 /(/,), which is the ratio of specular I 0 to (l s ) ensemble 

average scattered components of the wave field. The main method of P 2 value estimation 
used now is the approximation of experimentally obtained amplitude distribution laws of the 
reflected by the ionosphere waves with the aid of certain theoretical model. However, the 
same data, obtained from vertical F-region sounding, are described well enough by different 
models and lead to different fi 2 values that differ by several orders [1]. 

In this paper, a new method for (3 2 value obtaining is proposed. No assumptions about the 
amplitude distribution law of the waves reflected by the ionosphere are required. This method 
leads to a correct estimation of the attenuation L s of specular component of the wave field, 
coupled with J3 2 by the proportion L s = In ((1 + (3 2 ) //3 2 ). 

THEORETICAL CONSIDERATION 

The mean powers in specular and scattered components are denoted as I c = ^ E\ k , 

{/,.) = (f 2 ) . Electron-ion and electron-molecular collisions lead to an absorption of both 
specular and scattered components of the field. Path lengths of scattered waves are greater 
than those of the specular components. A small angle scattering 6 takes place in the 
ionosphere [2] (forward scattering) which leads to a relatively small change in path length of 

the order j \jl~ + (l0) z - l\^jl = 6 2 jl« 1, where l is the path length of a specular wave. That 
is why the difference in absoiption L v of specular and scattered components due to collisions 
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is neglected. Then, the full mean power in the reflected wave / = l c + (/ r ) can be rewritten as 
7 = 7 0 exp(- L v ), where 7 0 is the power of the wave incident on the ionosphere. The power in 
specular component decreases as I c = 7 0 exp(- L v -L s ). This yields in 

r=f/(\ + fi 2 )=txp(-L,), y 2 = IJl, p =IJ{I,). (1) 

That is why it is necessary to estimate either L s , or specular component to obtain the power 
ratio y 2 , or the signal to noise ratio ft 2 . 

The quadrature component of the signal as a function of time can be written as 

E (0 = X E ok cos( Q*7 + (p 0k ) + E s (t ) cos <p t {t), (2) 

where the first item is a superposition of m specular components with amplitudes E 0k , phases 
<p 0k , Q k is the Doppler frequency shift of the specular component, E s and <p s are accidental 
amplitude and phase of superimposed scattered waves respectively. (2) can be rewritten as 

sin Q k t + b k cos Q. k t)+ s v (f), (3) 

where a k = E 0k sin <p 0k , b k = E 0k cos (p 0k , £ s (t) = E s (f)cos (p s (f). For discontinuous 
time t t , i - 1,2, .... n, n> 2 m (3) yields in 

E= Aa+s s , (4) 

where E r = [^(r, ),E(t 2 \...,E(t n )\, s] =[f ( (t,), a T = (a,..., a m , bb m )\ 
A ki =-sinQ k tj, A m+kJ = cos Q A .7 ( are the elements of A matrix.; the upper T' index 
means transposition. e s can be treated as an error vector with the zero mean and r.m.s. 

(ti = (£ s 2 )/2 elements. System (4) is solved using the Least Squares Method 
(LSM) by minimizing the following equation [3] 

<D(fl)=(f-AaJw(jE-Aa), (5) 

where W is considered as an identity matrix if the samples are obtained from the correlation. 
This leads to an LSM estimation: 

a = B~ ] E , B = A T A. (6) 
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Using (6), we have: / ( . = F? =^(« A 2 + h \), and from (5) (l,) = (e^)~ 2<j 2 s = 2<t>/(n - 2m). 

These equations allow us to obtain all necessary estimations (1). 

EXPERIMENTAL RESULTS 

The method for estimating the ft 2 , L s parameters described above was tested on 
experimental data obtained in Rostov (47°13'A, 39°14'F) from the November 17 to 19, 
1997 with the help of a “Parus” ion-sonde at different time of the day and on different 
frequencies using o- and x-waves reflected from the F-region. Measurement duration of the 
time series of in-phase and quadrature components was 180-200 sec, sampling time At = 0,5 
sec. It turned out, that in most cases ft < 1. It is seen from Fig.l. The X-axis corresponds to 
the values of ft, the y-axis - to the probability that ft belongs to the given interval. The 
histogram uses the data of processing 59 samples. It is shown that the most probable values of 
ft lie between 0.2 and 0.35. Predominance of scattered component in the reflected signal 

witness of multifold scattering in 
the F-region. This scattering leads 
to noticeable values of attenuation 
L s . This is a reliable base for the 
development of a new method for 
spectra of irregularities in electron 
density estimating. 


J 0 0.2 0.4 0.6 0.8 1 1.2 1.4 fi 2 

Figure 1 
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ABSTRACT 

Calculation of the thermospheric wind vertical component is discussed. Measured values of 
the vertical plasma drift velocity, charged particles temperature and parameters of electron 
density profile are used in calculations. 

UPPER ATMOSPHERE DYNAMIC PROCESSES 

The method of incoherent scattering is the most informative radiophysical method of near 
space investigations. By this method such ionospheric parameters as electron density Ne, 
electron and ion temperatures (Te and Ti), plasma drift velocity, etc. can be determined. 
However, ionosphere is a part of the upper neutral atmosphere and it is naturally influenced 
by the latter. In particular, at the F-region height ionospheric plasma is dragged by 
thermospheric winds, and the formation of the electron density profile is carried out in the 
moving substance flow [1], Naturally, thermospheric winds effect essentially the electron 
density vertical distribution. As ionospheric plasma is pierced by geomagnetic field, 
thermospheric winds force it to move along the geomagnetic field lines and depending on the 
movement direction the plasma can get lower into the high recombination rate region or to 
drift out of it. From the other hand, analyzing electron density distribution taking into account 
the main physical processes which determine this distribution one can estimate certain 
characteristics of thermospheric wind. In particular, thermospheric wind vertical component 
can be calculated using measured plasma vertical drift velocity. Unknown quantity can be 
found from the electron density profile calculation by solving a continuity equation. 

CALCULATIONS 

If only vertical component of main ionospheric process will be taken into account, the 
continuity equation in the diffusion approximation can be presented as [1]: 
oN, d\ , (oN, \ 1 

Here, D - ion 0 + diffusion rate, 

. T, oN e mg 1 ^T e + T t ) 

N e T, & KT j 71 dz 

V=[o + ]+[no + ]+[o^] 

W = V nx sinI COS I COsD — V ny sinl cos I sinD is the vertical component of the 
plasma drift caused by the thermospheric wind, v nx , v ny are the longitudinal and latitudinal 
components of the thermospheric wind velocity (positive component of longitudinal 
component is oriented to the North, and latitudinal one to the East), I and D are the inclination 
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and declination of geomagnetic field, respectively, p is the linear recombination rate, q is the 
ion 0+ production rate. To solve the equation, the data measured are used. Experimental 
values of T e h Tj were used to calculate recombination and diffusion processes. To control 
the w calculations, Ne height maximum values were used. 

In the analysis, the date 07.07.99 was chosen. In Figs.l and 2, the vertical component of 
plasma velocity at 300 km and Ne maximum height are presented. 




Fig. 1 Fig. 2 

Calculation results and some initial values are presented in Table 1. 


Table 1. 


Time, hrs 

10 

12 

14 

16 

h m F2, km 

310 

295 

292 

289 

IgN c 

5.97 

5.9 

5.85 

5.83 

V z , m/sec 

-37 

-50 

-40 

-45 

w, m/scc 

-22 

-44 

-36 

-42 


The w value obtained differs from the values calculated for the summer season of high solar 
activity (these are 0-5 m/sec) [2]. This indicates to the difference in the circulation patterns 
of the present season which is in accordance with the middle of solar activity. Besides, 
increasing of downward velocity w is observed in afternoon hours. It is connected to the fact 
that geomagnetic field declination in Kharkov is about 10°. So, in the afternoon period the 
conditions for carrying the plasma by the neutral atmosphere along geomagnetic field are 
more favorable. 
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ABSTRACT 

The authors of [1] demonstrated a possible spatial enhancement of plasma density irregularities as 
they propagate through the topside ionosphere. The concerned phenomenon was analyzed on the 
basis of the numerical solution of the equation describing the evolution of small disturbances of a 
quasiwave origin. It is of interest to carry out an analytical treatment of this phenomenon, not 
based on computational methods. This paper presents the results of such a treatment. 

INTRODUCTION 

The cited reference gives the equation defining the dynamics of weak plasma density fluctuations 
under the assumption of the ambipolar motion of charged particles along geomagnetic field lines: 


d'n dn 

1 1 u icoV 

+ n 

( 1 + mV 

v icoV +{p+ ico\v+ ico) 

~dz 2 ~~dx\ 

H p Hu + ico c 2 j 

[hH', + c 2 H y 

\v + m c 2 


The relationship was obtained from linearized equations of motion and continuity for electron-ion 
gas on the assumption about the harmonic character of time variations with frequency ... 
Allowance is made for the main processes governing the dynamics of ionospheric plasma in mid¬ 
latitudes under conditions of the upper most (above the F2-region maximum) ionosphere. Of 
fundamental importance is to take into account the inertia (time derivative) in the equation of 
motion. The movement of charges along the direction Z of the external magnetic field is 
considered, which was thought to be close to a vertical one. In the above equation, H is the height 
scale of the main component of the neutral atmosphere, atomic oxygen; Hp is the plasma height 
scale, v is the collision frequency of ions with neutral atoms, V is the hydrodynamic plasma 
velocity (vertical component), V’=dV/dz, c is the ion sound velocity, and £ is the linear 
recombination coefficient for the ions of the ionospheric F-region. 

Background plasma is a priori treated as strongly inhomogeneous, i.e. the size of disturbances can 
be comparable with the scale of variation of ionospheric parameters. In such a situation, 
analytical methods of investigating the above equation are, strictly speaking, not correct. 
Nevertheless, we have made such an attempt, bearing in mind that the qualitative aspect of the 
characteristics identified will remain valid. 


RESULTS 

First, an analysis was made of the dispersion equation that follows from the basic relationship. To 
obtain the dispersion relation in the above equation it is necessary to use, instead of the 
differention, the multiplication by ik, where k is the wave number of disturbances. As a result, 
we get a quadratic algebraic equation relating the frequency and the wave number of the 
oscillations in terms of background ionospheric parameters. The equation is rather unwieldy, and 
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is not reproduced here; however, it can be easily solved by using systems of symbolic 
mathematics. 

In the propagation problem, the frequency should be considered as a real positive quantity, and 
the equation should be solved for a complex wave number whose real part defines the 
wavelength, and its imaginary part is the damping or enhancement coefficient in space. Two 
roots of the quadratic equation correspond to two waves with oppositely directed phase velocities. 
As ionospheric parameters, use was made of the data obtained from a numerical ionospheric 
model. It should be noted that in the height range under consideration these parameters undergo 
very strong changes, and, for that reason, it is convenient to illustrate results of calculations in the 
form of plots of height dependencies of the wave number and of the damping-enhancement 
coefficient at fixed values of the frequency. 




Figure la presents the plot of the imaginary part of the wave number versus the height Z (down 
from 600 km) for the frequencies of 1-0.04 s' 1 and 2 - 0.7 s" 1 for the branch of the oscillations, 
having a negative phase velocity, calculated for typical conditions of the nightside mid-latitude 
ionosphere. Fig.lb illustrates analogous dependencies for the real part of the wave number. The 
height variation of Re k and Ini k is plotted for the range from 600 to 400 km above the ground. 
Since the typical scale of variation of ionospheric parameters H is in this case about 40 km, the 
value of Re(Hk) in the calculations presented, even if not much larger than unity, somewhat 
approaches the validity condition of a weakly inhomogeneous medium when analysis of the 
dispersion relation is adequate. 

It is evident from the plots presented that the quasiwave disturbances propagating with a negative 
phase velocity are increasing spatially in a certain height range. The negative phase velocity 
corresponds to the direction opposite the axis Z. In this case the axis Z is directed from top to 
bottom and zero correspond to 600 km . The other branch of the oscillations, having a positive 
phase velocity, must be excluded from consideration because in this setting of the problem it 
appears to be increasing spatially at all altitudes, which is unfeasible physically. 

What is the reason for the build-up of the oscillations? The answer to this question follows from 
the fact that for the dayside ionospheric conditions calculations show that the oscillations are 
damped ones. The main qualitative difference of the nightside upper ionosphere from the dayside 
ionosphere is that the vertical hydrodynamic plasma velocity at night is directed from top to 
bottom, whereas in dayside conditions the velocity is oppositely directed. Thus the decisive 
factors that are responsible for the spatial enhancement of the weaves include the presence of the 
downward directed background plasma velocity, and variations of ionospheric parameters with 
the height, plasma inhomogeneity. When considering stability problems, the presence of the 
above factors leads to the build-up of small initial disturbances with the time. In the propagation 
problem, this leads to an enhancement of the wave amplitude in space. 

An alternative approach to an analytical treatment of the problem involves attempts to obtain the 
solution of the input equation in the geometrical optics approximation. It should be noted that 
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here, as in the case of the method of the dispersion relation, some reservations remain that are 
associated with the limitations of a weak inhomogeneity of the medium. We have to state again 
that we operate at the validity limit of the main approximations. And again we emphasize the 
qualitative character of results obtained. 

Through substitution of variables the initial equation is brought to a canonical from of the 
Helmholtz equation - the first derivative is excluded. Next, a standard procedure is used to obtain 
the solution in the geometrical optics approximation. Results of calculations are presented in 
Fig.2. The figure show a “snapshot” of the wave number in the form of a height dependence of 
the density disturbance. 



One can see that there occurs an enhancement of disturbances with the decreasing height. At still 
lower altitudes the enhancement of the waves formally becomes increasingly more intense. 
Furthermore, the validity conditions of the geometrical optics approximation are obviously 
violated, and the result of calculations ceases to be adequate to the real situation. 

The results presented in this study are, we believe, serious theoretical arguments in favor of the 
hypothesis of the existence of a region of intense plasma density fluctuations of the upper 
ionosphere in middle and moderately high latitudes at night. It is our hope that these arguments 
will provide further impetus to experimental investigations to detect such a region, with the use of 
incoherent scatter radars in particular. 
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ABSTRACT 

We apply the R/S analyses to determine the Hurst exponent for the natural electromagnetic 
radio signal in the extremely low frequency (ELF) band. The Hurst exponent is used for 
classification of random and chaotic signals. We present the results of R/S analyses for the 
natural ELF radio noise and for quasi-random successions generated by a computer. 


WHAT IS THE R/S ANALYSIS? 

Properties of natural stochastic signals reflect their origin, namely, noise or dynamic chaos. 
The R/S analyses was suggested in mathematics to resolve the signals and to establish what 
we have to deal with: the random noise or dynamic chaos [1]. The Hurst exponent has links 
with the spectral index: J3= 2Hu-\. 

First, we introduce the procedure formally. Suppose we have a random series of the data flow: 

=x K , where K e[l; m]. Then, the Hurst exponent {Hu) is defined by the following 
formula: 


m =(*)" 


(i) 


Here N is the current length of the data sample, and R h , is the current range of random 
variable found from 


^=(*.naxM*min) 

while its standard deviation (the RMS value) and the mean value are found from 

\_ 

1 N 2 "]2 

s n= TT~:Yj( x k~ x n) 

iv 1 K =1 


( 2 ) 

(3) 


7V K =1 

How to obtain the Hurst exponent from the data set? We consider for simplicity that the full 
number of data points satisfies the binary condition M = 2 L . Then, we divide the data set into 
two parts (N = M ^) and compute the R N and S N values for each part. Then, we find their 


R/S ratio for the given N : 



and average it 
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Here, the angular brackets denote averaging over the ensemble. 

Then, we break the series into four parts, obtaining a new length of data (N = and the 
computational procedure is repeated once again resulting in a new averaged R/S ratio Z N , etc. 
Finally, we arrive to the elementary data slice containing two elements, N -2. In this case, 
see equations (2-4), R 2 = t/2-S 2 ,so that ‘initial’ R/S ratio is 



The logarithm of current values of the R/S ratio log 2 (z Af ) is plotted against 
1 = log 2 (/V) e[l; -^j, and the best fit straight line gives the Hu value (1). 

The % curves and the 
HURST exponent have the 
following general 

properties. The exponent 
describes the nature of 
‘randomness’ of the data. 
When we treat the Gaussian 
white noise, the tilt of the 
plot equals Hu = 0.5. 
Indeed, the RMS value 
equals for a long enough 
sample of normal noise [2]: 
S% auss -> const , N»l. 
While its range increases as 
R% auss « y[N . Hence, 
Z% a,,ss * V/V and Hu = 0.5 

1 2 3 4 5 6 7 8 9 10 for N » 1. 

I = log 2^N) 

Fig. 1. General properties of the Z(N) curves. 

Normal processes of short duration are characterized by Hu = 1 . So, the normal noise has the 
higher tilts at lower N , which are then reduced approaching the 0,5 stationary value (see 
Fig. 1). The line of Hu = 0.5 tilt divides the noise into two types: 

•When Hu e [o.5 ; l.o] we say that the process contains persistence: its current value depends 
on the previous ones or on the pre-history. 

•When Hu e[0.0; 0.5] we regard the process as anti-persistent one (with no ‘memory’). 

For the most of natural processes, the tilt corresponds to Hu e [o.7 ; 0.8]. General behavior of 
the Hurst exponent is illustrated in Fig. 1. 
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For short duration of the data samples, the Z{N) curve for the normal noise grows as N. 
With an increase of the sample size, the growth becomes proportional to ^[n that is the 
stationary Gaussian noise. The random process is regarded as a persistent one when its Z(N) 
curve is found above the -Jn dependence, and it is called the anti-persistent process when it 
lies below this line. 

APPLICATIONS OF THE R / s ANALYSIS TO SYNTHESIZED AND NATURAL 
SIGNALS 

We have computed the quasi-random successions of numbers with the uniform exponential 
and normal distributions [3]. The normal deviates were generated using the Matlab 5.0 
software as well. The % analyses of computer generated numbers showed a peculiar 

behavior. In particular, the Gaussian variance does not demonstrate the expected y[N . 
Unknown drawbacks of the algorithm? 

We processed also the ELF radio signals recorded with two orthogonal horizontal magnetic 
antennas in the frequency range of Schumann resonance (a courtesy of Dr. C. Price, from Tel 
Avai University). Processing showed that stabilization occurs of the RMS values over an 
‘inertia’ interval 7e[7-12]. Simultaneously, the signal range R becomes saturated when 
/ > 12. This is probably caused by the finite dynamic range of the equipment. As a result, the 
Hurst exponent equals *4 over inertia interval starting from the ‘knee’ area I e[2,3]. 

It looks like the knee position depends on the pulse rate in natural ELF radio noise. When the 
pulse rate grows, the inertia interval starts from lower values of I, and the whole line of 1/4 
slope shifts downward. The Hu = 0.25 value indicates that the Schumann resonance signal is 
an anti-persistent noise. Hence, there is no interaction between individual pulses arriving from 
worldwide lightning strokes. 

CONCLUSION 

1. Behavior of the Hurst exponent for the synthesized random Gaussian variable may indicate 
unknown drawbacks in the commonly used computational procedure. 

2. Natural Schumann resonance signal is an anti-persistent noise. This rigorously proves 
independence of individual lightning stokes. 

3. Diurnal variations of the Hurst exponent may be a replica of daily changes in the global 
lightning rate. 
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ABSTRACT 

We present a compact analytical time domain solution for the ELF electromagnetic wave 
propagating in the Earth ionosphere cavity. The workability of the formula obtained is 
demonstrated by computations of the pulse waveforms originating from a point vertical 
electric source. 

INTRODUCTION 

The extremely low frequency (ELF) wave propagates within the spherical cavity formed by 
the Earth and lower ionosphere as the TEM mode. The cavity acts as a radio filter, therefore, 
an initially short pulse arrives to a remote observer as a spheric radio wave having a sharp 
onset succeed by a low frequency tail. First, we construct an analytical time-domain solution 
for such a pulsed wave traveling in the spherical Earth-ionosphere cavity, then, we obtain a 
compact form for the time-domain presentation. 

MODEL 

Consider the point vertical electric dipole as the source of the radio wave. The current 
moment of the source is a delta-pulse in the time domain M c (t) = M 0 -S (i). We use the 
polar spherical coordinate system with the origin at the center of the Earth and the 

<9=0 axis pointing to the source. 

The time domain fields are found as the Fourier transform (a contour integral) of the zonal 
harmonic series representation. The final result is the sum of residuals over the poles found 
from the following equation 

n(n + l)- v(ro)[v(ro)-t-l] = 0 (1) 

We use the linear heuristic frequency dependence of the propagation constant v[oj ) = Aco + B 
that corresponds to the experimentally observed Schumann resonance frequencies of 8, 14, 

20, etc., Hz when A = —- —— and B = . The time domain fields are: 

\2jc 200^- 3 
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E{t) = 2E a Re< 2' 




H(t ) = 2 H a Imj-^Xexp*2 M 




M 0 

4 jrha 2 £ 


( 2 ) 


(3) 


Here h is the effective height of the ionosphere, a is the Earth radius, e is the permittivity of 
vacuum, P n (x) and P \{x) are the Legendre and associated Legendre polynomials, 
x = cos 6 . Terms in the time series contain the exponentially decaying factor that is unity 
when t = 0. Hence, the series (2) and (3) diverge at the source point x = 1 for t = 0. They 
converge anywhere uniformly and absolutely for t > 0, including the source point. 


ACCELERATING CONVERGENCE 

We use the generating function of the Legendre polynomials to accelerate the convergence of 
time-domain series (2) and (3): 


*o(g.*) = Y,g"P,M =--- r 

(l-2gx + g 2 ) 2 

Final expressions are of the form: 

£(/) = Re{^ +E(R 0 -\) + B{B+\)[^^ 


with 


g = exp 


+B{B+ 


l)2 f 


g"P»{x) 

(n+\){n-B) 


(4) 

(5) 


H(t) =Im 




( 6 ) 


(l-2 xg + g 2 )^ 2 

In case of direct proportionality, namely, 5 = 0 and A ^ 0, the formulas become very simple: 


E(t) = Re< 


H{t) = Im- 


EAzIs) , 

(l-2*g + g 2 )^ 

k *0-**)* 1 

[ A (l-2*g + g 2 )^J 


(7) 


( 8 ) 


RESULTS AND DISCUSSION 

Computed waveforms for the magnetic pulses are shown in Fig. 1 for the source-observer 
distances of 5000, 10000 and 15000 km (1000 km = 1 Mm). Time is shown along the 
horizontal axis in ms. Pulse amplitude is depicted in arbitrary units on the ordinate. One may 
see an increase in the pulse delay with the distance. Antipodal and round-the-world waves are 
clearly seen in the plots (shown with arrows). 
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Fig. 1. H(t) waveforms at 5, 10 and 15 Mm distances from the lightning stroke. Arrows 
denote the direct, antipodal and round-the-world waves. The ‘square’ form of H{t) appears 
due to negative onset of antipodal pulse. 

CONCLUSION 

The main results are as follows: 

1. We obtained a compact analytical time-domain solution for both ELF field components in 
the spherical Earth-ionosphere cavity. 

2. We derived an exact presentation for the linear v(ry ) dependence. 

3. Formulae become very compact when v[co ) is directly proportional to the frequency. 

4. All specific features of the ELF radio pulses are pertinent to the compact solutions. 

Acknowledgments: This work has been supported in part by the INTAS grant No. 1991-96. 
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ON THE SCHEME FOR SEEKING THE SOLUTION TO A SYSTEM 
OF MAXWELL’S EQUATIONS IN A SPHERICALLY SYMMETRIC 
MODEL OF THE EARTH-IONOSPHERE WAVEGUIDE 

Victor N.Popov 

Institute of Solar-Terrestrial Physics SD RAS 
P.O.Box 4026, Irkutsk, 664033, Russia 
E-mail: rp@iszf.irk.ru 

A classical scheme for solving the boundary-value problem for a system of 
Maxwell’s equations in a spherically stratified model of the Earth-ionosphere 
waveguide has been known since the beginning of this century, and implies the 
following. The elementary electric or magnetic dipoles are usually assumed as 
emitters. In each of these cases the Hertz potentials are introduced, which 
satisfy partial differential equations with separable variables. Solutions to this 
equations are sought either in the form of a series in terms of eigenfunctions of 
the angular operator (series of zonal harmonics) or in the form of a series in 
terms of eigenfunctions of the radial operator (series of normal modes). The 
transition from one series to the other is accomplished through the Watson 
transformation. 

Attempts to generalize this scheme to the case of more sophisticated waveguide 
and emitter models led the author to the conclusion that the scheme should be 
modified. To elucidate the essence of the problem, a very simple model is 
considered, in which the ionosphere represents a cold plasma layer of a finite 
thickness, the Earth is modeled by a perfectly conducting sphere, and the 
waveguide is excited by an azimuthally symmetric current that models the 
transmit antenna. 

Unlike the classical scheme, we abandoned the idea of introducing any 
potentials, and formulated boundary-value problems for the components of 
fields. Furthermore, elementary (point) models of emitters are not considered. It 
is assumed that all current density components of the emitter are sufficiently 
smooth functions of spatial coordinates, which involves the assumption about 
the smoothness of the desired solution to the system of Maxwell equations. This 
assumption permits us to formulate mathematically correctly the boundary 
conditions at special points in a spherical coordinate system. 

The objective of this paper is to devise a reasonably rigorous mathematical 
scheme for seeking the formal expressions for solving a system of Maxwell’s 
equations. The presence of such expressions induces us to hope that some 
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properties of the determined solutions can be revealed by using rigorous 
mathematical methods. 

In the model under consideration, the boundary-value problem for the system of 
Maxwell equations is reduced to two independent boundary-value problems 

(L“ +L e /y 2 )yE (p = ^yj 0(|) , (y e(l>°°)> 0 e(0,7t)), 
lim((yE,);-ikay E ,) = °, UmyE, =0, Bm yE, =0. 

(L e +L, /y ! )yB = —(y s(l,«),e s(0,n)), 
v y ' 1© ika V. dy s dQJ 

lim((yB»); - ikayB.) = 0, Um(yB,)J = 0, Mm yB, = 0. 


Here k = co / c, y = r / a, a is the radius of a perfectly conducting sphere, j 0r e <p - 
are the current density components of the emitter, s - is complex permittivity, 


j__aY Le s a i i a 

.ika dyj ’ y ika ay e ika dy 


= _J__a_J_ LjL sin0 

0 ika d0 ika sin0 d0 


The solution to the boundary-value problems must be sought in the open region. 
This mathematical statement is a consequence of physical considerations. 
Solutions to the boundary-value problem for the cp components can be sought in 
the form of series in terms of eigenfunctions of one of the operators: radial or 
angular. This paper presents formal schemes for solving boundary-value 
problems by the former method. 

We represent the problems for eigenvalues of radial operators as 

y 2 Ly ,e R£ e = Yn’ e (Yn' e + l/ka)R, m n e , (y e(l,oo)), 
lim((Rj" e ); -ikaR;" n e ) = 0, limRj" n =0, lim(R‘ n ); =0. 

Thus it has been possible to represent the inhomogeneous boundary-value 
problems for expansion coefficients of the components of fields in an identical 
form for both types of fields. The solutions of these problems are expressed in 
terms of associated Legendre functions of the form P^(cos0), unlike the well- 
known solutions which involve Legendre functions of the formP v (cos0). 

The final expressions for the cp components of fields have the form 
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yE<p(y, 0) = ikaJdy'jd0'sin0'Rr(y)H m (0,0')Rr(y')y'jo 9 (y'>0'), 


yB (p (y, 0) = -^ikajdy'jd0'{| R' + (y) 


A (sin9'H e (0,0')) e 

ika 


■R; (y') jo,(y’.0’) + 


+sm0'[R"(y)H'(9,e')RUy')]y'j M (y'>6')}- 


Here R"' e {y) are infinite-dimensional columns of eigenfunctions of radial 
operators, R®(y) are infinite-dimensional column of eigenfunction of conjugate 
operation L c , 


Re = 11 deRf 

2 ika e dy 

the index “+” signifies the transposition operation, H me {6,6') are infinite¬ 
dimensional diagonal matrices whose elements are solutions of the equations 

-sin0H:' c (0 ) e') + v: e (v: e + l)H: e (0,0') = , 0,0' 6(0,71), v' ne = kaiC e . 

d0sin0d0 sin0' 

It can be demonstrated that all components of fields may be expressed in terms 
of the Green’s functions 

G me (y,0;y',0') = Rr e+ (y)H me (0,0')Rr(y') 

and there derivation with respect to spatial variables. The resulting expressions 
for the components of fields are formally exact solutions of an inhomogeneous 
boundary-value problem for a system of Maxwell’s equations. Mathematically, 
the method of reasoning which we are using in this paper has the character of 
plausible reasoning. Proving the assumptions made, specifying or modifying 
them should be the subject of a separate study. 

This work was done with support from the Russian Foundation for Basic 
Research under grant for leading scientific schools of the Russian Federation 
No. 00-15-98509. 
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THE ROLE OF EXCITED MOLECULAR IONS IN THE VARIATION 
OF THE E-LAYER PEAK HEIGHT CAUSED BY THE SOLAR 
ACTIVITY 

Taras G. Zhivolup 

Institute of Ionosphere of National Academy of Sciences 
and Ministry of Education and Science of Ukraine, Kharkov, Ukraine 
E-mail: iion@kpi.kharkov.ua 


ABSTRACT 

The data obtained by the Kharkov incoherent scatter radar show a monotonous linear decrease 
of the E-layer peak height (h m E) in the transition from the low to medium solar activity. Such 
behavior of the E-layer peak height is accounted by the influence of the oscillation-excited 
ions Oa + on the h m E variations depending on the level of solar activity. The theoretical depen¬ 
dences h m E(Fi 0 . 7 ) are in a good agreement with the experimental data. 

VARIATIONS OF THE E-LAYER PEAK HEIGHT WITH CHANGEABLE SOLAR 
ACTIVITY ACCORDING TO THE THEORY ALLOWING FOR THE EXCITED 
IONS 


One of the basic problems in the E-layer theory is the behavior of its peak height h m E de¬ 
pending on the level of solar activity. Now consider the influence of the oscillation-excited 
ions 02 + on the h m E variations depending on the level of solar activity. 

According to the theory allowing for the excited ions [1], the E-layer peak height is formed 
between the two levels: one which is associated with the maximum of on the ion-forming rate 
function h q and the other related to the maximum concentration of excited ions C> 2 + at h a . 
Consider the h a behavior as the solar activity increases. For this purpose let us make theoreti¬ 
cal calculations of h a (F| 0 . 7 ) dependence using the expression [1] 


4r l s< T >=4r l ST^’ 

ah ah A + ny 


(1) 


where T is the atmospheric temperature, n is the natural particle concentrations, g is the rate 
of collision deactivation reaction A-is the probability of radioactive transition from the ex¬ 
cited state to the basic one. We believe that T(h) and n(h) correspond to the Jacchia-71 model 
[2],and h m E is located close to ha. Then 


yn e) -°. 

Using the diffusion equation for each atmospheric component n; of the Jacchia-71 model we 
transform equation (1) in the following way: 
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?L = 13_ 
dh A k 


(2) 


where g is the free fall acceleration, k is the Bolzman constant, r is the atmospheric density. 
This expression relates the atmospheric temperature gradient to its density and is the equation 
for determining ha-the peak height of the excited ions 02 + . 

Define the magnitude of the h m E change in the transition from the solar activity minimum to 
its maximum. For this purpose using the relation (2) we obtain the h a (F] 0 . 7 ) dependences and 
determine the amount of the sudden change in h q associated with a more rapid increase in the 
intensity of the line 102.6 nm as compared to the line 97.7 of solar radiation with increasing 
solar activity for each season. 

The h a (Fio. 7 ) dependences were obtained from three values of ha estimated for each season to 
account for three definite values of the exosphere temperature T» and the rate of collision de¬ 
activation reaction y=2*10' 15 cm 3 s' 1 . 

In order to calculate the profiles p(h) the modified Jacchia-71 models were utilized for sum¬ 
mer, winter and equinox seasons. The estimated profiles p(h) were corrected for the values of 
the Groves model [3] at 110 km in the 50° latitude for March, June, September and December. 
The amount of the jump h q for all seasons was taken to be equal to 0.4H and assigned to the 
solar activity level F 10.7 = 207 for March, F 10.7 = 200 for June, F 10.7 =215 for September and 
F 10.7 = 202 for December. 

According to the calculation that were made in the transition from the low to high solar activ¬ 
ity, the magnitude of h m E decrease for March was 4.98 km, for June-5.47 km, for September- 
4.95 km and for December-3.25km. In this case ha shows a smooth linear decrease in the 
transition from low to high SA and the magnitude of its decrease is 1.44 km for March, 1.44- 
for June, 1.35-for September and 1.53 km for December. 

The contribution of the sudden change h q to the magnitude of decreasing h m E is more signifi¬ 
cant as compared to the magnitude of the h a drop. 

COMPARISON BETWEEN THE THEORY ALLOWING FOR THE EXCITED IONS 
AND THE INCOHERENT SCATTER DATA 
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Fig.la, lb. Comparison between the empirical afternoon dependences h m E(Fi 0 . 7 ) (1) for 
March and June and the theoretical dependences (2) allowing for the sudden change in h q in 
the transition from low to high solar activity; 3 - theoretical dependence h a (Fi 0 . 7 ). 

Fig.la, lb show the comparison between the theoretical dependences h m E(Fio. 7 ) and the em¬ 
pirical ones obtained from the incoherent scatter data for March, June, September and De¬ 
cember. 

It is seen that the theoretical dependences h m E(Fi 0 . 7 ) are in a good agreement with the experi¬ 
mental data: the predicted and experimental relations h m E(Fio. 7 ) show the identical behavior (a 
slow monotonous h m E decrease with increasing Fio. 7 = 73-150 and more abrupt drop in h m E 
with Fio. 7 > 150 ) and basically they differ from one another by less than 1 km. Thus, by consid¬ 
ering the oscillation-excited ions it became possible to provide &n insight into the monotonous 
linear decrease of the E-layer peak height in the transition from low to medium solar activity. 
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DISPLAYS OF POSSIBLE HARBIGERS OF EARTHQUAKES ON 
RECORDINGS OF VLF-SIGNALS DEPENDING ON THEIR 
CHARACTERISTICS 

Natalia A. Kazakova, Anatoliy G. Kolesnik, and Boris M. Shinkevich 
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E-mail: Natalia@elefot.tsu.ru 


INTRODUCTION 

A complex of electromagnetic disturbances in a zone of preparation, as in the earth crust and 
in the environment precedes an earthquake. One of the methods of searching seismo- 
ionospheric effects in D-region is the radiograph of Earth - ionosphere wavequide by Very 
Low Frequency waves (VLF). Such research of parameters of the environment allows to 
obtain additional information about physical mechanisms of electromagnetic harbingers of 
earthquakes, and the solution of the given problem is directly connected to forecasting 
possible time intervals between the beginning of preparation and moment of the earthquake. 
The records of VLF-signals amplitude show abnormal variations of different intensity above 
the seismically active region before and after strong earthquakes. The validity of the 
dependence between the registered disturbances and earthquakes can be experimentally 
proven either by a statistical material based on the most general regularities, or by the 
presence of special characteristics in the signal, inherent to the specific process with the 
regard of geophysical conditions as a whole [1-4]. 

ANALIS OF EXPERIMENTAL DATA 

This paper presents an analysis of the dynamics of behavior of VLF-signal amplitude on the 
radio link Tsusima - Tomsk (extension about 4000 km, 10.2 kHz) and the radio link Irkutsk- 
Tomsk (extension about 1300 km, 50 kHz) from February 20 to August 31, 1997. The data 
were obtained on a receiving-measuring complex of continuous monitoring of 
electromagnetic background of environment with the purpose to find in this dynamics the 
component induced by seismic processes in the regions adjoining to the tested route. The 
general characteristics of earthquake harbingers were specified on the basis of the abnormal 
features of the received signals. Possible electromagnetic harbingers were determined for the 
earthquakes occurring in the region nearby the route at the distance about ± 3500 km. During 
the period of research, in this region, 610 and 420 events with magnitude > 4.0 have taken 
place, respectively. 

We have tried to define the dependences of the harbinger images on the characteristics of 
earthquakes and geleogeophysical conditions. The quantitative analysis of processed data (the 
recorded VLF-signal amplitude for the period under research) has shown that the temporary 
interval between the beginning of observation of harbinger images (t per t) and the moment of 
earthquake (t qua k) (t = t qua k - tpert) is more than 15 hours both for earthquakes with depth more 
than 150 km, which occurred at a distance from the tested VLF- radio link of more than 1500 
km, and for earthquakes with magnitude of more than 6, which have taken place up to 1500 
km from VLF-radiolines. This dependence of temporary interval of earthquake harbinger 
image on the distance, depth and magnitude of earthquakes is shown in Fig. 1. for radio link 
Tsusima-Tomsk and Fig.2 for radio link Irkutsk-Tomsk. 
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Fig. 1 The dependence of temporary interval of earthquake harbinger image on the 
distance, depth (a) and magnitude (b) for the radio link Tsusima-Tomsk 



Fig. 2 The dependence of temporary interval of earthquake harbinger image on the 
distance, depth (a) and magnitude (b) for the radio link Irkutsk-Tomsk 

A time interval between the earthquake preparation registered by the VLF-signal amplitudes 
and earthquake itself makes from 3 minutes to 15 hours. The statistical analysis of processed 
data (the VLF-signal amplitudes in the period of observation) has shown that 65 % and 57%, 
respectively, of all the events in this region have been displayed by the signals of the 
harbinger images. 
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THE IONOSPHERE FROM NATURAL AND ANTHROPOGENIC 
SOURCES 
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V. Karazin Kharkiv National University, Kharkiv, Ukraine 
E-mail: Leonid.F.Chernogor@univer.kharkov.ua 


The measurements were made in 1995 to 2000 at two frequencies of 2.8 MHz and 3.0 MHz. 
The moving solar terminator generated detectable effects only in the absence of other 
disturbances in the ionosphere, and, first of all, in the absence of magnetic storms. The 
response to the dawn terminator commences immediately after the sunrise in the lower part of 
the ionospheric F-region where the probing radio waves are reflected (Fig. 1). The quasi- 
periodic oscillations of the Doppler shift fo, with a 0.35±0.15-Hz amplitude lasted 30-40 min. 
Most frequently and clearly, the oscillations are observed with a 7*20 min period 
approximately in 30-60 min after the sunrise at F-region heights (i.e., approximately at the 
sunrise at the ground), and a constant /d of 0.75+0,25 Hz follows and continued for ~1.5±0.5 
hours. A quasi-periodic oscillation with 7*10-20 min is usually observed in this case. 



Fig. 1. Doppler spectra at 2.84 MHz on November 1, 1998. The / D fluctuates between -1 Hz 
and +1.5 Hz. The sunrise time in the F region was at -04:20, and at the ground near 05:30. 

The response to the dusk terminator is similar (see Fig. 2), but there are some differences. 
Often, approximately 30 min before the sunset at the ground, a constant negative/ D of 0.7±0.2 
Hz is observed during a 25+7-min interval. It is apparently associated with processes in the 
magnetically conjugate region. At sunset at the ground, the quasi-periodic oscillations follows 
with 7*10-20 min. Simultaneously, the constant component in the/ D increases up to 1 Hz. 
The duration of these processes can be 60±10 min. Finally, during the sunset in the lower part 
of the F-region, the quasi-periodic oscillations with 0.25±0.05-Hz amplitudes and 15-20-min 
periods (7*20-min period dominates) enhance, and continued for 75±45 min. Simple models 
have been developed for the processes associated with the moving terminator. 

The HF Doppler radar investigations of a variety of processes associated with rocket launches 
were performed over the same period of time. The observations have been analysed of thirty- 
two launches from different cosmodromes (Baikonur, Plesetsk, Cape Canaveral, Kourou, and 
others). At large distances (/?~10 000 km), a response of the ionosphere to the launch of small 
rockets (such as Pegasus XL) has not been detected. At R~ 2000-3000 km, a response is 
readily detectable to the launch of a big and high-power rocket (such as Proton or 
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Fig. 2. Doppler spectra at 2.84 MHz on November 21, 1998. The sunset time at the ground 
was near 18:10, and in the F region near 19:00. 


Arian). During Space Shuttle launch, perturbations are not detected immediately after the 
launch but follow with a delay of 50-60-min, which is apparently linked to the Shuttle orbital 
maneuvering system engine burns in the ionosphere. 

Consider a few examples of several of these effects in detail. 

The daytime Space Shuttle launch, /?«10 000 km, at 10:35 Kyiv time (Kyiv time is indicated 
everywhere in this paper) on December 4, 1998 (see Fig. 3). The day cannot be considered 
quiet. One hour before the liftoff, multiple propagation path signals were observed, and they 
continued till 11:00. From 11:25 to 12:00 and from 12:30 to 13:20, the number of multipath 
signals increased, and the quasi-periodic oscillations with 0.2-0.4-Hz amplitudes and a T«20- 
min period appeared. After 13:00 the oscillations with T*10 min prevailed. 



Fig. 3. Doppler spectra at 2.84 MHz on December 4, 1998, the day of the Shuttle Endeavour 
launch. 

The night time Space Shuttle Discovery launch at 21:20 on October 29, 1998, (see Fig. 4). 
Sunset solar terminator effects were observed till 21:05. Over the 21:06-21:35 interval, a 
negative f D was observed. Then it was changing not more than by 0.1 Hz till 22:20, and again 
after that instant of time up to 23:00, A/ D « -0.3 Hz, and 7«25 min. After 23:00 the ionosphere 
remained quiet. 
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Fig. 4. Doppler spectra at 2.84 MHz on October 29, 1998, the day of the Shuttle Discovery 
launch. 

The nighttime Proton launch, R~ 2 500 km, at 02:09 on March 3, 1999, (see Fig. 5). One hour 
before the launch, the ionosphere was quiet, and/o<0.1 Hz. From 02:10 to 02:55, quasi- 
periodic oscillations were observed with / D <0.25 Hz and 7«10 min. At 03:10 a moderate 
number of multipath signals happened with/ D «-0.3 Hz. Over the 03:30-04:15 interval, the 
number of multipath signals increased,//? « 0 Hz; after 04:20 the/? » 0.3-0.4 Hz, and the 
quasi-periodic perturbations with T « 10 min appeared. Clearly, the dawn solar terminator 
effects were observed after 03:30. 




Fig. 5. Doppler spectra at 3.04 MHz on March 21, 1999, the day of the Proton space vehicle 
launch. 

The night time Zenit-2 launch, R ~2 500 km, at 23:29 on September 9, 1998, (see Fig. 6). A 
computer error caused a premature engine shutdown at the 272-nd second of the mission 
during the second stage burn. Approximately an hour before the launch, several multipath 
signals (A/d *0 Hz) were observed. Over the 23:35-00:30 interval, A/ D «-0.5 Hz, and the 
number of multipath signals increased. From 00:30 to 02:00, the ionosphere remained quiet. 



Fig. 6. Doppler spectra at 3.49 MHz on September 9, 1999, the day of the Zenit-2 rocket 
launch. 
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EARTHQUAKES IN THE PLASMA AT MESOSPHERIC HEIGHTS 

A. M. Gokov, S. I. Martynenko, V. T. Rozumenko, and O. F. Tyrnov 
National Kharkiv V. Karazin University, Kharkiv, Ukraine 
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ABSTRACT 

The results are discussed of MF radar remote sensing of disturbances caused by strong 
earthquakes at great distances in the plasma at mesospheric heights, and a mechanism is 
advanced for the development of such large-scale disturbances in ionospheric plasma 
parameters, which is a large-scale mesospheric electric potential redistribution due to an 
increase in the atmospheric conductivity over a seismic region. 

INTRODUCTION 

The authors of [1] were the first who observed the development of large-scale ionospheric 
disturbances caused by a strong seismic activity for a few days and during the Chile May 22, 
1960, earthquake with a magnitude of 9.6; the measurements were taken using a net of 18 
MHz riometers in North America and spaced by thousands kilometers from each other. 
Among other things, increases in the signal amplitude by a factor of up to 2 over a background 
noise were observed to correlate with the seismic disturbances. Similar effects were observed 
before and during the January 17, 1995, Kobe earthquake with 7.2 magnitude [2]. In the latter 
case, two sequence of 22 MHz radio bursts were observed at a distance of 77 km from the 
epicenter. Such seismic phenomena have not found a satisfactory explanation yet. 

In this paper, we present some observations of disturbances caused by remote earthquakes in 
the lower ionosphere, and discuss possible mechanisms of their development. 

EXPERIMENTAL RESULTS 

The lower ionosphere disturbance diagnostics at distances of up to a few thousand kilometers 
from strong earthquakes included records of f= 2-3.5 MHz noise and 25 ps MF radar pulses 
scattered from the z ~ 60 ~ 85 km altitude region. 

Fig. 1 represents time dependences of R = A 2 ! A 2 obtained for different altitudes at the 
National Kharkiv V. Karazin University Radiophysical Observatory approximately 11,000 km 
away from a 5.7 magnitude earthquake which occurred at a 33 km depth near Western New 
Guinea, 3.37 S latitude and 135.1 E longitude, at 12:48:54 LT on March 20, 1995; the arrow 
marks the time of the earthquake. Here A 2 and A 2 are the ordinary and extraordinary, 
respectively, MF radar signal intensities averaged over successive 1-min intervals. 


Kharkov, Ukraine, VUI-th International Conference on Mathematical Methods in Electromagnetic Theory 




656 


MMET*2000 Proceeding 


March 20, 1995 



Figure 1. Time dependences of R for 2.3 MHz signals scattered from 84 km, 90 km, 96 km 
altitudes at Kharkiv during the March 20, 1995, West New Guinea earthquake; the time of 
earthquake is marked by the arrow. 

The small characteristic time scale of the disturbance development (less than a few seconds) 
can indicate that the changes in MF radar signals were caused by the corresponding changes in 
the electron temperature a 2 _ and the effective collision frequency \ g in the ionospheric D 
region. The similarity between the dependences of R on time and height mean that the main 
ionospheric disturbance was localized below the 84-km altitude where the signal-to-noise 
ratio was low and prevented the detection of MF radar signals. As a whole, it is clearly seen 
that the remote earthquake caused a sharp increase in the value of R, which could result from a 
decrease in the total absorption of signals and noise below the 84-km altitude. 

DISCUSSION 

The detection of strong mesospheric electric fields at mesospheric heights (see, for example, 
[3, 4]) provides a new opportunity to explain electrodynamic interactions between the 
troposphere, the mesosphere, and the ionosphere. Thus, for example, the existence of such 
fields over a seismically active area makes possible the following mechanism. A big increase 
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(by one or two orders of magnitude) in the tropospheric conductivity over the seismic area 
results in a decrease in strong mesospheric electric field intensities due to troposphere- 
mesosphere electrical coupling (see, for example, [5, 6]). This causes a rapid decrease in T, 
and v as well as the corresponding changes in mesospheric conductivity. The last effect 
results in rapid changes in radio propagation conditions in the lower ionosphere over the 
seismic area. 

It should be noted that considerable changes in the mesospheric electric potential over a 
remote earthquake can result in a change in the difference in electric potential voltage between 
mesospheric potentials over the remote earthquake and over the observation site, which is 
equivalent to changes in mesospheric electric field intensities over the observation site. 
Therefore the development could also be expected of disturbances in the plasma at 
mesospheric heights. For the experiment depicted in Fig. 1, the remote earthquake should 
have, decreased the large-scale difference in the electric potential voltage, which has resulted 
in a decrease of T,, v e , and the total absorption of the signals and noise below the 84-km 
altitude. 
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FOR IONOSPHERE PARAMETER DEFINITION BY 
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ABSTRACT 

In the paper, the mathematical description of the measuring channel of the incoherent scatter 
radar (ISR) is proposed. As an example of application of the model, the distortions of altitude 
profiles of the normalized correlation functions (NCF) of scattering medium, electron density, 
electronic and ionic temperatures are calculated. The offered model can be applied to devel¬ 
opment of the measuring procedures of the ionospheric plasma parameters and of estimation 
of their accuracy. 

THE GENERALIZED BLOCK DIAGRAM OF THE MEASURING CHANNEL 

The IS radar technique is a very powerful tool for research of the ionosphere plasma charac¬ 
teristics, i.e. electronic density, ionic and electronic temperatures, ionic composition, etc. The 
special radar systems, the IS radars, are applied for the method realization. The generalized 
block diagram of the radar is shown in Fig.l. It includes the following structural units: 


RTD and TA 

Medium of 

RRD and RA 

Correlator 

TNCF 


distribution 





Fig. 1. The block diagram of the measuring channel 


1. The transmitting antenna (TA); the radiotransmitting device (RTD), which is characterized 
by duration Tzi and shape U (t) of the sounding radio-frequency pulse enveloping. 

2. Medium of distribution - ionosphere, which is described by the altitude dependence of the 
normalized correlation functions p(h,t) on the thermal fluctuations of electron density. 

3. The receiving antenna (RA); the radioreceiving device (RRD), which is characterized by 
impulse response of the receiving tract G(t) with duration t s and nonuniformity of the noise 
power y(t). 

4. The correlator, which is submitted by algorithm of an evaluation of the correlation function 
(CF) and performance (characteristic) of transformation of the analog-in-digital converter 
(ADC) g(s). 

5. The transformer NCF (TNCF) in parameters of the ionospheric plasma, for example, in 
temperatures of ions Tj and electrons T e (with performance r|[p (h,x),Tj,T c ], where h is the al¬ 
titude, x is the time of lag). TNCF represents a computer subprogram, which realizes calcula¬ 
tion of temperatures by a least squares fitting of a theoretical NCF of a scattering medium to 
the measured function. 


Kharkov, Ukraine, VUI-th International Conference on Mathematical Methods in Electromagnetic Theory 





MMET*2000 P 


e dings 


659 


NONLINEAR TRANSFORMATIONS OF THE IS SIGNAL 

The measuring system is rather composite with numerous, including nonlinear, signal trans¬ 
formations in it. To estimate the influence of systems of a radar and ionosphere on NCF of the 
IS signal and on temperatures T, T e the following expressions for the power 


P v =- ? = ;= 18 (u)expl-—■= - ]du - 

a n ^ 1 + ^~ A 2a Z n (l + q) 


- j= Jg (u)exp[ - j 

a 42n -A 2cr„ 


and correlation function 


A A 

’ \ fs(w)g(v)exp[— 


1 'f 4 u l - 2r n {r)uv + v 

- i/ ' v: f J ?(«)?(»’) exp[-r--- ]dudv (2) 

iKcxn - r* (r) J “ A ~ A 2a n “ r n ( r )) 

were obtained. The equations (1) and (2) take into account the characteristics of transforma¬ 
tion ADC, properties of a signal both noise and algorithm of operation of the correlator. 

At a deduction of expressions (1) and (2) it was taken into account, that the signal can be de¬ 
scribed by the one-dimensional p (u, t) and two-dimensional p(ul, u2, tl, t2) gaussian ele¬ 
mentary probability law [1]. Here g (u) =g (u,A,A), A is the step of quantization on a level; cr 2 n 
is a variance of noise of the measuring channel; q = P s / < P n >; < P n > ~ cr 2 n ; (-A - +A) is the 
range of the entering voltages ADC; r n (t) is NCF of noise of the receiving channel; r s+n (t) is 
NCF of the signal plus noise; P s =P s (t a ); R s =R s (t a ,x); NCF r s+n (x) = [R s (t a ,x) + R n (t a ,x)] 
/Pnorm(ta>t a +'c), P n orm(t a ,t a +x) are normalizing dividers; t a =2h a /c is time of delay from forward 
front of sounding impulse; h a is the altitude, for which NCF is determined; c is the velocity of 
light. 

CF OF THE IS SIGNAL AT THE OUTPUT OF THE RECEIVING CHANNEL 

Taking into account the structure of the IS signal [2] for the altitude (delay) profile R s (t a ,x) at 
a lag x = Xk, the expression for numerical calculation of correlation functions of a signal at the 
output of the receiving channel is obtained: 

ct u /2 t s 

RJ t a ,T)=C J R( h,0 )J U(t a -v-2h/c )y(t a -v)G(v)x 

,J ° (3) 

xj U( t a + T-z-2h/c)y( t a +r-z )p TF ( v~z+T,h)G( z )dzdvdh 


Here C is the constant of radar, U (x) =0, at x > T Z i and x < 0. 
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CALCULATION OF ALTITUDE DEPENDING OF PARAMETERS OF IS SIGNAL 

Figure 2 shows the initial profiles of ion and electron temperatures and normalized to a 
maximum value of the profile of the electron density. They are obtained from the model IRI- 
95. These dependences are used for calculating initial altitude dependences NCF p(h,T,T;,T e ) 
and the IS power P in (h). In the same figure, the "measured" altitude profiles of NCF of a 
scattering medium and normalized power P out (h) of the IS signal are shown which are ob¬ 
tained as a result of calculation of CF according to (3). Fig.2 shows the spectral power den¬ 
sity, the normalized electron density N e0 ut(h) and temperatures Tj 0ut (h) and T eou t(h), which are 
calculated on the "measured" correlation functions. The transmitter pulse length Tzi=0.8ms. 
The impulse response of the receiver is the measured characteristic of the narrow-band filter 
with a transmission band 2.5 KHz. Parameter y(t) is equal to 1. As a result of calculation, the 
altitude profiles of values NCF and power corresponding to data were measured by the corre¬ 
lator at output of receiver device. The data is destruction due to the influence of the sounding 
transmitter impulse and very narrow-band filter. Next, the “measured” CFs must be processed 
in according to the algorithm that forms estimation of NCF and takes into account the char¬ 
acteristics of performances of equipment and the profile of measured power (for instance, it 
can be used in the procedure described in [3]). 

}i,kn 
932 
822 
712 
602 
492 
382 
272 
162 
0 

Fig. 2. Outcome of model operation of measurings of IS signal parameters. 
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ABSTRACT 

This paper deals with the problem of interaction between the meteorological and electrical 
parameters of atmosphere. The method of the regression model making for nonstationary 
processes are presented. The model of electric field tension and meteorological parameters 
relationship permit to have the E consequences with the 8 per cent of remainder dispersion 
precision. 

At present, the fact of the influence of meteorological processes on the characteristics of 
Atmosphere Electric Field (the tension of electric field and electroconductivity) is commonly 
known. A lot of experimental data have been accumulated in this scientific area. A lot of 
papers are devoted to the issues of the meteorological processes influence on the electric field 
tension and air conductivity. But often, this papers have a descriptive style. 

A.X. Philipov [1] systematized the experimental data connected with the meteorological 
processes influence on the Atmosphere Electric Field. He has also made a table of the basic 
appropriations of the meteorological and electric parameters. And herein he picked out the 
most probable physical processes, which affect the electric field (under various 
meteorological conditions). 

To specify the electrical and meteorological characteristics connection, it is necessary to 
obtain function or correlation dependencies. On the other hand, the problem of the electric 
field tension monitoring organization is associated with the necessity of building observation 
point network, or at least providing the meteorological network with electric field sensors. All 
this cause financial expenditure. 

One of the ways of solving this problem is making of the relationship model between the 
electric field tension (EFT) and the standard observed meteorological parameters of the 
atmosphere. 

The solution of this task is connected with some problems. First of all, it is a well known fact 
of feeble correlation between the EFT and such meteorological characteristics as temperature, 
humidity and pressure independently [2]. Secondly, the investigation of the day trend model 
area showed that the EFT is not a stationary process. Hence, the classical regression models, 
in particular square measure of proximity will be incorrect. 

The possible variant of solving this problem may be in finding of alike dynamics of random 
processes, which will form a model. In this case it is possible to build of multi-factor (linear 
or nonlinear) regression model, which will be sufficiently reliable within the linear measure of 
proximity [3]. 

To carry out these investigations, at the automatic station [4], in May 1999 the synchronic 
measurements of all meteorological parameters and the EFT were organized. Using the 
received data, auto-correlation functions for each parameter were calculated. The calculation 
has shown that the moments when the auto-correlation function passes zero (the radius of 
auto-correlation) practically coincide and were equal to 7 hours. Proceeding from this, we 
can make a conclusion, that the dynamics of the processes involved into the model is identical 
and the terms of Kendall and Stuart are asserted. The multi-factor regression model was 
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constructed by "from ordinary to complex" scheme. First we investigated the possibility of 
linear model application. 

It should be noted that the experimental series data of EFT, humidity, pressure and 
temperature have some peculiarities. All of the above-mentioned characteristics have a 
different in meanings variability range (for the EFT E ~±1 - 1000 V/m, t~l±30 C, etc). 
Moreover, the measurement accuracy of each of these characteristics has different values, 
specified by the type of the devices used for measuring. 

The dynamic ranges were unified in the following way. In the regression model, the standard 
deviations of the characteristics were taken into account (not an absolute values): 


X. -E(X,) 

<7, 


(1) 


where x-, is the current value of the parameter, X, is the process implementation, E(X() is the 
mathematical expectation of the parameter, a* is the square root of the signal variance. Such 
normalization results in all the variables change within the range from 0 to 1. Hence, all 
dynamic ranges were equal. 

Taking into account all the above mentioned facts, the following was done. In the first place, 
the linear set regression was verified: 

T = Po+Pu*i + ---- + Pi/,* / >+< ? > ( 2 ) 

where y is the Electric Field Tension, x-, is the meteorological parameter (the temperature, 
pressure and humidity in our case), P/*=A,-*/A,v, where A,*=(X,vt)’ 1 is the inverse covariation 
matrix, A =E[X-E(X)][X-E(X)f, where X is the row vector of observation data, E(X) is the 
mathematical expectation of the parameter, T is transpose indicator, e is error (the remnant 
value in the regression model). 

The covariation matrix (the matrix of the second moments) was calculated using the 30 days 
observation in May 1999. The time quantization of the signal was equal to 30 minutes. In the 
capacity of precision measure we used the difference between y and its regression estimation 
(i.e. remainder of variance): 

D = ~. (3) 

A,.,. 


The results of the calculation show that in this case the linear regression model can determine 
the reliable regression relationships between electric and meteorological parameters with the 
10 -30% of deviation. In general, such accuracy is enough for the short term forecast of EFT 
on the basis of meteorological parameters data. 


Table 1. The results of using the linear regression model 


Duration of observation 
period, days 

Confidence coefficient 

Remnant dispersion of 
standard deviation 

10 

0.67 

0.328 

20 

0.67 

0.213 

30 

0.67 

0.109 


To specify this relationship, the nonlinear (polynomial) regression model was developed by 
using the following equation: 

y= f(x u ,....x pi \Q,...Q m ) + e i -,i= \...n, (4) 
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where y(x it 61,62,63) was introduced as the random values product of meteorological 
parameters x k , *,• x xj. Since the series of the observation are rather short, we chose the binary 
relationships, i.e. three dimension polynom of the third order: 

y = Z Z Z P i,k • x i x i * 3 . n = 2 ,1 ■+ 7 ■+ k < 2. (5) 

i=0 j=0k=0 

The result of using the nonlinear (polynomial) regression model is shown in Tab.2. 


Table 2. The result of using the nonlinear (polynomial) regression model 


Duration of observation 
period, days 

Confidence coefficient 

Remnant dispersion of 
standard deviation 

10 

0.67 

0.221 

20 

0.67 

0.159 

30 

0.67 

0.082 


It is natural that one month retrieval parameter values are not statistically significant, i.e. 
providing the necessary precision of the data obtained. But the above predicted arguments 
verify this conventional hypothesis. Hence, we can build a reliable multi - factor model, 
based on more long-term observation data, enabling us to obtain the value of EFT. 
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INTRODUCTION 

Among the various methods used to solve differential equations, the finite differencing 
schemes are the easiest to implement, this feature usually being a trade-off for the accuracy of 
the solution. The finite-analytic (FA) method, which basically yields a simple but accurate 
finite differencing (FD) scheme has been utilized for solving heat transfer and fluid 
mechanics problems for sometime [1-2]. A general formulation for the FA method has been 
summarized and devised for the Helmholtz equation. A numerical example has been studied. 

GENERAL FORMULATION 

Assume that the analytic solution of a differential equation at any point of a local grid of 
n discrete points, can be expressed by a truncated series of suitable basis functions as, 

/(*') = 2X4. (*,)> i = l,2,...,/i (1) 

where f(x l ) is the solution of the differential equation, 3c,. :i = l,..,n is a vector of m 
independent variables of spatial type, A t .(x), v = 1,2,... are the basis functions and a v are the 
expansion coefficients. Eq. (1) yields n linear equations, one for each point of the local grid. 
For non-trivial solutions, the determinant of the system of linear equations of (1) must vanish, 


f(4) 

f(x 2 ) • 

'• /(*»-!) 

f(4) 



A, (x,) 

A,(x 2 ) ■■ 

• 4(4,-4 

4(4,) 

= 0 

(2) 

4-, (4) 

4,-44) •• 

• 4,-i (4-i) 

4,-, (4.) 




Expanding (2) with respect to the first row yields the FA representation of the related 
differential equation, 

h-l) M M i f(x i ) = 0 (3) 

where M, is the minor corresponding to the element /(3c,.). Equations (2) and (3) are valid for 
the interior points of the solution domain. For the Cauchy boundary condition the following 
representation can be used in (3) for boundary points 
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X = <*f(x b ) + Pf'(x h ) = Z a v [aA r (x h ) + pA[ (x h )] (4) 

where the prime is the derivative with respect to some variable and x h is a boundary point. 

APPLICATION TO THE HELMHOLTZ EQUATION 

Although different series representations in (1) can be used, the power series based FA 
representation is derived and used in this work for the two dimensional Helmholtz equation. 
A power series expansion for the solution of the Helmholtz equation can be written as 

f(. x >y)=H c ij xJ y , ~ J (5) 

f=0 y=o 

where c, . are the series coefficients. Substituting (5) in the Helmholtz equation will give the 
following recursion relation between the coefficients, 

c IJ+2 = -((/ - j)(i -j~ 1 )c u + y 2 c,_ 2j )/((j + 2)(j +1)) (6) 

where y is the wavenumber. Thus upon using the recursion relation of (6) in (5) and arranging 
in terms of the unknown coefficients, one obtains the following as basis functions. 

A x (x, y) = \-y 2 x 2 /2 + y 4 x 4 /24 , A 2 (x,y) = y-y 2 x 2 y/2 , A 3 (x,y) = x-y 2 x 3 16 
A 4 (x,y) - y 2 -x 2 -y 2 x 2 y 2 H + y 2 x 4 16 , A 5 (x,y) = xy-y 2 x 3 y/6 (7) 

A b (x,y) = y 2 ~3x 2 y , A 7 (x,y) = xy 2 -x 3 /3 , A s (x,y) = y 4 -6x 2 y 2 + x 4 

For a local grid of nine points one can write (2) by considering a point (i,j) as the origin of 
the local grid. Thus at the origin(/,y), 4(0,0) = l,A 2 (0,0) = A 3 (0,0) = A 4 (0,0) = A s (0,0) = 
A 6 (0,0) = A 7 (0,0) = A s (0,0) = 0. Assigning for x and y in (7), the displacements from the 
origin, and noting that for the minors of reduced determinant 

/ M . v-> f-u Uj fi~\,j+\ r, M fi+\j+] 

A 2 {-w~h) A 2 (0,-/r) A 2 (w,-h) A 2 (-w, 0) A 2 (w, 0) A 2 (-w,h) A 2 (0,h) A 2 (w,h) 
A 3 (-w~h) 4(0,-/7) A 3 (w-h) A 3 (~w, 0) A 3 (w, 0) A 3 (-w,h) A 3 (0,h) A 3 (w,h) (8) 

A & (-w,-h ) A s (0,~h) A s (w,-h ) A g (~w,0) A g (w,0 ) A g (-w,h ) A s (0,h) A s (w,h) 

= R 3 = R (t = R s ,R 2 = R 7 ,R 4 = R 5 where 7? ( : i = 1,2,...,8 are the minors of the first row of 
(8) respectively and w and h are the displacements from the origin of the local grid in the x 
and y directions respectively. Thus the FA representation of (3) can be expressed as, 

m 5 /j =r ,+/, u+1 (9) 

where M 5 is the minor of (2) corresponding to the element f t) . Furthermore if w = h it can 
be shown that R 2 = R 4 . The minors in (9) can be computed numerically. Assigning y = 0 in 
(7) will yield the FA representations given in [3] for the Laplace equation. 
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The FA representation (9) is used to calculate the scalar Green’s function inside a rectangular 
waveguide satisfying Dirichlet boundary conditions and excited by a line source directed 
along the guide with both dimensions equal to the wavelength X-lm. The difference 
between the numerical and the analytic results has been normalized by the analytic solution to 
give the normalized error pattern inside the guide's cross-section. The error patterns for the 
five-point (5P-FD), nine-point (9P-FD) and the FA schemes have been depicted in Fig. 1. 



(a) (b) (c) 

Fig. 1. Normalized error patterns for (a) 5P-FD (b) 9P-FD and (c) FA schemes 


The system of equation for the whole grid has been solved by the conjugate gradient method. 
The 5P-FD scheme has converged with a relative residual of 0.00049 at 47 iterations, the 9P- 
FD scheme has converged with a relative residual of 0.00041 at 39 iterations and the FA 
scheme has converged with a relative residual of 0.00032 at 39 iterations. The FA scheme has 
shown the best over all performance. 

CONCLUSION 

A finite-analytic scheme, based on power series expansion, has been developed for the 2-D 
Helmholtz equation. The scheme developed here has proven to be better performing than the 
classical 5P-FD and 9P-FD schemes for the waveguide problem considered. Depending on 
the problem, different series expansions can be utilized for the FA scheme for higher accuracy 
giving the opportunity to develop a problem oriented FD scheme. Once the appropriate FA 
scheme has been developed one can use the resulting FD scheme to increase the accuracy and 
the efficiency of the solution without increasing the complexity of the FD scheme. 
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ABSTRACT 

A lemma concerning an important property of the real zeros of Kummer func-tion is proved 
numerically. Based on it and on some known attributes of the latter, criteria for slow TE 0n 
modes propagation in a circular waveguide with azimuthally magnetized ferrite are drawn. 
The phase characteristics of the configuration for slow TE 0 | mode are presented. 

INTRODUCTION 

The complex Kummer confluent hypergeometric functions (CHFs) have been used to study 
normal TE 0u modes in the azimuthally magnetized circular ferrite waveguides [1-3]. The 
introduction of the real Kummer CHFs as wave functions for propagation, made here, reveals 
that slow TE nn modes may also be transmitted in this class of structures in case of negative 
magnetization of the medium. 

A PROPERTY OF THE REAL ZEROS OF KUMMER FUNCTION 

Tricomi [4] has proved that if d,c,x are real, x>0 and c>0: i) The Kummer CHF 
<!>(«, c;x) [4] has real positive zeros only if a <0. ii) The number of zeros / = abs[a] + 1 is 
finite, ( [a] is the integer part of a). iii) At the point a = [a] = -n , (n < l - a positive integer) a 
new zero appears. 

Let k = d-ct 2 and q^ (n = 1,2,...,/) be the consecutive zeros of O in x for specific c. 

The numerical analysis shows that it holds lim =+co and lim c =0. Besides, 

kM *->-» *•“ 

it turns out that the products |£| qi c ^ are of special interest if |£| becomes very large (cf. 
Table 1). The numerical results permit to formulate the following Lemma. 

Table 1. Values of the first real positive zeros qi 3 j of 0(1.5 + k, 3; x) and 


of the products |£| q^ for large negative k. 


k 

*k, I 

m 

k 



-1000 

0.0065936585 

6-5936585 

-10000 

0.0006593654151 

6.593654151 

-2000 

0.0032968276 

6.5936552 

-20000 

0.0003296827058 

6.593654117 

-4000 

0.0016484135 

6.5936543 

-40000 

0.0001648413527 

6.593654109 

-6000 

0.0010989423 

6.5936542 

-60000 

0.0001098942351 

6.593654108 

-8000 

0.00082420677 

6.5936541 

-80000 

0.00008242067634 

6.593654107 

-10000 

0.00065936541 

6.5936541 

-100000 

0.00006593654107 

6.593654107 
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Lemma 1: If is the nth real positive zero of the Kummer CHF <£>(a,c;x) in case a,c,x - 
real, x > 0, c > 0, restricted and k-a-c/2, the infinite sequence of numbers ||£|f | is 
convergent for k — > -oo and its limit L depends on c and n . 

APPLICATION TO AZIMUTHALLY MAGNETIZED CIRCULAR FERRITE WAVEGUIDE 
ANALYSYS 

The solution of propagation problem for slow TE 0n modes in a circular waveguide with ferrite, 
magnetized azimuthally to remanence by an infinitely thin central conductor yields the equation 


®(a,c;x 0 )=0 (1) 

The ferrite has a permeability tensor with off-diagonal element (X = y M r / CO (y - gyromagnetic ratio, M r - 
remanent magnetization, CO - angular frequency of the wave) and a scalar permit-tivity S = S 0 £ r . In eqn. (1) 

a = ].5 + ic, c = 3, k = afiP 2 = “ (j ~# 2 )} - X 0 = 2/& 2 ^. The quantities 

P = P/{j3 0 yfs^), P 2 = P 2 /(/?oV^7)> r 0 = A) r oV^7 are the phase constant, radial wavenumber and 
guide radius, normalized with the free space phase constant fi 0 =03.yjs 0 \i 0 and relative permittivity 8 r . Eqn. 
(1) is satisfied if P 2 = g^ /(2r 0 ) . A finite number n of slow TEq h modes, equal to that of the zeros g^ 
of ®(fl,c;x 0 ) for relevant a may be sustained for or <0 only. 

If a is any of parameters a or p , it satisfies a biquadratic equation with roots cr, 2 : 

cr 4 — (l + pi )cr 2 + 4plk 2 = 0 (2) 



Denoting by |a,|,|a 2 | and P w , P (2) the roots of corresponding equations for a and p , it 
may be shown that |a,| = p {2) , \a 2 \ = /6 {l) . Thus, the phase curves p(\a\) are symmetric with 
respect to the bisectrix of the right angle \a\ 0 p. The numerical analysis shows that 
eqn. (3) has real solutions (the discriminant A = ] 2 -8r 0 |£|+4r 0 2 >0 ) in two regions: 

i) ~(«-l)-c/2 >k>k‘ nm (r 0 ) and ii) kj!(r 0 )> k>- oo. Since lim cr, ->+oo and 
. lirn cr 2 — » 2|£j = 2(rc -1) + c, the condition for propagation in the first one is 
\a\ > 2{n -1) + c (|a|>3 for TE Ql mode) (case of strong anisotropy). Neglecting |^J 2 in A 

when k —oo and applying Lemma 1, the condition for propagation in the second region is 
obtained: 

E 0 >2 L(c,n) (5) 
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Fig.l. p(\a\) curves of slow TEqj mode for 


Since Jim cr, —» 1 and 

lim o 't } 0, it is equivalent 

*->-00 

to 0<|a| <1 (case of weak 

anisotropy). The j3i\a\) phase 
characteristics for TE 01 mode in 
the two ranges are presented in 
Figs. 1,2, respectively. 

CONCLUSION 

A property of the real zeros of 
Kummer CHFs is found out. 
Combined with know facts for 
the functions and their zeros, 
due to Tricomi, the main fea¬ 
tures of the slow TE 0n modes in 
a circular ferrite waveguide 


with azimuthal magnetization 
are determined: possibility for 
propagation in case of negative 
magnetization only in two areas, 
corresponding to weak and strong 
ferrite anisotropy. 
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Many techniques have been proposed for studying wedge shaped regions: among them it is 
important to mention the Malyuzhinets approach [1], which is based on the Sommerfeld rep¬ 
resentation. This technique yields an elegant formal procedure for solving difficult problems, 
like the diffraction by wedges with given surface impedances. However, even if the Sommerfeld 
integral is a valid ansatz for representing the solutions of the wave equation in angular regions, 
the Laplace transform appears to be a more valid representation, because of its solid mathemat¬ 
ical foundation. Some authors [2, 3] have shown that the Laplace transform technique may be 
alternative with respect to the Malyuzhinets approach, even if in some cases it is not so simple 
and elegant. 

In this paper we propose a new technique, based on the Laplace representations of the 
electromagnetic field, for solving isorefractive angular regions (Fig. 1) excited by an incident 
E-polarized plane wave in the z-direction. The technique can be briefly summarized as follows. 



Figure 1: Geometry of the problem under investigation 


By introducing the Laplace transform of the E z and H p components of the electromagnetic field 


v(s,4>) 

= / E z (p,<f>)exp(-sp)dp 

Jo 

(1) 

i(s,4) 

= [ Hp(p, 4>) exp{—sp)dp 

Jo 

(2) 

it is shown that in every angular homogeneous region the following representations hold 


fcsin(ttf)V(s,$)| 4 

=-jkcos{w) = A{w+ </>) +B(w - (f>) 

(3) 

ziM)\ s 

=—jk cos {w) = A{w + <f>)~ 

(4) 
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where k = ^£\P\ = yj£ 2 P 2 is the propagation constant of the isorefractive regions, Z = l/Y = 
\Zn/e is the relevant impedance, and A(w), B(w) are suitable unknown functions. 

By imposing the boundary conditions at the two interfaces <f) = 0 — 2-k and <j> = 7 , the 
following system of linear difference equations is obtained 

A\{w) + B\{w) = A 2 (w + 2tt) + B 2 (w - 2n) (5) 

Yi[Ai{w) -Bi{w)} = Y 2 [A 2 {w + 2ir) -B 2 (w-2n)\ (6) 

Ai(w + 7) + Bi(w — 7) = A 2 (w +'y) + B 2 (w — y) (7) 

Y\[A\(w + j) — Bi(w — 7)] = Y 2 [A 2 {w + 1 ) - B 2 (w --/)] (8) 

By multiplying both the sides of (5) by Y 2 and by summing and subtracting ( 6 ) from the resulting 
equation, we have 

2Y 2 A 2 (w + 2it) = {Y 2 + Y l )A l {w) + {Y 2 -Y l )B l {w) (9) 

2Y 2 B 2 {w — 2ir) = ( Y 2 -Y l )A 1 (w) + {Y 2 + Y 1 )Bi{w ) (10) 

Then, the explicit solution with respect to A 2 and B 2 yields 

A 2 (w) = 1 + fy ±A l (w - 2ix) + - 2tt) ( 11 ) 

B 2 (w) = 1 + 2tc) + 1 + 2t r) (12) 


Finally the substitution of expressions (11) and (12) into (7) and ( 8 ) allows to write the following 
homogeneous system, involving only the unknown functions A\{w) and B\{w) 

\ Z Y 1 — Z Y 

Ai(w + y) + Bi(w -'y) = -^-^4i(iu + 7 “ 2?r ) H- ^-^-Bi{w + f - 2n) 

+ 1 + A x {w - 7 + 2tt) + - -7 + 2 tt) (13) 

Ti[.A] (10 + q') B\{w “y)] = — A\(w + 7 - 2n) + — ^ ** Bi (to + 7 - 27r) 

- — - 7 + 2tt) - — - 2 Yl -B x {w - 7 + 2?r) (14) 

At the interface <f> = 0, the longitudinal component of the electric and the magnetic fields 
can be written as the sum of the geometrical and the diffracted fields (E d , H d ) as follows 

E z (p, 0 ) = A 0 exp\jkpcos(4> 0 )] +E d (p) (15) 

H p (p, 0 ) = YiA 0 sm{Mexp\jkpcos(^) 0 )] +H^(p) (16) 

The corresponding Laplace Transforms V(s,0) and J(s, 0) evaluated for s = ~jk cos(io) take the 
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ksm{w)V{s,0)\ s =-jkco S ( w ) 




ksm(w ) / 25 z (p, 0)exp(—sp)ofp| 

_ j S i n(^Mo +Jf > 

cos(w) + COs(0o) 

[ H p {p,0)exp{-sp)dp\ 

JO \s=-jkcos(w) 


(17) 




j sin(0 o )A o 
cos(w) + cos(0 o ) 


+ FH] 


where X(u>) and y (w) represent the Laplace Transforms (evaluated for s — —jkcos(<p)) of the 
diffracted electric and magnetic fields respectively, multiplied by Z\. 

Due to the boundary conditions at 0 = 0, equations (3) and (4) yield 


j sin(u;)i4o 
cos(w) + cos ($o) 


+ X(w) 


jsinfoM. +y 
cos(w) + COS(0o) 


Ai(w) + Bi(w) 
>h(u>) - Bi{w) 


(18) 


By deriving from (18) the explicit expressions of Ai(w) and Bi(w) in terms of X(w) and 
Y(w ) and by substituting such expressions in (13) and (14), we obtain a difference equation 
system which involves only the two unknowns X(w) and Y(w). 

The advantage of addressing this system instead of (13)-(14) is that, owing to physical con¬ 
siderations, it is readily derived that the unknowns X(w) and Y(w) do not exhibit poles in the 
strip of complex w plane, within the interval 0 < Re(w) < 2ir. This allows to solve the system 
of difference equations containing X{w) and Y (w) by using the Fourier Transform approach 
introduced in [1] 


fjoo _ rjoo 

X (i/) = F[X (u;)] = / X(w)exp{juw)dw\ Y{v) = T\Y(w)} = / Y(w) exj)(ji>w)dw 

J-joo J-j oo 

(19) 

that, owing to the pole location, satisfies the property 

F[X(w + u; 0 )] = X{v) exp (~juw 0 ); F[Y(w + w 0 )] = Y{u) exp(-yVw 0 ) (20) 


The mathematical derivation of the unknowns, first in the spectral and then in the natural 
domain, presents several details and some delicate aspects, that, for lack of space, cannot be 
discussed here. They will be outlined and dealt with during the conference presentation. 
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ABSTRACT 

For the canonical problem of electrodynamic analysis of waveguide step discontinuity new 
system of interlinked integral equations has been derived, which depends on some continuous 
parameter. Varying this parameter the matrix models corresponding to both well - known 
methods of partial regions and other possible techniques, for which a geometric interpretation 
is absent, are obtained. This approach makes it possible to compare the properties of matrix 
operators and effectiveness of some widely used methods of applied electrodynamics. 

The projective methods take special place among the rigorous numerical - analytical methods 
of the wave diffraction theory. The usually used ones are the method of moments (MoM) and 
the mode - matching technique. In [1] on the basis of H. Shwartz' ideas the method of partial 
overlapping regions (OR) was proposed, which yielded another matrix operators [2], But on 
this day the problems of correctness for matrix models obtained by MoM and effectiveness of 
OR - method are still open [3]. 

With this in mind, for the canonical problem of LM - wave diffraction on a step discontinuity 
in parallel - plate waveguide both new system of integral equations and matrix model have 
been obtained, which depend on some continuous parameter. Two particular values of this 
parameter correspond to MoM and OR - method, while a remaining part of its interval of 
definition suits the another possible techniques, for which it is difficult to make a geometrical 
interpretation. As result, this approach makes it possible to compare all of these methods 
analytically and numerically. 

The problem under consideration is reduced to solution of the two - dimensional Helmholtz 
equation for scalar function U(x,z)(E v field component), which satisfies Dirichlet boundary 
condition on perfectly conducting metal walls. As usual, the whole domain of field 
determination is divided onto two semi - infinite uniform waveguides: (1 ) .xe [0 ,&], z e (oo,0]; 
(2) xe ze [0,oo). Let also a field source is placed in first region and is absent in second 
one. 

Taking into account the field continuity condition on the common boundary of partial regions 
xe (0,a), the sought solutions for each uniform waveguide can be expressed with the help of 
the second Green’s formula in the form 
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Here two new parameters are so related that a + = 1. The Green's functions satisfy the 

Dirichlet condition on the boundaries of the partial regions except G 2 (r,r'), which satisfies 
the Neumann condition on the line xe(0,a). 

As commonly in each subregion the sought solution is expanded into the eigenfunction series 
with unknown coefficients e/,. After applying the Galerkin procedure a matrix 

equation 

(l + D)R=f (2) 

has been obtained. Here / is idem - factor and f el 2 is a source vector. As it has been 
found, the relation 

D = 2aA+(\-2a)B (3) 

takes place, where A is a matrix operator of the OR - method and B is a matrix operator of 
MoM. The principal part of last one contains a matrix operator C with elements 


2 i —sin# d(m-n) 

—fmn -—— L , 

n m -n 


(4) 


where the parameter 0 = — e( 0,l) is connected with geometry of the discontinuity. Only for 


pair of sequences l 2 -*l 2 operator C is bounded and by rough estimation 

||C|| < 1 + max(<9,l - 9). (5) 

Thus, a "continuous spectrum" of matrix models depending on the method's parameter 
a e [ 0 . 1 ) was derived. In according with the interval of its variation the point a = 0 
corresponds to MoM and the point a = 0.5 defines OR - method. The value a = 1 is the 
particular case, for which the condition of field continuity on the common boundary of the 
partial regions is violated. 

The properties of all these matrix models have been investigated analytically and numerically. 
The approximate solution of higher - order accuracy for dominant mode diffraction has been 
used, which had been found in [4] by semi - inversion method with the technique of 
asymptotic correction. 

The typical results of computations are shown in Fig. 1, for which the truncation order of 
matrix operator is N = 20 and M e [6,14] means taking into account modes in second partial 
subregion. 

From the calculations the conclusions follow: 

- relative error for absolute value of reflection coefficient |i?,j does not exceed one 
percent for all methods up to a = 0.98; at the same time a relative error for its phase is 
less than one third of percent; 

- there is a sufficiently narrow subinterval of method's parameter a = [0.484,0.783], for 
which the complete coincidence of the calculated and test values is achieved in the one 
certain point depending on number of waveguide modes accounted; notice, the 
determination of test value had required considerably more analytical work and 
programming efforts; 

- the absolute minimum of condition number for truncated matrix corresponds to OR - 
method. 
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Fig. 1. The magnitude of relative error for dominant mode reflection coefficient |/^| 

versus method's parameter for various number of modes in narrow waveguide 

Thus, the technique proposed can be regarded as generalisation of method of moments and 
OR-method. It may be used for solving the wave diffraction problems effectively. 
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THE METHOD OF INTEGRATED AUXILIARY SOURCES 
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ABSTRACT 

The application of the Method of Auxiliary Sources (MAS) for solving different types of 
Electromagnetics and particularly EMC related problems is presented. Recent improvements 
of MAS using the different types of Auxiliary Sources (AS) are demonstrated in several 
examples. These investigations have shown that the proper choice of the location and type of 
AS significantly reduce the total number of unknowns in the solved problems, improve the 
accuracy and convergence of the solution and lead to a highly efficient and fast solving 
algorithm. 

INTRODUCTION 

Despite the rapid development of computer technology solution of the modern Applied EM 
problems on Complex and Distributed Systems are restricted by the limited computational 
resources and the efficient and therefore the accurate numerical .methods are in great demand. 
In the past few decades the MAS [1] has been proved to be an efficient tool for solving many 
EM problems including the EMC problems. The key idea of the MAS is to represent the 
unknown scattered field by a sum of fundamental solutions of appropriate wave equation - 
AS, whose radiating centers are located on an auxiliary surface shifted outside the area where 
the field is to be found. 

It is well known that the efficiency of the MAS depends on several auxiliary parameters. The 
most crucial of these parameters is the distance between the auxiliary surface and the real 
surface of the scatterer. In some cases the auxiliary surface could not be moved far away from 
the real one (e.g. open, thin structures). To avoid this problem, the Integrated Auxiliary 
Sources (IAS) should be used. The IAS could use a current on auxiliary surface approximated, 
for example, by linear or sinusoidal functions; or represented by B-spline expansion. 

Below, the different types of AS are presented and their applications for solving different 
kinds of problems are discussed. 

DIFFERENT APPROACHES OF THE MAS 

1. The AS represented by elementary dipoles can be used successfully in cases where they 
can be placed relatively deep inside the scatterer (or at reasonably far distance at both sides of 
the boundary surface for dielectric scatterers). The critical issue in this case is that the 
auxiliary surface that is formed by the AS should always surround the scattered field’s 
singularity of the particular problem. If this condition is satisfied, then, generally, the better 
accuracy and convergence of solution occurs for bigger distances between auxiliary and real 
scatterer’s surfaces. From physical point of view the mentioned condition means that the 
unknown scattered field expressed with the help of AS, which is analytical everywhere outside 
the auxiliary surface should coincide with the analytical continuation of the real scattered filed 
inside the scatterer. This becomes practically impossible if the singularity of the real scattered 
field appears outside the auxiliary surface and may lead to the divergence of the solution. If, 
however, the singularities of the particular problem is taken into account by some additional 
considerations, introducing, for example, some AS which describe exclusively these 
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singularities, then the convergence of the solution is significantly improved while the number 
of AS (number unknowns) can be sharply reduced. 

As an example, consider a scattering of a point EM source field by a perfectly conducting 
sphere with aperture . (Benchmark problem geometry from 
[2]). The excitation is non-symmetrical (Fig. 1). This 
problem can be solved by MAS introducing some finite 
thickness for the given hollow sphere and distributing the set 
of AS inside this the wall of the sphere. However, because 
the thickness of the wall could not be taken very big in this 
model without significant changing of the initial problem 
conditions, the number of unknowns could be very big. Thus, 
Fig. 1 Sphere with aperture we w j]j construct the solution in different way. 

We introduce two regions: inside and outside the hollow 
sphere. The boundary / of these regions represents the same 
sphere but without aperture. Two sets of AS 

U n (r) = ^— r 

K~ r \ 

are then introduced on the auxiliary surfaces // and l 2 inside 
and outside of this auxiliary boundary. r n is the point on the 
auxiliary surfaces, r is the observation point. The AS’s 
located on the inner surface // radiate a field outside the 
sphere and boundary l and the ones located on the surface / 2 
radiate inside the sphere. Boundary condition for perfectly 
conducting bodies is used on the surface of the sphere from 
the both sides. On the auxiliary boundary the continuity of the total tangential magnetic and 
electric fields is enforced. 

This approach allows to locate the AS at sufficiently far distance from the surface where the 
boundary conditions are enforced. Additionally, to describe correctly the edge singularity of 
the scattered field which exist in this case near the border of the aperture, an auxiliary current 
that flows along this border can be added. This will add a fewer unknowns comparing to the 
total number of AS in the problem. In Fig. 2 the field distribution for the described problem is 
presented. 

The above described approach of using the point-like AS was used for many applied 
electrodynamics problems including the investigation of electrostatic discharges. During the 
numerical modeling of electrostatic discharges the first step is the determination of the 
electrostatic filed near the discharging body. Using the Method of Auxiliary Sources this 
problem can be solved in a very efficient way [3]. 

2. In the case when the auxiliary surface could not be shifted far enough from the scatterer 
surface, the IAS can be used to reduce the number of unknowns that in case of conventional 
(dipole) type of AS would be very big for the same accuracy of the solution. Each IAS 
describes the radiation of a part of auxiliary surface and can be represented as the non- 
overlapped segments or parts of an auxiliary surface. On every such part, the IAS is presented 
by some function that approximates the current on it. The approximation can be linear, 
sinusoidal, B-spline or other that fits a particular problem in the best way form the viewpoint 
of efficiency, accuracy and simplicity. On the other hand, this approach is equivalent to the 
representation of the current on the AS and finding it by using the MoM algorithm and the 
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functions representing IAS as the basis functions that are 
used to expand the unknown current in the MoM. 

In Fig.3 the scattering by a hollow cube is demonstrated 
(geometry from [2]). The IAS in this case are represented by 
the wire segments with the sinusoidal 
/ = l o sin(kz - a]e^ m! distribution of current. These wires form 
a grid on the auxiliary surface. Obeying the boundary 
conditions in the number of points on the scatterer’s surface, 
a system of linear algebraic equations is obtained. The 
unknowns are the current amplitudes in the nodes of the grid. 
In Fig.3 the filed distribution in the middle cross section of 
the hollow cube is presented. The side size of the cube is 
0.3m, wavenumber k=42.0. 

3. In case of thin dielectric or metallic structures the auxiliary 
current can be introduced on the whole auxiliary surface, not only in the grid points as in 
previous example. Suitable representation of the auxiliary current is made by dividing the 
auxiliary surface into patches (triangle or rectangular) and using the IAS as the source 
radiating from the particular patch. With this approach, a 
number of problems where solved and, as an example, the 
scattering upon a thin dielectric structure is considered. In 
Fig.4 the filed distribution in the near zone is presented. The 
incident field is a plane wave propagating in the direction 
perpendicular to the big side of the parallelepiped. The use of 
the IAS in this case presenting main and auxiliary surfaces 
by rectangular patches allows to reduce significantly the total 
number of unknowns. 

Proceeding from this approach, a software package for 
development and optimization of an adaptive portable 
antenna was created [4]. The 2D model was investigated in 
the beginning. For simplicity, the point-like AS was used in 
this case. Further real 3D model of antenna structure was 
investigated. 
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ABSTRACT 

The problem of implicit regularization using approximation apparatus of atomic functions for 
numerical solution of Fredholm integral equations of the first kind is considered. 

INTRODUCTION 

To solve the problem of synthesis of linear antenna it is necessary to determine unknown 
current I distribution that generates the required directional diagram/. That is we should deal 
with solving Fredholm integral equation of the first kind 

]l(t)e i “dt = f(x), (1) 

where x=&sin0; k=2n/X is wave number; f(x) is directional diagram; 0 is azimuth angle; 2 a is a 
length of antenna. It is possible to distinguish two general approaches in solving Fredholm 
first kind integral equations. One of them is the most obvious and is concluded in application 
of numerical methods with preliminary regularization (by Tychonoff, Lavrentiev, statistical). 
However, recently particular attention is given to the methods of the so-called implicit 
regularization. Among them a method of partial diagrams should be noted. According to it the 
expression for unknown current distribution is presented by the set of the special system of 
functions (Kotelnikov set, Bessel functions, eigenfunctions of Fredholm operator. At the same 
time, the universal methods based on the approximation of both the unknown solution and the 
directional diagram by the systems of compactly supported functions are being developed. For 
example in [1] the method of "double spline-approximation" for solving Fredholm integral 
equation of the first kind is proposed. Recently the possibilities of the atomic functions 
apparatus in obtaining the solution of the problem of synthesis are being widely investigated 
[2], These functions have certain advantages in comparison with other functions with compact 
support [3]. This work is devoted to the analysis of approximation properties of atomic 
functions fup„(x) in combination with collocation, Galerkin and least squares methods. The 
questions of implicit regularization in these cases are discussed. 

NUMERICAL ALGORITHM 

The Fredholm integral equation of the first kind should be solved in the form 

J K( x, t)y(t)dt = f{x), c <x<d. (2) 
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According to the partial diagrams method, let us represent both the unknown solution and the 
right part of the equation in the form of series with respect to the complete systems of 
functions {tp} h {y/}, respectively 

y(x) = '£ j u k <p k (x), (3) 

k =0 

/(*) = |XM*)- (4) 

Here d k are unknown coefficients, u k are those we should determine. Denote 

b 

h (k \x) = \K{x,t)<p k (t)dt (5) 


and expand the latter functions with respect to the {y/} system 

= (6) 

i =o 

Then algebraic system for determination of unknown coefficients u k will take the form 

Yj* k b T =d J* (J = 0, N ) 

k= 0 

or using matrix notation 

BU=D. (7) 

Consider different methods of determination of matrix B and vector D components. 

1. Collocation method. Determine elements of the column vectors of matrix B and vector D 
in the following way 

'¥B <t *=H <t> , V PD = F, 

% j = y/> (*,). H- k> =h (k) {x .,), F i = /(x,.), x, = c + i —-, (i, j = 0 7N). 

N 

Obviously, 

X ¥B = H, 

and using (7) we obtain the following system with respect to unknown vector U 

HU = F, ( 8 ) 

where 

H i ' J = jK(x„t)p J (.t)dt, F, =/(*,), (i, j = OJV) (9) 

2. Method of moments. Assuming 

%.j =(l' l ,r J ),F i =(f,y/ i ),H^ k> =(h lk \ Wi ), (i,j = OJT), 
we obtain the system analogous to (8), in which 

H; ] =^y/ i (x)dx^K(x,t)<Pj(t)dt, F i - j f(x)y/ i (x)dx, (i,j = 0,N ) (10) 

3. The least squares method. In such a case components of matrix H and vector F will be 
defined in the following way 
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H uj = J jj" K(x, s)y/- t 0)<&J K(x, t)(p. (r)<7rjdx, 
F. = J f(x)dxj K(x, t)yr. ( t)dt , (/, j = OJV) 


( 11 ) 


Further, we will consider sets of compactly supported functions {#>}, {yj} normalized in a 


natural way 


(12) 

Let 

y(x) = ^u k <p k (x) 

(13) 


*=o 


be the best approximation of the unknown solution y(x). Then we have the true 
Theorem. Solution of ( 8 ) system results in the following upper bounds for errors of 
approximate solution (3) 

1) For the collocation method (9): 

((y(*)- y(x) 1 < \\y(x) - y (x)||(l + (b-a)\H ~ l ^|| K(x, 0 ||); (14) 

2) For the method of moments (10): 

| y(x) - y(x)|| < |y(jc) - y(x)||(l + (b- a)(c - d)\H~' ^ • |£(x, 0|| ■ ||^(^)||); (15) 

3) For the least squares method (11): 

||.v(^)“ ,y(-^)|| ^ly(x)~ y(x)jl(l + (b-a) 2 (c.\\K ( x,tf ■|^(x)||). (16) 
From (14)—(16) we see that errors depend on the norm of the inverse matrix FT 1 . The more N, 
the more ||y(x) - y(x)|| tends to zero, while ||#" 1 |( approaches arbitrarily the infinity. The 

problem is to find the optimal value N that allows us to obtain a stable approximate solution 
with the least error. 

As it was mentioned above, one of the most promising approaches in the approximation 
theory, including ill-posed problems, is using the apparatus of atomic functions [3]. 
Application of compactly supported atomic functions allows to simplify the procedure of 
evaluating integrals in (9)-(l 1). 


CONCLUSION 

The method proposed in this paper is similar to the method of partial diagrams, and represents 
the implicit regularization of the ill-posed synthesis problem. The method is more convenient 
in numerical realization in comparison with the Tychonoff regularization techniques. 
Numerical experiments demonstrate good accordance with theoretical estimations, and prove 
the effectiveness of the proposed algorithm. 
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ABSTRACT 

The scattering of fast charged particles and electromagnetic waves on a scatterer, localized in 
a space domains is considered. It is shown that the scattering amplitude can be expressed in 
this case as an integral over an arbitrary closed surface enclosing the scatterer. This 
representation enables us to express the scattering amplitude as an integral over impact 
parameters in general case and to develop a simple method for calculation corrections to the 
eikonal amplitude. 

INTRODUCTION 

We review the recently proposed [1,2] method of surface integral in the theory of wave 
scattering. The method is applicable for scattering of electrons and electromagnetic waves on 
a scatterer, localized in a space domain. It consists in expressing the wave scattering 
amplitude as a certain integral over arbitrary surface, enclosing the scatterer. In particular, 
choice of the integration surface as a plane behind the scatterer, orthogonal to the incident 
wave vector, leads to the impact parameter representation for scattering amplitude. In that 
manner the impact parameter representation in our approach appears not as an amazing 
simplification of final formulas, but a feature established from the outset. The problem of 
integration plane coordinate elimination is discussed. As an example of the proposed 
representation virtue, we present a simple method of calculating corrections to the eikonal 
scattering amplitude. 

THE THEORY OF THE ELECTRON SCATTERING 

Let us consider at first the scattering of a fast electron in a stationary external field t/(r) 
localized in a spatial domain V. The amplitude for this process is given by [3] 
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a = —— f d 3 ru'e ipr y°U(r)y/(r ), ( 1 ) 

4tt J 

where ^(r) is the particle wave function in the filed t/(r), p' and u' are the momentum 
and bispinor of the final particle state. Using the Gauss theorem amplitude, (1) can be 
transformed to a surface integral over the surface S bounding the region V [1] 

a = ——IdS u'e~‘ v r yy/fr) (2) 

A *s 

It is worth noting that the surface S in (2) is arbitrary. Specially, the surface S may be 
chosen near the domain of localization of the potential £/(r). Then, it suffices to know the 
wave function only within the domain of the potential U( r). In the case of the diffraction 
scattering the surface is convenient to choose in the form of a cylinder whose plane side are 
orthogonal to the incident particle moment p and lateral surface is set far from the scattering 
center. Then, the scattering amplitude (2) reads for pVp as an integral over impact 
parameters p 

a = —^-\d 1 pe' iv ' r u'y l y/(p,z\ , (3) 

Ak J h=z. 

where L is the Z -coordinate of the integration plane outside the domain of influence of the 
potential. 

We would like to stress that the integral function in (3) depends on L . However, the 
amplitude (3) must not depend on L. That is very simple to show in eikonal approximation. 
We have in this case [1] 

, (4) 

An J 

where 

Xe{p) = ~~ jdzU(p, z) = z) . (5) 

A method was developed in [1,2] for calculation corrections to the eikonal scattering 
amplitude, which are proportional to the value p ^. Eq. (3) with such accuracy given to us 
eq. (4) with changing {p)~ xXp) + X\{p)’ where ^(p) is correction to the eikonal 

phase % e (p), 

Zi (p) = — 1 ~ J dz [z ~U(p, z)-^- f dz'U {p, z) - X —^-U (p, z)\ (6) 

P v ~ _ m op dp 2 

Here v is the particle velocity. 
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THE THEORY OF THE ELECTROMAGNETIC WAVE SCATTERING 

The method of surface integral can be generalized for scattering waves of any types. 
Specially, let us consider the scattering of electromagnetic waves with frequency CO by a 
dielectric scatterer localized in a spatial domain V. The equation for electromagnetic field 
E (d), r) in this case is (see [4]) 

^A + s(o), r) - grad div jE(ro, r) = 0, (7) 

where s(co, r) is the dielectric permittivity of the scatterer. 

The amplitude of scattering for this process is given by 

a = fd 3 re~' kr (s -l)eE(a),r), (8) 

4 nc i 

where k is the wave vector of the scattered wave and e is the unit vector of his polarization. 
Using Eq. (7) we transform Eq. (8) to the form 

a = -^-Jj 3 re _,kr e^A + ^--V<i/vj E(ru,r) . (9) 

Last term in this equation is proportional to ek = 0. The second term in Eq. (9) is 
proportional to - Aexp(-ikr). Then, according to the Green’s formula, the amplitude (9) can 
be represented in the form of an integral over surface S bounding the scatterer: 

a = —- idS [V(e E lea, r)) + ik (e E (to, r))]e' ,kr . (10) 

\n J s 

For impact parameter representation this equation has the form 

a= 'f^ rfV<r ' kreE( ‘ !W L*- (I1) 
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INTRODUCTION 

At present, the eigenvalue problem for the matrices of high order met in the boundary value 
problems of propagation and diffraction of electromagnetic waves has became actual, since 
memory, time and computational errors turn out to be considerable. 

Traditionally, for a finite number of operations, for instance, in the Householder or Givens 
transformations, a real matrix is reduced to the compact form: for instance, non-symmetric 
matrices to the Hessenberg form, almost triangular, but symmetric matrices to the particular 
case of the latter, a tri-diagonal form. After that the compact-form matrix eigenvalues are 
normally found by iterative methods. In this paper, the method of eigenvalue spectrum 
diacoptic process for the real Hessenberg matrices is proposed [1, 2]. This method for the 
compact-form matrix is a result of iterative process reduced to block-triangular (“diacoptic”) 
form of two incoherent Hessenberg matrix blocks on the diagonal. Then the incoherent 
Hessenberg matrix blocks are alternately decomposed into smaller-size incoherent 
Hessenberg matrix blocks by asymptotically tending to zero the "interaction" of the blocks. 


PROBLEM FORMULATION AND BASIC EQUATIONS 

As an NxN original matrix A - A (0) , the upper Hessenberg form matrix (a right almost 
triangular form) is considered. The transformed matrix at the end of each k-“direct big 
iteration” (k-“direct” BI) is marked as A (k) , which has also an upper Hessenberg form. In the 
structure (l.a), the upper block A a _l) is an MxM matrix block, lower block A <k ~ n is an N- 

II 22 

MxN-M matrix block, where M = [N/2], [N/2] is the integer part of N/2, and k > 1. The 
element of "interaction" of the matrix blocks b (k ~ l) is the element a ( n k ~^ m in the lower block 
A^ _1) , in which all the block elements are zero except this one: 



To ensure an asymptotic tending to the zero of the elements b (t ” and b (k) under k oo, one 
should use some method to calculate the eigenvalues r and r , respectively, of the matrix 

block A 1 ( l *“ l) for k- "direct" BI and of the block A ( 2 k) for (k+1 )-"in verse" BI, before ^-"direct" 
BI and before (&+/)-"inverse" BI. For instance, by means of the algorithm "double QR- 

iterations with two Wilkinson tacit shifts", the eigenvalues r and t of the block A, ( f _l) can 

12 " 

be determined normally after three to five iterations. As the tacit shifts, we choose two 
eigenvalues of lower 3x3 block: 
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which are the closest to the eigenvalues of the lower 2x2 block. These two eigenvalues r, 
and r 2 enable us to start execution of the ^-"direct" BI by means of transformation H ] , which 
starts from the first matrix column 

<D = (< _,) - t 2 ■ E) ■ -tj -E) = (A,r ) 2 - (r, + r 2 ) • A/f -0 + r, • r 2 • E 
and is defined as follows: 

H, =E-U-U t lk 2 \ 17,. =<!>„ ; i = 2,3. ,n ; U, = <D„ +S 

S = | +®21 +.+ ®nl » k 2 = +17, • S 

Since the first column of the matrix O has only three nonzero elements: 

=(«n _1) ) 2 +a ) ( 2' ,) -a\r ~(r, + r 2 ) • < _1) +t, t 2 

<E>2, ie(afr +« 2 2 _l> -7 “ r 2 ) ' a 2i" 1) 

= fl 32 ■ fl 21 ' ’ 

then at least nonzero elements (U l ,U 2 ,U 3 ) will form a vector U. Hence, the block A^ -13 , 
after the transformation by means of //,, will have nonzero elements located below the co¬ 
diagonal of this matrix block. These nonzero elements, by means of the Householder or 
Givens transformations, are removed from the lower part of transformed Hessenberg matrix. 
The sequence of matrix transformations H n where i = 2,31, together with matrix H l 
for the ^-"direct" BI form the resulting matrix of transformations 

<2 = tf,tf 2 • • • ( 2 ) 

In other words, after the (m-2 )-th step, the element a^^_ 2 equals to a^ + ",'L ■ J L_“n, 2) ' s mXm-\ 
and after the (m-10 -th step, by means of , it is moved to the place of the element 



The values and s ik ^ 2 ~*l , of rotations in the planes (m-1, m) and (m-2, m-1) at the (m- 

2J-step of the k-" direct" BI, form the matrix H IU _ 0 . Transformation H m _ { consists only of 
rotation in the plane (m-1, m+1), in which = 0 and |^"'~+i| = 1 • The further removal 

of nonzero elements from the lower part of block A <t_,) by means of 

22 

{H i :i = + 1} transformations terminate the fc-"direct" BI and ensure 

conservation of the Hessenberg form for the matrix A (k) . 

Before (k+l)-“m verse" BI, similarly to the ^-“directed" BI, the eigenvalues of the block A 22 3 
are determined. As tacit shifts r, and r 2 , we choose two eigenvalues of the 3x3 upper block: 
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which are closer to the eigenvalues of 2x2 upper block. Then, as a (k+1)- "inverse" BI, a 
sequence of transformations {H ; : i = l,2,....,n -1} is realized, that converts "reduced 
upwards" matrix A lk) into the matrix A ( * +l) by means of resulting matrix of transformations 
Q, similarly to equation (2). Besides, similarly to the “direct” BI, but only already with 
provision for a return in its former position, the element of interaction of blocks is 



The values m) and m) define rotations, respectively, in the planes (m-1, m) and 
(m, m+1) at the (n-m)- th step of the (k+1)- "inverse" BI. 

PROOF OF CONVERGENCE OF ALGORITHM 

In-turn usage of "direct" and "inverse" BI according to (3) and (4) ensures a progressive 
minimization to zero, by changing its position, of the element of "interaction" of blocks 
(analogously to the "fading fluctuations"). Zero limiting value of this element under k -+ oo is 
absolutely guaranteed by the equations (3) and (4) if 

h“|^V2/2 h |^:V,;r m, |<V2/2. (5) 

Conditions (5) turn out to be realistic, since rotation in the planes (m-2, m-1) at the (m-2)-th 
step of the ^-"direct" BI and (m-1, m) at the (n-m)-step of the (k+1)- "inverse" BI are the 
Jacobi rotations with a provision for sufficiently exact determination of shifts r and r 2 . 
Consequently, (3) and (4) determine a recurrence scheme of “compressing operator” that 
guarantees absolute convergence and computational stability of the eigenvalue spectrum 
diacoptic process for the real Hessenberg matrices. The number of operations [1] required for 
a full termination of the eigenvalue spectrum diacoptic process for the real Hessenberg 
matrices is determined by the value k t •n 2 (for tri-diagonal symmetric matrices, by 
k 2 -n -log 2 n ). Other methods are characterized by computing expenses, respectively, of 
k 3 -n 3 and k 4 • n 2 . The values of k 2 , k 3 , k 4 are some constants and n is the order of 
original matrices. The results of numerical experiments confirm these conclusions. 
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Abstract: New approach to solving diffraction problems is proposed. It is based on combining integral 
equation for the electromagnetic field inside the diffracting object with integral expression, which determines the 
diffracted field in the external region after the field inside it. It allows to obtain Volterra integral equation with a 
free term containing the diffracted and incident fields, which can be solved by convergent iterations, giving as a 
result an expression for the field inside the object, determined after the external one. This expression enables one 
to obtain an equation connecting the external field and the object parameters, with lower dimension than the 
initial one. For the presented example as ID problem, this equation is just an algebraic one, which allows solving 
the direct problem as well as the inverse one. 

GENERAL IDEA 


Electromagnetic field interaction with any object can be described by the Fredholm integral 
equation with the incident field as a free term. It has the following form for electric field amplitude in 
the case of time-harmonic incidence [1]: 


E in (4) = Eo(4) + -p(g rad div + k, 2 )J - S — ~ 8 

4 71 v S | 



E in (f') dr' 


(l) 



where Si and ki are dielectric permittivity 
and wave vector in the external region, 
correspondingly, e 2 is a permittivity inside 
the object, and V is the object volume. 
The permittivity of the object s 2 in general 
case can be inhomogeneous and may 
contain imaginary part, but the external 
region is assumed homogeneous. 

This is the integral equation 
for the field inside the object of 
diffraction, whereas the field in the 
external region is integrally expressed 
after the internal field. 


Fig.l 

1 


E ex (r ex ) = E 0 (r ex ) + — (graddiv + k, 2 ) J 


e 2 (r')-e , e ' k '^ cx 


E in (r') dr'. 


( 2 ) 
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Vectors T; n and r cx determine the observation points inside and outside the object, correspondingly 
(Fig.l). 

For a number of problems it is possible to combine these two integral formulas obtaining the 
Volterra integral equation with a free term as a combination of the incident and the reflected fields. It 
is possible due to that the integral at any point of the internal region (the more dark gray region in 
Fig.l) within a part of the object volume can be replaced with the integral at some point in the 
external region (The more light gray region in Fig.l), for which the length |r cx -rj is equal to 
I r i n — r j. Then, the another part of the integral will have variable limits of integration, depending on 
the observation point location r . This part of the integral, left after the replacement, is the Volterra- 
type kernel [2], 

The advantage of the Volterra equation is in that it can be solved by iterations with proved 
convergence [3]. This fact was used in [4], to find the solution of ID stationary problem as a long¬ 
time approximation for the solution of the problem with the same geometry, but with time-varying 
parameters. It was possible as the fields in transient media are always described by Volterra equation, 
due to the processes casualty [5], Even such a complication, with introduction of the additional 
dimension (time) gave there some advantages in comparison with conventional techniques. In the 
present work usage of the Volterra equation, in opposite, not leads to additional dimension, but make 
the problem with one dimension less. 

For some objects this equation can be solved exactly by resolvent technique, otherwise the 
iteration procedure can be applied, giving as a result the expression for the internal diffracted field 
determined after the external one. The free term of the equation is taken as an initial guess, and each 
consequent iteration can be obtained by substitution of the previous onunder the integral kernel. After 
substitution of this solution into the integral representation for the external field (2), one obtains the 
equation for the external field, which is more simple than the initial one, due to homogeneity of the 
external region. For some simple cases of incident field like plane or spherical waves, this equation is 
an algebraic one and can be easily solved. 

DEMONSTRATION OF THE METHOD APPLICATION IN ID CASE 



Consider ID half-space with the permittivity profile 
e 2 (x) (Fig.2). We assume it as a multilayer consisting 
of thin sub-layers of equal thickness Aa and different 
permittivities £,. 

The Volterra integral equation here has the form 


Ejn(x)=e ikx 


, 03 

where k s — 


co p cOO-Sq 

--- jdx 1 -sink(x-x!) Ej n (x!) .(3) 

CCC60 J £ 0 

2 

— cos 2 0 . In operator representation it 


can be written as follows: 

E= e ikx +re~‘ 


" + KE. 


(4) 


Its solution can be obtained by iterations with proved convergence due to the collapsing 
Volterra operator. These iterations for the internal field have the following form in the operator 
representation: 
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693 


+ K k (e ikx +re" lkx ) 

In integral representation, after substitution into (2), it leads to the following equation 
connecting the reflection coefficient and the structure parameters: 

r=^r Jdx' 5T(x') (e lkx ' +re' llot, ){e ,kx ..+Jdx" s(x") sink(x"-x') • {e lkx "+Jdx"' {e(x'") sink(x" , -x")...}|| 

It can be proved that each consequent term in this sum is less than the previous one, and we can 
consider a few first terms of it. Then we can easily solve these integrals. If we consider only the 
first term of the sum (14) and assume that Aa^aj - a^, «1 (where = kj aj is the 
normalised width of the k-th sublayer), we obtain a very simple equation for the permittivity 
values: 



- is the normalised permittivity of k th sub-layer, A a k 


its normalised thickness . The reflection coefficient and the incidence frequency is contained in 
the coefficients C, which are determined as follows: 


C, = © sin cp , C 2 = to 2 costp, C 3 = © 3 sin cp 


The equation (6) written for different frequencies gives us a system of linear equations, which 
can be solved by standard techniques like the Gauss’s method. It allows obtaining a set of linear 
equations for the permittivity values in different sub-layers, which can be solved directly, without 
involving the optimisation procedure or other techniques, usually used for solving inverse problems. 
Such an approximation, however, is valid mainly for the upper sub-layers, giving much less accuracy 
for the more embedded ones, so it can be probably useful for diagnostics of some thin layers - 
fabricated or natural ones.The advantage of this approach is in its simplicity and possibility to 
organise a very fast estimation of the profile. 


For the problems which can be solved exactly, the presented approach leads to the known 
solutions. Advantages of the approach are in the proved convergence of the Volterra-type equations as 
well as in a possibility to obtain approximate analytical solutions appropriate for analysis of the fields 
diffracted by different parts of the object and for solving inverse problems. 
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INTRODUCTION 

The analysis of electromagnetic wave scattering by open-ended metallic waveguide cavities has received much 
attention recently in connection with the prediction and reduction of the radar cross section (RCS) of a target. 
This problem serves as a simple model of duct structures such as jet engine intakes of aircrafts and cracks 
occurring on surfaces of general complicated bodies. In our previous papers [1-2], we have considered a two- 
dimensional (2-D) cavity formed by a finite parallel-plate waveguide with a planar termination at the open end, 
and solved the plane wave diffraction problem rigorously using the Wiener-Hopf technique. In [3], the method 
developed in [1-2] has been further applied to analyze the diffraction by a three-dimensional (3-D) finite circular 
waveguide cavity for the axial symmetric case. In this paper, we shall consider the vector diffraction by a cavity 
formed by a semi-infinite circular waveguide with an interior planar termination as a generalization of our 
previous scalar problems, and analyze the non-symmetric electromagnetic wave diffraction by means of the 

Wiener-Hopf technique [4], The time factor is assumed to be e~ l(0t and suppressed throughout this paper. 

TRANSFORMED WAVE EQUATIONS 

We consider a 3-D cavity formed by a semi-infinite circular waveguide with an interior planar 
termination, as shown in Fig. 1, where the cavity surface is perfectly conducting and of zero 
thickness, being defined in cylindrical coordinates {p,(p, z) as follows; 

( [ (-oo, L] for p=b + 0]] v 

S.= Up, <p, z)\p=b, 0<<p< 2n, z e j ^ ^ p = b- Oj (^{(A z)l 0 < p <6, 0 :£ p<2;r, z=-L). 

The cavity is assumed to be excited by a hypothetical generator with voltage of unit amplitude across 
an infinitesimally small gap at z = d (<l LI). Thus the applied electric field becomes a non-uniform 
ring source and is given by e‘ z ( z ) = <5 (z - d)sin(mp + <p 0 ), for m = 1,2,3,.... which is located at 
(p, z) = (b~0, d ). Let the total field be given by 


z) = 


u' i (p,z) + u i (p, z) for 0 <p<b, -L<z<<x>, 
m / ( p, z) for p > b, - oo < z < co, 


0 ) 


where u\ {p, z) for / = 1 and 2 are the TM and TE fields, respectively, which are excited in an 
infinitely long circular waveguide due to the ring source which take the form 

l ^Y B p) m /3I m (y p) 


CO £ r 

“,(P> Z) = ~— J 


2^'i rli,Ar g b ) 


—I 


2zribj m r 3 I' m (y b) 


z ~ d) dj3. 


where y p=(f} 2 -k 2 ) 1/2 with >0, and k - k x +ik 2 , 0< k 2 « k,; /„, (•) is the modified 

Bessel function of the first kind. Applying the method established in our previous papers [1-3], we 
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derive the transformed wave equations as in 

fu,(p,a) = 0 in p> b for Irl <k 2 , (2a) 

f^> l (p,a) + e iaLy ¥l(p,a)^ = e~‘ aL ^g l (p)-iaf l (p)^ in 0 <p<b for r >-k 2 ( 2 b) 

for 1 = 1,2 with T=\^d 2 j d p 2 + p~ l d j d p -[y 2 +m 2 / p 2 jj, where y = (a 2 -k 2 )' 12 with 
Re / > 0. In (2b), / (p) and g t (p) are the unknown inhomogeneous terms defined by 
f l (p) = (27ry il2 u , l (p,-L), g l ^ = ^ny m du\{p,z)jdz\^_ L . 


(3) 


Fig. 1. Geometry of the 
problem. 


x 

Ring source 

[ /% 

M (V 

1 V / 

\\j{ ’ 

y* 


L 

L 


The functions on the left - hand sides of (2a,b) are the Fourier transform of the functions appearing in 
(1), which are defined by 

U i = j= f“,( p.z)e‘" dz, U,(p, a )\ 0<p<h =-jL- fu,(p,z)e""dz (4) 

with <2 = Re a + / Im or (= cr + it) and 

U l (p,a) = <S> l {p,cc) + e iaL '¥+(p,a)-U\{p,a) iorO<p<b, (5) 

where {p, a ) = U + {p, a ) + Q+ ( p,a ), (6) 


1 +co 1 
U + (p,a) = —== f u (p,z)e‘ aU ~ L) dz, O (p,a) = -= \u'(p,z)e ,a 

V2 *: L ^-l 


~dz . 


(7) 


Here U\‘\p,a ) and Qf (p,a) are known functions. The functions U* {p,a) and Qf (p,a) are 
regular in the half-plane r >-k 2 and <^ t {p,a) with 1 = 1,2 are entire functions. 

WIENER - HOPF SOLUTION OF THE PROBLEM 

Since the scattered field for the region p> b must vanish as /?-> °o according to the radiation 
condition, we find that the solutions of (2a) are expressed as 

x R m (rp) 


U l (p,a)=V l (a)~ 


U 2 ( p,a) = V 2 (a ) K ^ yp ) for 1 1 1 < k 2 , (8) 


K m {yb) YKiyb) 

where V [ ( a ) with / = 1,2 are the unknown functions. Taking into account the boundary conditions 
at the termination, we arrive at the solution of (2b) as in 
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® i (p,a) + 't'f(p,a)e iaL = Vf{a) ■■■■ ■ - h 
(a-k)I m (yb) 


L. e -i« L \E\ 

Kb) 


(9a) 


+ ia H 

< d 2 ( a «)+^2 ( A « y Bi =^ + («) 


y/ m (U; n plb), for r >-k 2 . 


~e 


(9b) 


h=i« +r„ 

y(a-k)r m (yb) 

- X O' nnP / fc), for r > -^2 

n=ia +rn 

with y„ =[(!;„ lb) 2 -k 2 ] U2 , y n =[(r] n lb) 2 -k 2 ] ,/2 , and Z = J/jI e , where V, + (a ) for / = 1,2 are 
unknown functions, and and for n = 1,2,3,...denote the zeros of J m (-) and J' m (•), respectively. 
Here /,„(•) is the Bessel function and the prime denotes differentiation with respect to the argument. The 
unknown coefficients /„, g n and a x , c x are connected with values of the unknown functions Vi(a) at 
the discrete points k , iy n , iy n by the relations which guarantee the regularity properties of (9a, b) in the 
half-plane r > -k 2 . Taking into account the boundary conditions for the field components e z (p,z) and 
e (p {p,z) at the cylindrical surface p = b and the continuity conditions for the field components h z (p,z) 
and hp (p, z) at p = b with L < z < oo in the Fourier transformed domain, we derive the Wiener - Hopf 
equation by using (9a, b). Then applying the decomposition procedure, we find that 


io) € E x (b,a) im 2 e ikL Fi + (a) 

b(a + k)M 2 (a) 2 bx 

cos y ( iy„ +k)M 2 (iy„)E x (b,iy n )e~ 

b h r,M+iy n ) 


Ef(b,k) 


im 2 ZP(b,k) F x (a) 

4 V X 


+ R x (a) = 0. 


( 10 ) 


Here E x {b, a) is the Fourier transform of the unknown function e z (b,z ); F+(a ), R* (a) , and M 2 (a) 
are known functions regular in the half-plane r > -k 2 ; P(b,k) and % are known constants. Next we set 
a =k, iy n for n = 1,2,3,... in (10). This leads to the infinite set of linear algebraic equations of the 
second kind which can be solved by the truncation method with pre-specified accuracy for a wide 
frequency range and geometrical parameters. 

CONCLUSION 

In this paper we have analyzed the vector diffraction problem for a circular waveguide cavity rigorously using the 
Wiener-Hopf technique. The method of solution is a generalization of the approach we have established 
previously for the analysis of the diffraction by a parallel-plate waveguide cavity [1-2] and the axial symmetric 
diffraction by a circular waveguide cavity [3]. The results rigorously involve the interaction between TM and TE 
types of waves. It is to be noted that (10) is the key result for investigation of the electromagnetic field scattered 
by the circular waveguide cavity in the vector case. 
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ABSTRACT 

In [1,2] it was shown that, for the body velocity comparable with the light velocity, the 
archimedean axiom and the archimedean arithmetic calculus rules (+,-,x,/) are not correct, if it 
is applied to the calculations in the mathematical methods in electromagnetic theory and 
optics. Nonarchimedean arithmetic rules and function are nonclassical structural mathematical 
means and must be used for calculations in the mathematical methods in electromagnetic 
theory. In this report, it is shown that the two-dimensional model can be constructed. This 
model admits to derive in numerous occasion the algebraic expressions of the 
nonarchimedean arithmetic rules, the nonarchimedean functions and algebraic expressions of 
the optical laws, for example, the optical laws for the light propagation and reflection on the 
two optical mediums boundary. 


INTRODUCTION 

Nonarchimedean arithmetic rules in algebraic field[l,2] 

17 = (X € R pr (-r, F), ©, ©, ®, //) (1) 


where R pr is a pseudorimanian set, T=c is the maximal number of the noneuclidean sets. For 
example, nonarchimedean addition, subtraction rules have the form 
v, +v, 

v, ©v 2 = • 2 . (2) 

1 + ^ 


V, ®V, =— - 

1 2 V.1 

1 -— 

c 

the multiplication 


3>v 2 = M[exp(77ln( A(v.))ln(iV(v, )))] = — 

<D 


the division 


( 3 ) 


exp 

1 + Ov, 

In 

l + Ov 2 

-1 

11 

l-Ov 2 

exp 

l + ^ >v i 

In| 

l + Ov 2 

+ 1 

T] 0 1 - Ov, 

l-Ov 2 


v, nv 2 


■ ln(N (v, ))(ln( A (v 2 )))“' ] = ~ 


exp 

_ 

-In 

_i\ 

1-MDv, 

In' 1 

l + Ov 2 


1 

1 - Ov, 

l-Ov 2 


— 1 

exp 

-In 

.*1 

1 + Ov, 

In' 1 

l + Ov 2 


+ 1 

1-Ov, 

l-Ov 2 



Where p = (ln(7V(l)) 1 , = 1 /T. 

The auxiliary nonarchimedean productive direct and reciprocal function [1,2]: 
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m (s) = rf—1, N(s) = 

U + lJ 1 -SO 


MODEL DESCRIPTION 

On the first step we use rough approximation to the real analytical model. It is the model in 
the form of the logarithmic spiral 

p = Ce m , (4) 

where k = arctg a is the form parameter, p is the radius-vector, a is the rotation angle, C 
is const, 5 is the angle between the tangent to a spiral point and the normal to the spiral at 
this point. We suppose that the deformed circle can be sufficiently precise represented in the 
form of the logarithmic spiral arcs. Let as definite the tangent line in a spiral curve point M: 


Ktg ^ K ± =K !±i, 

dx x-y 


( 5 ) 


where y = xtg(p + l, K = const.We will introduce the coordinates (5) coordinates, so 
that its analytical form can be equal to the analytical form of the productive nonarchimedean 
function and the propagation and reflection optical laws. For example, let us introduce the 
following coordinates x = s, y = -1, K = T: 

K = dy = K ?±y = r s z l^ M(s) 

dx x-y 5 + 1 

where M(s) is the auxiliary nonarchimedean productive direct function, s is archimedean 
variable. If x = \, y = —, AT = 1: 

r 

dx x-y 1-S0 

where ® = p; N(S) is the auxiliary nonarchimedean productive reciprocal function. 

The nonarchimedean arithmetic rules can be obtained in the form of the Lorenz addition rule, 
if x = N(S l )N(S 2 ),y = -l,K = T: 

L ’ 11 «(S,)AT(S 2 )+1 , 

r ! 

The nonarchimedean arithmetic rule can be obtained in the form of the subtraction rule, if 

x = N~ ] (5, )N(S 2 ),y = -l,K=T: 

M[r' W ^ 2 )]=r^W=M 
L u V 2 ,J N -'( Si )N(S 2 ) + 1 , s t s 2 

r 2 

There is the drop light intensity I e = E* + E 2 , the reflected - I r = R 2 + R 2 the refracted 


( 6 ) 


( 7 ) 


- /, 


' d = D 2 + D 2 . If in (5) we put x = n, y = -1, K = -p-: 

E dy E n —1 

-JL?L = ULM(n) = E 0 — = R 0 . 
r dx r p n +1 " 


( 8 ) 
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If in (5) we put x = M(n), y = -1, K = —: 

1 dy 1 ... . n- 1 

~~ = —M(ri) =-- = p, (9) 

r dx r n +1 

where p 2 is the integral reflection coefficient. The reflection function R s can be derived, if 
-E 

we put in (5) x = N(n), y = -l,K = —p*- : 

z rf =1 ¥ LM(n)= - E - [L 7i =R ‘- (10) 

r dx r n +1 

The reflection function r e can be derived, if we put in (5) 


where r =- is the reflection 


x = Zi , y = —Zo, K = 1: r = —= ———, , where is the reflection 

dx z,+z 2 E yi 

coefficient, E yr is the electrical vector component, which lie in the normal to x and z plane 

E E 

, E yi -drop light electrical component; z, =——, z 2 =—— is the medium wave 

H z\ H z2 

impedance; is the magnetic vector z-component; j=l, 2 the first and second media on 
their boundary, respectively. 


CONCLUSION 

Algebraic expressions of this optic laws are a direct consequence of the latent 
nonarchimedean functions, because if and only if then the mathematical model is adequate to 
the experimental data. There is an evidence of the significance of the new nonclassical 
structural mathematical means in the further development of mathematical methods in 
electromagnetic theory. 
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ABSTRACT 

Dirichlet problem for 2D second order partial differential equation in arbitrary domain is 
considered. To solve this problem, variational R-functions method (RFM) with the 
Kantorovich general structure of solution (GSS) is used. Instead of traditional RFM scheme, 
the complicated implicit function of boundary is substituted here with its approximation by a 
set of functions with compact supports. It is important that namely this set is also used in 
GSS. This approach allows to decrease significantly the quantity of numerically calculated 
integrals expressing the elements of matrices of systems of linear equations. 

INTRODUCTION 

Consider internal partial differential boundary value problem in 2D arbitrary domain S 

LU(x,y) = -f(x,y), (1) 

(L is second order differential operator, / is known function) with Dirichlet conditions at 
boundary r 


tf(*,y)| r =o. (2) 

The main difficulty here is to satisfy boundary conditions (2). RFM [1] is an effective 
approach that allows to find unknown solution among the set of functions obeying (2) in 
advance. In this case we should use Kantorovich GSS [2] to represent unknown solution 
U(x,y) 


U(x,y) = a)(x,y)'£ j c i <p,(x,y). (3) 

Here co(x,y) is implicit real function of boundary S (this function is equal to zero on F, is 
positive inside S, and negative outside it), {^,} are basic functions, {c,} is a set of 
undetermined coefficients. To find the latter, it is necessary to use any numerical method 
(Ritz, Galerkin, least squares, etc.). Application of GSS demands employing proper 
approximation apparatus, i.e. choosing convenient set of basic functions. Among them 
compactly supported functions such as Schoenberg splines or atomic functions are often used 
recently [3-5]. They have some advantages in comparison with the traditional polynomials. In 
the case of Galerkin method let us consider an approach allowing to simplify numerical 
realization of projection methods combined with RFM. 
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SETTING OF A PROBLEM 

Consider the eigenvalue problem for the longitudinal electric field component E z in 
cylindrical waveguide with a cross section S. In this case in (1) L= A +k 2 , where A is a 
Laplacian, and right part f=0. Using GSS (3) in combination with the Galerkin method leads 
to the following generalized eigenvalue problem with respect to the components of unknown 
vector C 

AC=k?BC (4) 

Elements of matrices A and B are defined in the following way 

[(d 2 (a<Pi) 

a ^l{-^F~ + ~^-h dxdy 

bjj = -J a 2 (p t (p jdxdy 

s 

Implicit function of boundary co(x,y) constructed with the help of ^-operations for domain S 
with complex shape will be complicated expression that makes difficult to calculate integrals 
(5), (6) repeatedly. 

NUMERICAL ALGORITHM 

Enclose domain S in a rectangle and approximate coix.y) with help of basic functions {(pi) 
arbitrary. We obtain an approximate implicit real function of boundary 

w(x,y) = Y J d i p i (x,y). (7) 

Algebraic problem (4) - (6) in “perturbed” domain, characterized by H>(x,y) function will take 
the form 

AC = k 2 BC 

J A {a>p i )(opjdxdy, supp(#> ( . n<Pj)ctS 
_ s 

Zsupp(p, n<pj )c S 

k 1 s 

- 1 ( 0 2 <Pi<pjdxdy, supp(^,. n<Pj)c£S 
s 

~Y J Yj d k d i\ ( Pk ( Pi < Pi ( Pj dxd y . suppCp. npj) c S 
k I s 

In the cases when intersection of </>,• and q>j supports is concluded in S, we can find 
corresponding components of the matrices A and B by using uniform integrals. The latter 
depend only on basic functions, not on the configuration of S. The quantity of elements 
computed in this way increases with increasing of the dimension of approximating space. 
Two-dimensional compactly supported functions (pi are presented as tensor product of one¬ 
dimensional ones 




(9) 

GO) 


(5) 

( 6 ) 


Kharkov, Ukraine, VHI-th International Conference on Mathematical Methods in Electromagnetic Theory 



702 


M M ET*2 000 Proceedings 


<pM,y)=v?\x)'i'?\y), 

and second expressions in (10), (11) are presented in the form 

a,, +G» .,y» .,) 

where 

= fwv;vivr ) ^ j\ 2 iu = Kvrviv; 2 ^, 
g,";„ = j£(rtvv; , v; ,, &. g,® , = 

: x dx :„dy 

Here the bounds of integrating are finite because of compactness of functions <p t and tpj. 
Integrals (14) do not depend on absolute values of indexes but on the pairwise differences 
between them. Using the integration by parts and symmetry reasons we can conclude that in 
fact it is not necessary to calculate integrals (14) for all possible combinations i, j, k, l, but 
only for some basic ones. So, in the case of cubic 5-splines or atomic functions fup 2 (x) one 
has to find only 13 integrals J) q j k ,, (q = 1,2) and 23 integrals G ^/ kJ , (q = 1,2). Analogous 
numbers for linear splines and functions up(x) are 3 and 4, respectively. As it was mentioned 
above, expressions (14) do not contain any information about the domain S. The latter is 
contained in coefficients d k in (12), (13). The problem of finding them is more simple than the 
initial boundary value problem. 

CONCLUSION 

The proposed algorithm of realization of RFM gives us a significant benefit in speed. To 
achieve an acceptable error, it is necessary to select proper dimension of approximating space. 
Numerical experiments with waveguides of complicated cross section shape prove the 
efficiency of the novel approach. 
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INVESTIGATION OF THE INFLUENCE OF PERIODIC 
DISTURBANCES IN THE LAYERED MEDIUM BY THE METHOD OF 
AVERAGING OF KRYLOV-BOGOLYUBOV 

K.Y. Kramarenko, and N.A. Khizhnyak 
National Scientific Center “Kharkov Institute of Physics and Technology” 

1 Akademicheskaya Ul., Kharkov, 61108, Ukraine 

ABSTRACT 

The influence of small periodic disturbance in periodic dielectric medium on propagation of 
TM-waves, investigated by the Krylov - Bogolyubov averaging method, results in the 
phenomenon of parametric resonance. As a result of periodic disturbance inside the allowed 
bands of undisturbed medium forbidden bands appear. The appearance of forbidden bands is 
conditioned by a parametric resonance between spatial harmonics of disturbance and plane 
waves, on which the solution of the wave equation in periodic medium is decomposed. The 
location, number and width of these bands are determined. 


INTRODUCTION 

Periodic structures with varying parameters may prove useful in many applications. In paper 
[1], the theory of wave propagation in periodic structures with smoothly varying parameters is 
developed with the help of the Wannier-function expansion. In particular, it is shown that the 
double periodic structure possesses a miniband structure. Such a spectrum has been observed 
in direct numerical simulations, described in paper [2]. The purpose of this paper is to 
describe the effects occurring when an electromagnetic wave propagates in a periodic medium 
with small periodic disturbances at an arbitrary period. 

THE KRYLOV - BOGOLYUBOV AVERAGING METHOD 

At first, we consider the propagation of a TM polarized wave in the periodic medium. The 
periodicity exists only in one direction, and propagation of the electromagnetic wave in that 
direction is governed by the equation: 


£ A~e^) [ ^ iP = ° 0) 

where k = —• is the wave number, k ± is the transverse component of wave vector, L is the 

period of undisturbed medium, z is the undimensional variable and e(z +1) = £(z) . By 

replacing Ul = D,U 2 = —— f rom the linear differential equation of the second order we 
£ dz 

arrive to a system of two equations of the first order: 

[dUl „ 


where f2(z) = —^\k^£(z)-ki). The solution of the above system of linear homogeneous 

differential equations with periodic coefficients can be written in the Floquet form: 

Ul = Cfj exp (i \yz) + C*fj exp(-/ i/x) 

U2 = Cf 2 exp(i yrz) + C*f 2 exp(-i^) (3) 
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where fj,f 2 ,y/ are determined by the fundamental solutions of (1). Functions f 1 ,f 2 are 
periodic (f J (z + l) = f 1 (z), f 2 (z + 1) = f 2 (z)), normalized by the following way: 

In the case of periodic disturbance s(z)-»f(z) +Ae(z),A£(z +A) = As(z) the set of 
equations (2) can be considered as inhomogeneous: 
i dUl 

dz (4) 
)dU2 


where AQ = 


e(z)U2 = As(z)U2, 

+ Q(z)Ul = -AQUl 

Icf. The solution of inhomogeneous set of equations is as follows: 


s(s + As) 

U1 = C(z)fi exp(i tpz) + C* (z)// exp(-r>z) 

U2 = C(z)f 2 exp(i>z) + C*(z)f 2 exp(-i^) (5) 

Where C(z), C* (z) are the solutions of the system of differential equations: 

^ = ^ c (As\f 2 \ 2 +AQ\fj\ 2 )+C*^As(f 2 ) 2 +AQ(fj fjexp(-2«>z)j 

^ + Afl| f/)+c(sefJ + A£2//)exp(.?i,«)] (6) 

Application of the averaging method to equations (6) becomes possible if we assume that the 
following parameters As, AQ are small. The application of the above method is based on the 
idea that if the derivatives are small, the values of functions can be naturally seen as the 
superposition of slowly varying part C and small rapidly oscillating terms. Assuming that 
these terms cause only small oscillations of real function about its mean part, it can be 
neglected in zero-order approximation: C = C. The right-hand part of equations (6) is 
averaged on explicitly contained variable z: 

^ \f 2 \ 2 + nn\f 1 \ 2 }jC+l±{ne(r 2 ) 2 + An(/;f^xp(-2i^)jc- 

^ = -i(d[n^f 2 \ 2 +M\f I \ 2 }jC' +(i(A£/7+Afy/)e X p(2 i ^^C (7) 

1 T 

Where (...) = lim“ J—• At first, consider the second items in the equations (7). The periodic 

T-**> T 0 

functions can be decomposed in the Fourier series. After carrying out the averaging operation, 
only the items which satisfy the following condition remain: 

V = + n j + p = y/ nJ + p (8) 

where / = 0,±J,±2,..., n = 0,±l,±2,..., p«l. By introducing the following descriptions 

Sip = (^(As\f 2 \ 2 + AQ\fj\ 2 ]j, Aip = (~ [As(f 2 f + AQ(/; f j exp(-2i y/ nl z)j one can 

obtain the equations: 

— = iSxpC + A tpC* exp (-2ipz) 
dz 
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^— = -i8\iK2*+ky/*Czx\>{2ipz) (9) 

dz 

These equations (9) describe the phenomenon of a parametric resonance [3]. In the considered 
medium, the resonance is conditioned by the interaction of spatial harmonics of periodic 
disturbance and plane waves, on which the solution of wave equation in periodic medium is 
decomposed. The resonance bands correspond to forbidden bands of electromagnetic waves. 
As all previous presumptions were made only for objective if/ , the forbidden bands occur 
inside the allowed bands of undisturbed periodic medium. The position of the forbidden bands 
is given by the formula: 

^ + r^j + Si// = y/ nl + Si// (10) 

where l = 0,±1,±2 ,..., n = 0,±1,±2„... The width of the forbidden band is as follows: 

2\ A y/\ = |^Ae(/ 2 ‘ f + AQ (// f jexp (~2i y/ nl z) | (11) 

The number of appearing bands depends on A. If A is integer (A > 1 ), in each allowed band 
of undisturbed medium A ~1 forbidden bands appear. If A is a rational number, A = —, 

j 

m-1 forbidden bands appear. Such forbidden band structure for layered medium with 
meander disturbance was observed in [4]. 

CONCLUSION 

By using the averaging method, it is possible to evaluate the influence of the sum of 
disturbances on periodic medium dispersion properties. For example, for two disturbances 

with periods A 1 = —,A 2 = — the number of forbidden bands is determined according to 

ii J 2 

the formula: (M -l), where M is the least aliquot for m 1 and m 2 . 
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ANALYTICAL APPROACH TO THE THEORY OF RESONANCE 
DIFFRACTION BY PERIODICALLY MODULATED BOUNDARIES 

A.V. Kats 

Kharkiv Military University, P.O. Box 8847 
Kharkiv, 61002, Ukraine, e-mail: avkats@akfirst.kharkiv.com 

Light diffraction by gratings formed on high conducting surfaces can lead to great changes in 
the properties of diffracted waves if one of them is close to the surface electromagnetic wave 
(SEW) or, in other words, surface plasmon polariton (SPP), Ref. [1]. Resonance excitation of 
SEW can cause the total absorption of incident wave by the surface of high reflecting 
medium, Ref. [2], strong changes in polarization, including its full transformation, Ref. [3]. 
In spite of the fact that strong resonance effects caused by SEW were first discovered long 
ago by R. Wood, Ref. [4] (Wood anomalies), the effect still attracts attention of investigators. 
This is to be explained by unique properties of the resonance diffraction, allowing 
applications in many areas. As a result, many works have been devoted to theoretical 
investigation of resonance diffraction in the last years (see Ref. [5] and works cited therein), 
but complexity of the problem did not allow obtaining results in explicit analytical form that 
is of special interest. 

From the other point of view, various possible applications in optics, optoelectronics [5], and 
radio-physics, make the problem of such research actual. Note that analytical approach allows 
both to make predictions of resonance properties of given grating (that is possible to do by 
numerical methods as well) and to formulate requirements for designing gratings with 
specified properties (this problem presents a very hard task for numerical methods). 

This report presents new results in analytical approach to the problem. Possibility of obtaining 
results in explicit analytical form and investigating in details the peculiarities of the resonance 
diffraction is based upon some restrictions. Namely, we suppose the reflectivity of surface to 
be large. In other words, we suppose modulus of complex dielectric permeability 8 to be 
large, or, equivalently, surface impedance £ to be small, |^|«1. This assumption allows 
simplification of the problem by using the Leontovich (impedance) boundary conditions. The 
assumption is not restrictive for metal surfaces and radiation wavelength from visible (or near 
infrared) range. One more assumption is that the gratings are “soft” enough, i.e. grooves depth 
is small in comparison with the period d and wavelength X , or, for gratings formed by the 
modulation of dielectric properties of the surface, the modulation of the surface impedance 
^(r) has to be much smaller than unity. Although the presented method allows to analyze 
both types of gratings (and combined gratings as well, see [6,7]), here for simplicity we 
present results for the case of impedance gratings. 1 
We start with the impedance boundary conditions 

E t = £,(?)-H t xri, z = 0 (1) 

for the electric E(r) and magnetic H(r) monochromatic fields, index t denotes tangential 
components, n presents inner normal. For the plane boundary with periodically modulated 
impedance, 

5(r) = +1(U> I(?) = £ In exp(ingr), (2) 


1 The method used presents essential development of the one, described in Refs. [6-8], (see also Ref. [9]). 
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the total field is a sum of the incident wave E(r) = Eexp(ik x x + ik z z) and diffracted field 
E'(?). E'(r) can be presented as a sum of plane waves, 

E'(f) = ^E n exp(ik nt r + ik nz z). (3) 

Here k nt and k n2 are tangential and normal to the boundary components of wave vector, 
k nt = k t +ng, k nz = -yjk 2 -k% t , n = 0,±1,±2,..., k t =(k x ,0,0). 

For the wave polarization amplitudes E°, E n = £E„e„ (ort lies in the n-th order 

propagation plane and e* is perpendicular to it), one obtains the set of linear algebraic 
equations 

L D nm E m= V n- ( 4 ) 

c'=± 

All non-diagonal elements (both in number of diffracted order and polarization index) of the 
matrix are of the order of £ n _ m , and diagonal ones are of the order of unity: 

<y 1 , 2 , D“=p n +^ 0 , where P n =-k nz /k are (dimentionless) propagating 
constants, Re(P n )>0, lm(p n )>0. Coefficients V® are linear in the incident wave and 
impedance amplitudes: V® = ZV„ <T En > ^n°' f° r n*0; for n = 0 V™' is diagonal 

in polarization indices and does not depend on the impedance variation £, . 2 
If all propagating constants are of the order of unity (nonresonanse case), one can solve the 
set of equations with the help of a perturbation theory in the small parameter \. In the case, 
the first term in the wave amplitudes expansion is of the order E n oc| n (p n +^ 0 ) _1 -E for 
n*'0. Thus all amplitudes, excluding the specular reflected wave one, are small in 
comparison with the incident wave amplitude. But in the resonance case some of the 
propagation constants become small and the convenient perturbation theory fails: the 
denominators p r +£ 0 , where index r corresponds to the resonance wave, i.e. |p r | «1, are 

small and the resonance wave amplitude can be greater than the incident one, |£^| » |e| . 
The scattering matrix has a pole close to the real axis (due to small absorption); amplitude of 
resonance wave tends to infinity with Re(£ 0 ) -» 0 (if absorption vanishes, Re(^ 0 ) = 0, then 

the pole corresponds to real values of k t , k^ = k 2 (l + (Im(£, 0 )) 2 )). The last condition 
coincides with the dispersion law of SEW for ideal surface, see Ref. [1], 

In the resonance case one can exclude the nonresonanse wave amplitudes E^ and E^ from 
the system (5) by perturbation method and obtain reduced system for the resonance wave 
amplitudes only: 


2 For the relief grating, one can obtain a set of equations of the same form, but coefficients are infinite series in 
the Fourier amplitudes of the surface profile, [5], These series converge for the grating relief without jumps. For 
the small grating depth, it is sufficient to take into account the first few terms of the expansion. Therefore, this 
case may be treated in analogy with the impedance grating case. The additional restriction here is assumption of 
Rayleigh’s hypothesis validity that will take place for small enough grooves depth [1]. 

Kharkov, Ukraine, VIII-th International Conference on Mathematical Methods in Electromagnetic Theory 





708 


MMET*2000 Proceedings 


£5^E;=V r . (6) 

If the coefficients of the reduced system (5) present convergent series in the grating Fourier 
amplitudes, then for analytical estimations one may use a few first terms of the expansion, 
that we call main approximation. The coefficients V r are linear functions of the incident wave 
amplitude; corresponding coefficients are power series in £, , starting with proportional to E, r 
term. Polarization amplitudes of all diffracted waves are linear functions of the incident wave 
amplitude, 

E n (7) 

Transformation coefficients R° a follow from (6), that can be solved explicitly. After this 
step, one can obtain Rff and amplitudes of all non-resonance waves. 

It is shown that theoretical results are in a good agreement with experimental ones, presented 
in the works [2], [3]; see also [5]. 

The explicit analytical results obtained, besides their theoretical interest, can be widely used 
in practice. For instance, they present interest in the problem of noncontact measurements, in 
constructing miniature optical and optoelectronics devices (rejecting filters, beam splitters, 
polarizers, etc.), in nonlinear optical effects. These effects increase due to the resonance 
growth of the local fields. Effects of resonance excitation of SEW are also principal in the 
nonlinear problem of surface structures formation under laser radiation action, see, for 
instance, Ref. [10]. 
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ABSTRACT 

The generalization of Pocklington’s IE for thin-wire structures of arbitrary geometry with 
dielectric coating is offered in the paper. The deduction of IE is given. The deduction is based 
on the definition of the general electric field as the sum of field current on conductor surface, 
field of polarization current that is equivalent to dielectric coating, and primary field. Primary 
field can be the field of localized source (the problem of excitation) or the field of incident 
plane electromagnetic wave (the problem of scattering). Numerical results are found to be in a 
good agreement with experiments and with the data obtained by other authors. 

INTRODUCTION 

Thin-wire structures with dielectric coating are widely used in antenna techniques. The 
coating can be used for the improvement of antenna parameters, for solving problems 
connected with electric strength, for isolation, when no contacts between conductors and 
surrounding medium are permitted. The task of investigation of dielectric coating influence 
on electrodynamic properties is typical of grid reflectors. 

The use of integral or integral-differential equations for current in conductors is one of the 
methods of analyzing such structures. For example, in [1] the solution of the problem of 
excitation of a thin-wire antenna with dielectric coating based on the Harrington-type integral 
equation is described, in [2] - based on Hallen’s equation for rectilinear conductors. 

INTEGRAL EQUATION DEDUCTION 

Let us examine the solution of the given problem for thin conductors with gradually changing 
curvilinear geometry based on Pocklington’s integral equation within the limits of quasi-static 
approximation. It is convenient to use curvilinear cylindrical coordinate system. The 
geometry is shown in Fig. 1. 



Fig. 1 

The curvilinear conductor with a radius a, length L is covered with a layer of dielectric with a 
thickness b-a with absolute permittivity s a . 

The electric field generated by the conductor can be found as E = E X +E 2 , where E x is the 
field determined by surface currents and conductor charges, £, is the field determined by the 
polarization currents and charges of dielectric coating. 

If to introduce a simplifying suggestion that a«A , where A is the wavelength of 
electromagnetic field, it is possible to neglect the azimuth component of surface current and 
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to consider the current distributed along the conductor axis. This suggestion allows to obtain 
the known expression of tangent component of the field E t on conductor surface [3]: 


1 r) ~ 

E w = — |7(V) k 2 ss '—— G(s,s')ds', 
T ime[ [ dsds 'J v r 


(1) 


G(s, s') = e ,k / m . , r = tJ(x- x ') 2 +(y- y') 2 +(z- z') 2 +a 2 , 
where s,s' are unit tangent vectors of source and observation points, x, y, z,x’, y', z'are their 
coordinates, k is the free-space propagation coefficient. 

The field E 2 is found as: 

E 2 = -iwA 2 - Vd> 2 , (2) 

where A 2 and O 2 are the vector and scalar potentials determined by the polarization currents 
and charges. 

Polarization current is connected with normal component of electric field on conductor 
surface, i.e. with the charge. In turn, longitudinal component of electric current is connected 
with the charge according to continuity equation. 

Within the thin-wire approximation, as a result, the current of polarization can be found as: 


J„ =- 


£,, -e 0 dl(s') 
e a 2m ds‘ 

Consequently, A 2 can be described as: 

A 2 = — (£„ -£ 0 ) (b — a) jG(sj') 


'Grids', 

ds' 


(3) 


(4) 


where n is the unit vector of normal to the conductor surface. 

Expression (4) was obtained on assumption that polarization current is not changed in the 
direction perpendicular to conductor surface. 

The scalar potential d >2 is defined by surface density of polarization charges cr p] and cr p2 on 
dielectric bounds r=a h r=b. The values <y pi and (T /; , are connected with normal component 
of polarization vector and, consequently, it is possible to say that: 

P/YcO 

(5) 

(6) 


£ u -£ 0 dl(s) £ — s 0 dl(s) 

<J A 0" ^ — . 

ims 2m ds ims 2nb ds 


Using (5) we can obtain an expression for Oo: 
<J>, = 


^ f (G(j, s') - G(s, s')) ds ', 
j ds' 

G(s,s') = ^—, r = J(x-x') 2 +(y-y') 2 +(z-z') 2 +b 2 

4^7’ 

Tangent component of the field E 2 on conductor surface is defined as: 

r ■ t - k 2 {s -£ 0 ) r / ,\ dl(s') , ,, 

E 2t =E 2 s ~-iurA 0 s -- = — r - Ji -—( b-a) G(s,.y )— \d-ns ds + 

ds irnF.-F. J 


ds' 


ivJSr.£„ , dsds' 


( 7 ) 
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The expression that describes the tangent component of the total field E is: 


= —-—[/(s') k 2 ss'——- G(s,s')ds'-\ 
im£ 0 j l dsds' I 


k ( £"-s 0 )(b-a ) 
in7£ a £ t 




ds' 


+ £^_£l [/(,■) (8) 

inj£ 0 s u J L dsds' 

The analysis shows, that the influence of the second item in (8) is not essential and can be 
neglected. Taking into consideration and using the boundary condition on the surface of an 
ideal conductor, we can obtain an integral equation of Pocklington’s equation type: 

El = --L- ,( s ') ds ' . (9) 

ime 0 •[_ £ a dsds' s a dsds' J 

where E' r is the tangent component of the field of excitation source. 


NUMERICAL RESULTS 

The solution of the equation (9) was found using the methods described in [4], with choosing 
step-function as basis function and delta-function as weight function. 

The field of incident plane wave can be used as the source of excitation or the field of the 
coaxial-line approximated by magnetic-current frill, or the field of a S -function generator. 
The calculation of characteristics of radiation and scattering in far zone was carried out using 
the known current distribution. 

In [1] the experimental and calculation data of current distribution are given for vertical 
monopole antenna with dielectric coating and for monopole-antenna with additional passive 
element. The comparison of these results with similar results, obtained according to integral 
equation (9), shows their good agreement. 

Additionally, the calculation of electrodynamic characteristics of a helical antenna composed 
of dielectric-coated conductor was carried out. The influence of the dielectric on band 
properties of helical antenna is examined. 

CONCLUSION 

A method is presented for the analysis of thin-wire antennas of arbitrary geometry with 
dielectric coatings. The calculation results of characteristics of radiation and scattering are in 
a good agreement with experimental data for the structures with gradually changing 
geometry. Thereby the relative permittivity of the coating e r < 10 and its thickness is 
comparable with the conductor radius. 
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ELECTROMAGNETIC FIELDS, SCATTERED BY THE SYSTEM OF THE 
SUBSURFACE OBJECTS 

O. I. Sukharevsky, G. S. Zalevsky 
Kharkiv Military University 
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ABSTRACT 

The numerical modeling problem of electromagnetic wave scattering by the system of 
the subsurface resonant objects is considered. The proposal technique based on using the inte¬ 
gral equations, which were obtained by the authors in [1] for the case of local object. The 
mathematical modeling results for the system of perfectly conducting objects, located in the 
ground are discussed. 


BASIC CALCULATION RELATIONS 

Consider the system of the subsurface objects (SO), located in the dielectric lossy dis¬ 
persive half-space Vi (Fig. 1). SO takes up the space with linear dimensions, which exceed 
some wavelength. For SO illumination the antenna of small electric dimensions - magnetic 
dipole, located in the free half-space V] at the distance of some wavelength from the bound¬ 
ary L of half-spaces V|, V 2 is used. The problem consists in calculating of the electromagnetic 
responses, scattered from such the system of objects. 



Fig. 1. System of the subsurface objects, located near the boundary of two dielectric 
half-spaces V], V 2 . 


In [ 1 ] the method for the calculating of the fields scattered by the local subsurface ob¬ 
ject are described. In the case of the perfectly conducting object there was obtained the 
Fredgolm surface integral equation of the second kind: 



• (H 1 (Q 0 ) - 2^(0,)) = -- f 

1 © J 


effolQo-x?) 
<o|Q). % 


■ H ± (Q)ds(Q 0 el), (1) 
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where Qq , Q are observation and integration points, respectively; H (Q 0 ) is the electric 
current density at the object surface £ ; H m ^( Q 0 ) is the electric current density, induced by 
the same source that the H^Qq), but in the case of object absence; symbols " i" , " T" 
denote vectors tangential to £ : a T = a — n(n• a), b 1 = nxb (n is normal unit vector 
to £ ). The kernel of integral equation is the field H^(Q|Qq, t°) of magnetic point source 

located at Q 0 . Unit vectors t j*, x 2 indicate the orientation of magnetic vector-moment of 
considered point source. In the case of SO in equation (1) the integration surface is: 

N 

£ = U Z n. (2) 

n=l 

where £ n is the surface of local object in the system. 

To solve the integral equation (1) when the number of objects is rather large is a diffi¬ 
cult problem. It is attributed to large dimension of the system of linear equations to be solved 
and long time for the kernels calculating. So, we have done the mathematical modeling for the 
estimating of interaction between the objects in the system, located in the ground. The ob¬ 
tained results show that when the A.=0.545 m and the range between the two objects A=0.2 m, 
1 m and 2.2 m (in the H-plane) the changes of current densities on the object surface, caused 
by interaction with the other object make up 25%, 0.3% and 0.003% respectively; when the 
X-5 m, A=6 m the considered change amount to 10%. Using the obtained results the calcu¬ 
lating algorithm can be simplified. To find the electromagnetic response of the system of N 
subsurface objects it is necessary to solve the integral equation for each object and then the H- 
component of the scattered field can be calculated by means of formula: 

N 

- ion°(H(Q 0 ) - H m (Q„)> = £ J £T7 t <q|q 0 , t°)H ± (Q)ds. (3) 

n=1 £ n 


Magnetic field strength of magnetic dipole, located in Vi at the great distance from the 
boundary L can be calculated using relation: 

H m (M) = H m (M|M a ,r a ) - 0 ^k,^-fev n +P^k iMMS> . (4) 


where M a , M are location and observation points respectively; ki, k 2 are the wave numbers in 
Vi.Vj respectively; W 2 = R, =\r { \, rO r o j* 2 _ ; 

v 8 o £ 2 |r,| |r 2 | 

p" = n, (x aT • n,), p( = n, x(i aT xn,), p" =n, x (i 31 x n,), p\ = n,(x al • n,); 

x aT = x a — R^ (x a • R^ ), T 31 = x x a ; fij is the normal to the plane of incidence of 

. .. 2W 2 cosa, 2W 2 cos a. 

the illuminating wave; v n =- - - - -, v ± =_ 2 1 _. 

n W 2 cosa 2 + W, cosa, W 2 cosa, + Wj cosa 2 

The physical sense of vectors in (4) showed in fig. 2. 
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In the paper the electromagnetic responses of __ “ j 

the system of 15 perfectly conducting mine-like ob- Rj \ CtjJ 
jects (fig 3a), buried in the ground are demonstrated ' 

and discussed. Objects were located at the depth of 6 
cm. Transmitting and receiving antennas (magnetic 
dipoles) were located at the same height and sepa¬ 
rated in the plane, orthogonal to the direction of 
movement of radar system (fig 1). In fig. 4 were 
shown electromagnetic responses of considered SO 
in the case when the frequency of illumination made 
up 550 MHz for different direction of observation as 
shown in fig 3b. 

80| r 



Fig. 2. Physical sense of vectors in 
relation (4). 
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Fig. 3. a) System of subsurface objects; b) location of receiving points. 

a) 




Fig. 4. Electromagnetic responses of the system of 15 subsurface objects in the cases showed 
in fig. 3b. 
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